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CHAPTER
ONE

INTRODUCTION

Abstract

The main objective of this thesis is the derivation of an approximate solution to the nonlinear Klein-
Gordon equation via the method of multiple scales. We may sometimes also call this technique the
multiple scale analysis. This method follows the concept of expanding the solution into a perturbation
series and including multiple temporal and spatial scales. The resulting approximation, proposed in [5]
for a modified version of this equation, has the simple form of a plane wave which is modulated by some
envelope function A, i.e.

 Agi(ka—wt) | o g+ p—ilko—wt) (1.1)
with small parameter 0 < ¢ < 1. We will see that A satisfies the nonlinear Gross-Pitaevskii equation, a
nonlinear Schrédinger equation (NLS) which plays an important role in physics, for example in nonlinear
optics (see [6]). Hence, in order to obtain an approximate solution to the Klein-Gordon equation, it is
sufficient to solve the Gross-Pitaevskii equation numerically. This can be done very efficiently by using
the splitting method, extensively discussed in [16] by C. Lubich, which we want to present later in this
thesis. This enables us to compute a feasible approximation in less time than by using methods to solve
the Klein-Gordon equation directly instead. Thus it makes sense to use the multiple scale approximation
if we want to obtain a good approximation to the nonlinear wave equation in short time. Throughout
the thesis we call (1.1) the NLS approzimation.

Furthermore we will present a powerful splitting integrator which we use to solve the Klein-Gordon
equation numerically. This integrator is very efficient and features nice numerical properties such as norm

and energy conservation even for large time step sizes.

Outline

In chapter 2 we want to gain insight into the method of multiple scales and explain it on the basis
of two ordinary differential equations. We will discuss resonance effects which lead to so called secular
terms, i.e. terms that become unbounded as time advances. Dealing with these terms is a main part in
the method of multiple scales, therefore we will encounter them at many points in this thesis.

Chapter 3 treats the application of the multiple scale method to the nonlinear Klein-Gordon equa-
tion. Furthermore we will give some basic properties of the Gross-Pitaevskii equation and prove an error

bound for the NLS approximation.
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The tools for the numerical solution of the Gross-Pitaevskii and the Klein-Gordon equation are
introduced in chapter 4. We present Strang splitting methods for both equations and adapt the implicit
midpoint rule and the leapfrog method to the Klein-Gordon equation.

Using these integrators we do some numerical tests in chapter 5 in order to verify the NLS approxi-
mation numerically. Furthermore we show the norm and energy conservation properties of the integrators

and their numerical order.

Some Notational Remarks for this Thesis

For easier reading we may omit the spatial argument and just write v(¢) instead of v(z,t) for some
function v : R x R — R. Furthermore the L? norm is always understood with respect to the spatial
variable, i.e.

oGl L2 = llo@)]l 2 -
The complex conjugate of a number z € C is denoted by Z, where we may sometimes also use the notation

A* for A € C instead of A. We abbreviate the complex conjugate of a preceding term by c.c., e.g.
EAei(kw7Wt) + e _ €A€i(kw7u)t) + gA*efi(kwfwt).

Furthermore whenever we consider terms f. depending on a small parameter 0 < ¢ < 1, we are
interested in the limit case € — 0.

In the caption of some figures in this thesis we may find a reference to the MATLAB files, which we
have used to create the figure.



CHAPTER
TWO

MULTIPLE SCALE ANALYSIS

The notion of multiple scale analysis or the method of multiple scales describes a method to analyze
the influence of weak nonlinearities in ordinary and partial differential equations on the corresponding
solution. In this chapter we want to give a short introduction to multiple scale analysis and present the
method on the basis of some ordinary differential equations.

For illustrating how a multiple scale analysis is done, we will have a look at the ordinary differential

equation
j+2h+y=0, y0)=aeck, y(0)=0,

that describes the movement of a lightly damped harmonic oscillator with small damping parameter

0 < e < 1, and afterwards at the weak nonlinear oscillator problem
jry+ey’=0, y0)=1,  §(0)=0,

where the weak nonlinearity is given by ey3 with small 0 < ¢ < 1.
The aim is to write down an approximation to the solution as a truncated and hence finite pertur-
bation series with small 0 < ¢ < 1 such as
M—1
y(t) = eMYy(t,et,e%t,...) + Z efVy(t,et,et,...), M € N.
k=0
Making this ansatz for the solution of our problem will lead to a sequence of differential equations for
the functions Y}, which sheds light on how to choose the functions Y; and the index M to truncate the
series.

Furthermore we are going to encounter secular terms, that arouse resonance effects and unbounded
growth, so they are undesirable. They play a major role throughout this thesis. Hence we will describe
these terms first in the successive section on basis of [17], chapter 4.1, [4] chapter 11.1 and 11.2 and with
the help of [21] chapter 7.

Please note that there is no generally valid error analysis for this method. Therefore it has to be

analyzed anew when applying it to a different problem. Fortunately the procedure is always the same.
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2.1. Resonance and Secular Behaviour

If we speak about oscillatory problems, resonance effects are a crucial topic that can not be ignored.
They may occur for instance when a driving force is present in our system. Think of pushing a child on
a swing. If your pushing at the same frequency as the child swings, its amplitude will become larger and
larger. This effect has to be avoided.

In order to understand what this is about mathematically, let us consider the following example of a

harmonic oscillator of natural frequency wg that is taken from chapter 11.1 of [4].

Example 2.1.

The movement of a harmonic oscillator, e.g. a pendulum or a spring with a punctual weight,

can be represented by the homogeneous ordinary differential equation

(1) +wiy(t) =0, (2.1)

where y(t) shall be the displacement of the oscillator at time t and wq the natural frequency of the
system.

Its general solution is well known and given by
yn(t) = Acos(wot) + B sin(wyt)

with arbitrary constants A, B € R. Since for all ¢ € R |cos(wot)| < 1 and |sin(wet)| < 1 we can
bound
lyn(t)] < A+ B.

Now if we include a driving force, that periodically puts energy into the system at frequency w,

we get a right hand side inhomogeneity in (2.1) and the oscillation can be represented by
§i(t) + wiy(t) = cos(wt). (2.2)

Its general solution depends on the relation between the driving frequency w and the system’s
natural frequency wy.

This driving force can be for example an electromagnet, that is placed under the spring and
that creates a periodically varying field to influence the oscillation of a magnetic mass hanging on
the spring.

But what happens if |w| — |wl, i.e. if the driving frequency gets close to the natural frequency
of the system?

In the case |w| # |wp| we find the general solution of (2.2):

cos(wt)

y(t) = Acos(wot) + Bsin(wot) + P —o? (2.3)

As we can see, the denominator of the last summand gets close to 0 as |w| — |wg|. Since cos(wt)
is bounded, the amplitude of the oscillation thus increases more and more. This can be explained
in physikcal terms by the system absorbing more and more energy from the external force when
the driving frequency w gets close to the natural frequency wy of the system.

But nevertheless we observe that for all fixed |w| # |wg| the solution remains bounded for all

times t, since the oscillation is out of phase with the driving force.
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Figure 2.1. (resonance.m)
We chose A =0, B =1 and wo = 0.5 to plot the nonsecular solution y(¢) (red
line) with driving frequency w = 0.7 and the secular solution y(t) (blue line) with
w = wp. One observes that y stays bounded over all ¢ whereas ys is unbounded.

However, if |w| = |wp| the solution is given by
1
ys(t) = Acos(wot) + B sin(wot) + itsin(wt), |w] = |wol- (2.4)

and therefore grows with ¢. Hence y, is unbounded as t — oo (cf. figure 2.1).

In this case the system can continually absorb energy from the periodic external force, so
the amplitude of the oscillation of (2.2) increases without any bound. We say the system is in
resonance with the external force.

The term %t sin(wt), which appears in (2.4), is called a secular term or just secularity, i.e. its
amplitude grows algebraically with ¢. This secularity has appeared because the right hand side of

(2.2), i.e. cos(wt) with |w| = |wg], itself is a solution of the homogeneous equation (2.1).

&

As we have seen in this example secular terms are a problem of big concern whenever we are interested
in bounded solutions of differential equations. Whenever an inhomogeneity in a differential equation is
itself a solution of the associated homogeneous constant coefficient problem, those unwanted secularities
appear. They always grow faster than the solution of the homogeneous problem by at least a factor of ¢.

The word secular itself means “pertaining to an age, a long period of time” and is used in this
mathematical context because of the study of planetary motions where a secular term might not be
noticeable over hundreds of years because the time scale is so long, but eventually will become unbounded.

Since secular terms play a major role in multiple scale analysis, let us give a proper definition of

secular terms:

Definition 2.2 (secular terms). We call f(t) a secular term if it becomes unbounded as t — oo, i.e.
f secular <= VT >0VC >03t>T:|f(t)]>C.

In the context of differential equations secular terms cause unboundedness of an inhomogeneous

solution, even though the homogeneous solution itself is bounded.
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2.2. Elimination of Secular Terms

In this section we want to give a possible solution on how to deal with arising secularities. But since
the procedure described in this section is not very elegant as we will see, we will discuss the successive
nonlinear example again in section 2.3.2 in order to illustrate how the method of multiple scales can be
applied to a nonlinear initial value problem.

Therefore let us consider a nonlinear oscillator, i.e. a mass suspended from the ceiling by a spring,
that is not perfectly ideal, an example that can also be found in [4], chapter 11.1.

Then Hooke’s law, which depicts a linear relation between the displacement y(¢) and the restoring
force of an ideal spring, applies only for quite small displacements y of the mass from the equilibrium,

where the linear differential equation

§(t) +y(t) =0, y(0)=1,9(0)=0

represents the movement of the oscillator (compare (2.1) in Example 2.1 with natural frequency wg = 1).
However, larger displacements from the equilibrium evoke the linearly assumed oscillation to become

nonlinear. Having 0 < ¢ < 1, the corresponding perturbed equation of motion changes to

§(t) +y(t) +ey(®)® =0, y(0) =1, 5(0) =0, (2.5)

which is known as a so called Duffing’s equation (see [17], section 2.2 for more details on the derivation
of this equation from the physical point of view).
In order to understand how the nonlinearity ey affects the corresponding solution of (2.5), we proceed

in 3 steps:
(1) Make the ansatz of expanding y as a power series in e
y(t) = 3 (), (2.6)

n=0
{ Y0(0) = 1,90(0) =0,

Yn(0) =0,9,(0) =0, n>1

(2) Substitute ansatz (2.6) into the differential equation (2.5)
(3) Set the terms associated with equal powers of £ equal to zero to obtain a sequence of linear

differential equations.

This leads to

oo 0o 0o 3
0= Z €™ 4jn + Z e"Yyn + € (Z 5"yn>
n=0 n=0 n=0
= (o +yo) + ¢ (y1 +y1 + yg) + 0(62).
In our example this yields the first two differential equations
Yo+ 4o =0 (2.8a)
i+ 1 =~ (2.8b)

where the second one (and also all further equations in the sequence) is inhomogeneous, so here the
nonlinearity affects the solution for the first time.

A solution to (2.8a) sufficing the initial conditions given in (2.7) is

yo(t) = cos(t).
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Now if we use the addition theorems for trigonometric functions we obtain
1 3
cos?(t) = 1 cos(3t) + 1 cos(t),

such that the right hand side of (2.8b) contains a harmless component  cos(3t) and a component 3 cos(t),
whose frequency equals the natural frequency wy = 1 of the unperturbed oscillator. Writing down (2.8b)

explicitely gives

.. 1 3
1 +y1 = ~1 cos(3t) ~2 cos(t) .
=:9n(t) =:95(t)
We solve the following two differential equations seperately by using (2.3) and (2.4), i.e.
) 1 3t

1a + Y1a = Gn(t) 2 Y1a(t) = Acos(t) + Bsin(t) — 1 clos_( 32) (nonsecular)
. (2.4) . 3 1, .
e+ Yy = 9gs(t) =" yw(t) = Ccos(t) + Dsin(t) — 1 itsm(t) (secular)

Then we sum their solutions y;, and y1, up to get the general solution y; of (2.8b), i.e.
. . 1 3
y1(t) = y1a + y1o = Acos(t) + Bsin(t) + 3 cos(3t) — gtsin(t). (2.9)
Together with the initial conditions y;(0) = 1(0) = 0 given in (2.7) this provides the particular solution
(1) = — o cos(t) + 55 cos(31) — Stsin()
= —— CoS — cos(3t) — —tsin(t).
v 32 32 8
We can see that y; contains a secular term of the form t¢sin(¢). Hence y; features linear growth in ¢.

Now that we have found functions yo and y; which satisfy (2.8a) and (2.8b), we can write down an

approximation to the solution y of (2.5) in the form of the ansatz that we made in (2.6):
y(t) =yo(t)  +ey(t) +0(e?)

1 1
=cos(t) +e ~33 cos(t) + 3—2005(31?) - gtsin(t) +0(e%).

Here O(g?) means that for fixed ¢ the error

err(t) = [y(t) — (yo(t) +ey1(?))|

is at most of order £2. But this is only true as long as t < e~ 1. For these ¢t we have y;(t) = O(e™1)
because of the term 2¢sin(t) in (2.9). If we allow ¢ to be of order e~ or larger, this secular term gains
more and more weight, since the amplitude of the oscillation grows with ¢, such that the error estimate
err(t) = O(g?) does not hold any more.

However, the exact solution y(t) to (2.5) remains bounded for all ¢t as C. Bender and A. Orszag show
in [4], chapter 11.

Thus, the fact that our approximation has secular terms seems to be a paradox. But actually the
resolution of this paradox can be found in the summation of the perturbation series in (2.6), that converges
to y(t) for each fixed t as ¢ — 0+. So even though each term y,, in the series may contain secular terms,
these secularities must be caught by successive terms in the series, i.e. they must disappear by summation.
We can illustrate this by an easy example:

Consider the function

S (e
)= et = 30 EDET
n=0 ’ , € — 0+

1 1
:1—5t+§52t2—653t3+---
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and observe that each term of the series for itself is secular when ¢ is of order e~% or larger, but f(t)
remains bounded for all ¢ > 0.

So how can we achieve to construct a series that is a good approximation to the exact solution y of
(2.5) and that remains bounded for all ¢?

Let us analyze the more complicated series of ansatz (2.6), i.e.

o0
y(t) = "ya(t).
n=0
Considering the sequence of differential equations with inhomogeneity Z,

in + Yn = — 1Ly, yn(o) = Qp, yn(o) =0Bn, n>0

for some a,, B, € R, one can show by an inductive argument, that the most secular terms of a summand

yn (t) are growing like ", cf. [4], end of section 11.1. They are of the form

Antneit + A:tnefit’

11 /3i\"
Ap=-= (=
" 2n!<8>

and A’ is the complex conjugate of A,. Less secular terms, i.e. terms growing like t*, (k < n) can be

where

ignored in the following, because for t € O(¢7!) they are negligible compared to at least one of the most
secular terms included in the following equation.

Constructing a series of the most secular terms using A,, defined as above yields

oo

1. 1 /3\" .. 1/ 3i\" _.,] 1/ ...: e 3
Z 5Entn |:n' (81) it + ﬁ (_8@) e—zt:| — 5 (ez(t-‘r%st) _'_e—Z(t-i-%Eﬁ)) = coS |:t (1 + 85):| s (2.10)

n=0
which is not secular and remains bounded for all ¢.

One can see in figure 2.2 that at ¢ = 160 this approximation is still nearly “in phase” with the exact
solution y for ¢ = 0.1 of the nonlinear equation, whereas the solution of the linear oscillator cos(t) is
already about a whole period “out of phase”. For ¢ = 0.3 this effect can be seen even better. Then cos(t)
is already 3 periods out of phase and also the better approximation loses synchrony with y more and
more.

The result of (2.10) can be interpreted as a phase shift of the harmonic oscillator, caused by the

nonlinearity ey in our differential equation.

2.3. Method of Multiple Scales: The “How to” in two Examples

The main result of the previous section is the fact, that perturbation theory in powers of ¢ is invalid
when t gets larger than Oe~!, because secular terms appear in all orders of € and lead to unboundedness
of a truncated perturbation series although the exact solution y may be bounded.

We have seen, that we can get rid of the most secular terms of a perturbation series by summing
them to all orders of € such that we hopefully obtain a convergent series, in the best case convergent to
the exact solution.

This calculation can be very lengthy. It can be bypassed by using a more elegant method, the method
of multiple scales. As the method’s name suggests we do not only use one time scale ¢ but also several

further time scales et, €2, .., such that we can deal with times ¢ of order O(¢~*). Then it will provide
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Figure 2.2. (duffing.m)
Comparison of the exact solution y(t) of the Duffing’s equation to the approxi-
mations cos(t) and cos (t(l + %5)), for e = 0.1 (left) and € = 0.3 (right).

a pretty nice way to eliminate secular terms in the approximate solution as we will see in the following
examples.

Firstly in order to get a bit into this method we are about to treat a linear example and afterwards we
will come back to the Duffing’s equation that we already studied. For the latter the method of multiple

scales results in the same approximation §(t) = cos (t(1 4 2)) that we already derived from a different
point of view.

Before we proceed to the examples let us give the definition of long and short time scales.

Definition 2.3. Let t be the argument of a function y € C32(R), 0 <e <1, k € N.

Then £*t is called a long / slow variable, whereas t itself is called a short / fast variable. If t

represents the time variable we may also call it slow or respectively fast time scale.

We may use the terms of the “long” and respectively “short” variable interchangeably with “slow”
and “fast” respectively.
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2.3.1. A linear Example: The Damped Oscillator

Now let us explain the method of multiple scales on the basis of a linear example first. We consider
a damped oscillator with small damping, caused by external forces such as friction. An oscillator of that
kind can be for instance a simple pendulum. For example think of a child sitting on a swing. If we deflect
it from the equilibrium and then leave it the swing will oscillate, but its amplitude will decrease. The
mathematical example of this section is taken from [21], chapter 7.B.

If we do not respect the friction of the string against the hanging and
of the whole swing against the air, then its oscillation at frequency wy with

small amplitude « can be described as before by

§(t) +wiy(t) =0, y(0) = a, §(0) =0,
and will go on forever, where y(t) shall denote the deflection from the equi-

el - ._/. librium at time ¢. But as we know from everyday life the amplitude of such
y(t) an oscillator will decay over time ¢, thus we should respect the external forces

described above. These can be approximated by the damping term 2¢wy(t), since the damping depends
on the current velocity of the pendulum. Therefore the differential equation, which characterizes this
behaviour reads

§(t) + 2€wod(t) +wiy(t) =0, y(0) = a, H(0) =0.

Here we have to distinguish three different cases for ¢ > 0:

(1) ¢ > 1: The system is overdamped, i.e. the amplitude of the oscillator decays exponentially to 0
without oscillating.

(2) ¢ = 1: The system is critically damped, i.e. it will return to the equilibrium as fast as possible
without oscillating.

(3) 0 < ¢ < 1: The system is underdamped, i.e. we observe an oscillation, where the amplitude is

exponentially decaying to 0.

The last case is the one we are interested in, since we only want to consider small damping in our multiple
scale method. Therefore for € € (0,1) we set ¢ = € and for simplicity we choose a pendulum whose natural

frequency is wg = 1. This leads to the differential equation

§(t) +2e9(t) +y() = 0, y(0) = e, (0) =0, (2.11)

which we want to solve approximately by the method of multiple scales, even though we can solve it

exactly as
y(t) = ae™c! |:COS ( 1- 52t> + % sin ( 1- 5%)} . (2.12)
—€
One can easily check that y is bounded for all ¢ > 0.

The method to get a multiple scale approximation is pretty technical and goes as follows:

The First Step

Firstly we introduce the new variables
Ti=¢t, o=t

that define long time scales. These time scales are called long since 7 and o are not negligible when ¢ is

of order ¢! or larger.
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The solution y(t) of the problem (2.11) clearly depends only on the short time ¢. Nevertheless the
method of multiple scales seeks solutions that are functions of both the fast time scale ¢ and the slow
time scales 7 and o. Even though in the actual solution ¢, 7 and ¢ are in correlation to each other, this
method treats them as independent variables. This artifice is a means to remove secular effects in an

elegant way as we will see. We want to emphasize again that ¢ and 7 are ultimately not independent.

The Second Step

Then secondly we make the ansatz

oo
= Ze"Yn(t,T, o,&%,...)
n=0

of iy as a so called perturbation series, where this representation is only formal and where Y, is allowed
to depend on as many time scales as needed. For our purpose the variables ¢, 7 and ¢ are sufficient, i.e.
Y, =Y,(t, 1, 0).

If we want to use this representation of y in the damped equation (2.11) we have to expand the notion

of the derivative with respect to t by a differential operator A; that satifies

d

ay(t) = At Z gnYn (ta T, 0’)

n=0

for all t. Having dtT =¢ and T = €2, we obtain the formal differential operator

A 0 + 0 +e 20

= E—

b ot or 80

by using the chain rule for partial differentiation. Here we assume each Y,, to be at least two times

continuously differentiable with respect to all variables.

Hence we find the first and second derivative of y

d B d ) ) 9 B) (
— Y; —Yy+ =Y, 2 =Yy + =Y + —Y- 3
at’ = 8t0+5<870+8t 1)“ (800+871+8t 2>+O(e)
and
d2 82 82 32 a 32 32 82
= Y 2— Yy + ==Y, 2 Yo +2——Yy+2—Y +
w2’ = o 0“( aror 0t o 1)“ (a R TR = TR T >+O( )

(2.13)

The Third Step

In the third step we insert (2.13) into the differential equation (2.11) and sort the terms by powers
of e. This yields

ot? ot? orot ot

02 0? 0 02 0
a7 2}/0"‘28 8tY6+28 YO+28 8tY1+28 Yl}

02 o? o? o
{ Y0+Y0} { Vi+Y) 42— Yy 42— YO}

0
+E2{at2Y2+Y2+

+0(e3) =

Comparing the left hand side with the right hand side of this equation, we see that it makes sense to set
the terms in front of each power of € to 0, which yields a sequence of differential equations. In a similar

way we obtain the corresponding initial values. In this example we have y(0) = a and ;—ty(O) = 0. By
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our ansatz for y(t) we have
a =Y5(0,0,0) +Y71(0,0,0) + £2Y5(0,0,0) +

and from (2.13) we can conclude

0 B 0
0=7Y0(0,0,0) +¢ (aTYO(QO,O) + 5, 1(0.0, 0)>

) 9 o
+ 52 <(%_YO(0’ O; 0) + Eyl(oa 070) + 815}/2(0,070)) +

and if we again compare the terms in orders of € we get the initial values associated to the corresponding
differential equations.

Thus we have to solve

82
8t2YO +Yy, =0, (2.14)
Y5(0,0,0) = a, %Yo = (0,0,0)
0? 0? 0
Y1 + Y, Yo +2=Y, 2.1
g = (88t0+80) (2.15)
¥1(0,0,0) = 0, 2%1(0,0,0) = —2¥4(0,0,0)
1Y, Y, - Y, It 1Y, Y, - o7 0\Y, Y,
0? 0? 0? 0 0? 0
8t2Y2+Y2 (a 2Yb+2a 6th+2a Y0+26 8tY1+23 Y1> (2.16)
¥2(0,0,0) =0 éY(O00)——23/(000)—23/(000)
277_a8t277_87177 80_077'
We can solve (2.14) with the ansatz
Yo(t,7,0) = A(1,0) cost + B(r,0)sint, A(0,0) =, B(0,0)=0 (2.17)

with yet to specify functions A and B. We calculate the partial derivatives of Yy with respect to ¢, 7
and o, treating those as independent, uncorrelated variables, and insert them into (2.15) . This will give

some first conditions, that A and B have to satisfy. We obtain

2 0 0
— int — — . 1
By —Y1+Y = (aTA(T,U) + A(r, 0)) sint — 2 (aTB(T, o)+ B(na)) cost (2.18)
We see that the right hand side is in resonance with the solution of the homogeneous equation
82
—Y1+Y; =0,
a2 11 + 1 =

if the terms in front of cost and sint are nonzero. Because we treat t, 7 and o as independent, these
terms are constant with respect to t. Therefore in order to avoid secular terms in differential equations,
A and B have to satisfy

63,4 — A, A(0,0) =
aT (2.19)
S-B=-B, B(0,0)=0,

where the initial conditions are from (2.17). This gives

A(r,0) =7(0)e™", (0) = o,
B(r,0) =d(o)e” ", 4(0) =0.
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At this point we simplified (2.18) in such a way that the right hand side vanishes and we obtain a

homogeneous equation again for Y7:

2 0
—Y1+Y = Y; =0, Y] =a. 2.2
8t2 1 + 1 0 1(070) 07 at 1(0a0) « ( 0)
Analogously to (2.17), we make the ansatz
Yi(t,7,0) = C(r,0)cost + D(7,0)sint, C(0,0) =0, D(0,0) = a. (2.21)

for the solution of (2.20). When we wanted to determine the functions A(7, ), B(7,0) in the ansatz for
Yy, we had to consider the equation for Y7 and had to arrange that no secular terms arouse in its right
hand side. The same is done now in order to determine C' and D by analyzing the differential equation
for Y, and especially its right hand side. The latter turns out again to be in resonance with the solution

of the homogeneous equation
82
ot?

Thus we have to set the coefficients of the secular terms equal to zero and solve another ordinary differ-

a5Ye + Y2 =0.

ential equation for C' and D.

But first let us write down again the equation for Y5:

0? 0? 02 0 0? 0
Yo+ Yo= (a 3Yo+ 25 2 Yo+ 25 Yo+ 25 Y1 425 Yl)

= {(27/(0) +6(0)) e +2 (66 C+ C)} sin(t)

+ [(26’(0) +7(0))e T =2 (86 D+ D)} cos(t).

Again we see that we have to set the terms in front of sin(¢) and cos(¢) equal to zero to avoid secularities.

This gives

2v'(0) 4+ (o) = —2¢7 (;TO + C)
—20"(0) + (o) = 2€7 <§T D+ D) 2

and because the left hand side is only depending on ¢ we conclude that the right hand side has to be
constant with respect to 7. Therefore we write the equations for C(7,0) and D(r,0) as

9 1 B

9 1. -

Taking a closer look one recognizes the secular terms e~ on the right hand side of both equations. In

order to assure that Y7 stays bounded we therefore have to set f(o) =0 = g(o) and find
C(r,o)=0 and  D(r,0)=ae .

Then (2.22) becomes
2(0) +6(0)
—25(0) + (o) =

As one can easily check, the functions

+(0) = acos <;0) and  §(c) = asin (;o>

solve this system.
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Figure 2.3. (damped_oscillator.m)

Left: Evolution of the damped oscillator’s amplitude over time. The blue solid
line shows the exact solution y(t) (see (2.12)) of the damped oscillator equation
(2.11) with @ = 5 and € = 0.4. The red dashed line shows the multiple scale
approximation §(t). The amplitude goes to zero over time like e <" (dashed line).
Right: Logarithmic error plot of the maximal error of the approximation § in
the time interval ¢ € [0, 200] for various a > 0. The logarithmic error decreases
linearly with gradient 2. Therefore the order of the error is O(?).

Thus altogether

Yo(t,7,0) = ae [cos (;a—) cos(t) + sin <;(7> sin(t)}

Yi(t,7,0) = ae” " sin(t)
Finally, if we have a look at the initial conditions of the (now homogeneous) equation (2.16) for Y2 we
find ¥2(0,0,0) = 0 and %3@(0, 0,0) = 0 such that Ya(t,7,0) =0, Vt, 7, 0.

The Result

Overall we obtain the approximation g := Yy + Y7, i.e.
2

g(t) = ae™c! {cos ((1 - %) t) + 5sin(t)] .
If we have a look at the error

o
Y eV, — =y + O)
n=0

we find that § has an error of order O(¢?) as long as t € O(e~1) or smaller. We have to set up such a
bound to the time interval, since we did not fetch more information on the €3 term Y3 in the series of our
ansatz. This term may contain secularities of order O(t) or even worse such that Y3 becomes O(1) if we
exceed a certain time barrier. Therefore we set up the validity interval [0,Tp/e] for our approximation
for some Ty > 0.

The multiple scale approximation ¢(¢) and the exact solution y(t) for e = 0.4 and « = 5 are depicted
in figure 2.3 and from the error plot one can conclude that as expected the error is of order O(g?).
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2.3.2. A nonlinear Example: The Duffing’s Equation

To gain more insight into how this method helps to analyze the influence of nonlinear effects let us
again have a look at the nonlinear differential equation from the beginning of this chapter, the Duffing’s
equation

§t) +y(t) + ey =0, y(0) = 1,(0) =0. (2.23)

The Formal Procedure

We proceed in this nonlinear example as we have already seen in the previous section:

Firstly we assume a perturbation expansion of the solution y, that is of the form:
y(t) = Yo(t,7) + eYi(t,7) Ze"Y (2.24)

where Y,,(¢,7) are the functions we are looking for. For our purpose this time the functions Y;, only
depend on the two time scales ¢t and 7 = et. Of course we can extend this procedure to as many time
scales as we like, but since some upcoming equations would become unnecessarily difficult without any
further insight into the method itself we leave it at two time scales.

Again we obtain the derivatives of y(t) by using the chain rule for partial differentiation, which yields

d oY oYy Y, ,

dty(t) =5 t¢ <87 + s > + O(e9), (2.25a)
e 2%y, 92, 9%,
V=g + @m£+55>+ag) (2:250)

By substituting the series (2.24) and equations (2.25) into our differential equation (2.23) we obtain

9?Yy %Y1 %Yy
2 82+Y1+288

In the same way as in the previous section we obtain a sequence of differential equations. The first two

+Y0+5< +Y03)+O(52):

equations of this sequence are given by

Y, o

5z Yo =0, Yo(0,0)=1, 5¥0(0,0) =0, (2.26a)
02, 82Y, o o

SE tYi=YP - 25 Yi(0,0) =0, 2Y1(0,0) = —5-Y0(0,0). (2.26b)

To include the dependence of the solutions to these differential equations on the independently treated

variables t and 7 we make the following ansatz for Y}
Yo(t,7) = A(T)e™ + A*(1)e™ ™, (2.27)

which indeed solves (2.26a) and even is its most general real solution.
Here, A(7) shall be a yet arbitrary complex function of 7, that we want to determine more precisely
in the following steps and A*(7) denotes its complex conjugate.

We differentiate Yy (¢, 7) with respect to t and 7 and obtain its partial derivatives

Yo

E(tﬂ—) = iA(T) e —iA* (1) ¥ (2.28a)
Moy 1y = A et B it (2.28D)
or dr dr

again treating ¢t and 7 as independent variables.
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The function A(7) is determined by setting up the condition that secular terms do not appear in
equation (2.26b). We have
0%y, dA i LdAT it
orot ZE(T)e ~ar (T)e

and
YOS — ASeSit + 3A2A*eit +34 (A*)Q e—it + (A*)?) e—3it

such that finally

0%Y, B

arot

— A3t 4 et [—3A2A* — 21"@4}

—Y3 -2
0 dr

=151(7)

(2.29)

— (A7)% 7RIt 4 et {—314 (A*)* +2i dj ] .
=

:ZSQ(T)
One can easily check that e** is itself a solution of the homogeneous equation
82
@Yl + Y1 == 0

corresponding to (2.26b).

So if the terms s1(7),s2(7) in front of e*® in (2.29) are nonzero, Y;(¢,7) will be secular in t. But

that is exactly what we want to avoid. Hence we set s; and s equal to zero:

dA
_ 2 A% _ o _
BATAY = 2i—— =0 (2.30a)
dA*
—3A(A*)? +2i =0, (2.30b)

and observe that (2.30b) is just the complex conjugate equation of (2.30a) and can be omitted. If we
have A satisfying these conditions, Y; will not contain secular terms and at least no secularities appear
in the first two terms of the series representation of y in (2.24) , but we have to be aware that we don’t

have any information on further terms.

So we have to restrict our time interval to ¢ € [0, Tp/e] such that the error of the approximation
g(t) =Yo(t,7) +eYa(t,7)
is of order O(g?), i.e. y(t) — §(t) = O(£?), similar as before.
To achieve this objective let us try to solve (2.30a) by writing A(7) in polar coordinates:
A(T) = R(m)e™ R H:R—R.
By (2.30a) we get the differential equation

(3R3(T) — Qi%(T) + 2R(T)370E(T)> JRICo 0,

which actually gives two equations, one for the real part, the other for the imaginary part of the equation.
Since Y;(0,0) = 2Re A(0) = 1 we can assume R(0) # 0. Thence

C;—R =0 = R(t)=R(0) VY7>0 (2.31)
=
% _ %RQ 22D g7y — 6(0) + 232(0)7 (2.32)

and altogether
A(T) _ R(O)ez’<9(0)+%R2(O) T).
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If we now insert this result into our ansatz (2.27) this yields the zeroth order solution, i.e. the solution

for Yy in front of £° ‘ ,
Yo(t, 7) = A(T)e" + A*(1)e "

= Re (R(0)e! (PO 3RO 751)
3
= 2R(0) cos [0(0) + §R2(0) T+ t} .

We still have to determine R(0) and 6(0) by using the initial conditions of our original problem
(2.23), i.e. y(0) = 1,9(0) = 0. We have to translate them into initial conditions for ¥;,Y7,.... Recall
that y(t) = Yo(¢,7) +€Y1(¢,7) + ... and remember that these conditions read

y(0)=1 = Y5(0,0) =1, Y1(0,0) =0, Y5(0,0)=0, ...
dy _ (2.250) 0Y)y _ oY, Y
So we have the conditions for R(0) and 6(0):
Y(
%(0, 0) = —2R(0) sin (0) = 0 = 6(0) =0,
6(0)=0

Y6(0,0) = 2R(0) cos §(0) 2R(0)=1 = R(0)=

Therefore we obtain the result

Yo(t, 7) = cos (t + ZT)

and hence we finally have for the solution of the nonlinear oscillator problem (2.23), recalling that 7 = et
3
y(t) = cos (t <1 + 86)) + O(e),
where t € O(e71).

Observe that we have reproduced the approximation to the solution of (2.10) by simply setting up the
condition that secularities do not appear in the solution Y; to (2.26b), corresponding to order e, without
actually solving this equation. Therefore Y] stays bounded for all ¢, 7,0, i.e. €Y7 € O(e) and we only
have to worry about the term £2Y; which we did not investigate. This term may contain a secular part

which grows like O(t). That’s why we have to set the validity interval to ¢ € [0, Ty/¢] for some T > 0.






CHAPTER
THREE

A MULTIPLE SCALE METHOD APPLIED TO THE NONLINEAR
KLEIN-GORDON EQUATION

Now that we have seen a few examples on how to use the method of multiple scales we are ready to
apply it to the a bit more complicated problem of nonlinear waves in dispersive matter. In this chapter
the content is mostly taken from [18], chapter 2c, [6], chapter 5, and [13]

Therefore we will apply the method to the nonlinear Klein-Gordon equation and encounter the Gross-
Pitaevskii equation, a nonlinear Schrodinger equation which will provide a condition for the envelope of
the wave packet to avoid secularities in the truncated multiple scale ansatz. The consequence will be
a modulation in space and time of the solution of the wave equation (see figure 3.1), i.e. we obtain an
approximation

enrs(z,t) = cAetlkr=wt) 4 ¢ gre—ilkz—wt)

where its amplitude A obeys the Gross-Pitaevskii equation.
But before we begin, we want to introduce the residual of a nonlinear partial differential equation.

If we want to know how accurate a multiple scale method is, applied to an equation of the form
L(u) = N(u), (3.1)

we have to set up a means to measure the goodness of an approximation to the solution. Here £ denotes
a linear differential operator and N a nonlinearity in the solution u. For that purpose let us define the

residual of such a differential equation.

Definition 3.1 (the residual). The residual of a nonlinear differential equation is given by
Res(u) = L(u) — N (@).

It gives information about the goodness of an approximation .

If Res(@) = 0 then @ is the exact solution of the differential equation.

25
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O™

Figure 3.1. (RUN_wave_shape.m)
A wave packet (solid line) modulated by an envelope function, which is a solution
of the nonlinear Schrodinger equation (dashed line). The envelope and the wave
packet move with group velocity c¢. The amplitude and the width of the pulse
are defined in terms of the small parameter €, whereas the oscillation width of
the wave itself is O(1).

3.1. The nonlinear Klein-Gordon Equation

When applying a multiple scale analysis to a partial differential equation our aim is to gain an
approximation @ with small residual. Now we want to apply a multiple scale analysis to the nonlinear
wave equation with cubic nonlinearity, i.e.

2 2
%u(x,t) = aﬁu(a@t) — Bu(w,t) + Md(z,t), «,3>0, \€R,
t x (3.2)

0
u(+,0) = ug, %“("0):1”

also called nonlinear Klein-Gordon equation, and proceed as in [18], chapter 2c. This equation describes
the movement of a wave packet at constant group velocity c¢. As we will see the envelope of the wave packet

1 see figure 3.1. Therefore we will additionally

is modulated by some function A in the spatial order e~
to some long time scales also introduce a long spatial scale X = ex, which enables us to investigate this
modulation function in an elegant way.

Metaphorically speaking the long time scale means that we have a look at the movement of the
solution in “slow motion”. Likewise the long spatial scale eneables us to “zoom” into the solution in order
to investigate its spatial properties.

Before we start applying the method of multiple scales let us fix some notation:

e We denote the short (or resp. fast) spatial variable by € R shall and the corresponding large
(or slow) spatial variable by X = ex.

e We set ¢ the fast and 7 = t, o := £t the corresponding slow time scales.

Again 0 < £ < 1 is a small parameter. Like in the case of ordinary differential equations we can make
the ansatz of a perturbation series for the solution u(z,t) of the partial differential equation (3.2) such
that
o0
u(z,t)=¢ Z e"Up(z, X, t,7,0), e—=>0+. (3.3)

n=0

Inserting this ansatz into the wave equation leads to a sequence of partial differential equations, which

gives more information about how to choose the functions U,, such that we get a feasible approximation

M
u(x,t) =€ Z e"U,,, e — 0+,
n=0
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for some M € IN. The aim is to get a small residual Res(@). To achieve this goal we have to take care of
secular terms and if necessary eliminate them. As for the examples in chapter 2 we can identify a term
of the right hand side of an equation as a (possible) secularity, when it is a solution to the homogeneous
differential equation by itself.

Note that as before x, X, ¢, 7 and o are treated independently when we differentiate U,, with respect
to them, even though they are actually not independent. It will be quite the same procedure as for
ordinary differential equations, such that we interpret the differentiations 9, and 9; applied to u as

partial differential operators
and

applied to the series in (3.3) such that

0 o
%u(:mt) = Az (525 un(an7t7T7J)>

n=0 (3.5a)
0 0 0 0 0 3
—€<axu0+5(a u1+a)(Z/l0) <ax1/l2—|—8XU1>—|—€)
and respectively
a oo
au(m t) = A €Z€nun(x,X,t,T7O')
n=0 (3.5b)
B 0 0 0 5 f 0 0 0 3
—€(atuO+E<atU1+aTuO) +e€ (8tu2+ aTU1+aJU0> +e€ ) .
Since 2 at2 = A? and 8x2 = A2 and therefore
02 02 0? n
o= (a T2 G T 8X2> Zg Un,
82 82 82 ) 82 ) 82 5 32 A 62 & .
5= (5 270 2 0gi * 55+ e ) <L
we have
0? 0? 5 [ 02 02
= gyt < | gt + 25t .
+ &8 o —— Uy +2 a—zu +a—2u +0(@h .
X2 ) & ) Chi
and
0? 0? 0 0?
o = ppth {8t2ul+ o atuo}
0 0? 02 32 (8.7)
3 4
e {at2“2+2a ot 2000t g2 }“9(5 )

Applying the Cauchy product formula to the series (3.3) yields

00 n k
u3(x, t) =3 Z e Z Zun,kuk,lul. (3.8)

n=0 k=0 1=0
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In the following let us define the linear differential operator £ for the Klein-Gordon equation (3.2) as

0? 0?
L(p) = @90 - a@@ + B

and its nonlinearity as

N(p) = Ag”.
If we insert these representations of the derivatives into the wave equation (3.2) this gives
0? 0? 3
0= @u(aﬁ,t) - a@u(x,t) + Bu(x,t) — Au’(z,t)
9 0? 0?
3 32 32 2 82 2 3
+e€ { L (Z/[Q) + 2@“1 — 20[@“1 + 2@“@ + ﬁ“@ — OZWZ/IO — )\UO}

+O(e*)

such that we get a sequence of partial differential equations for the U,, by equating the terms in front of
powers of € to 0. As before in the two examples of the previous chapter we can translate the initial and
boundary conditions for u(z,t) into initial and boundary conditions for the functions U,, by recalling the
representation (3.3) of w and its derivatives in (3.5). Then comparing the the terms in front of each order
of € leads to the subsequent differential equations and its corresponding initial and boundary values.

The term in front of € gives the equation

L(Up) =0,
which is equivalent to the equation
0? 0?
@Uo - Oé@uo + Uy =0

Up(+,e-,0,0,0) = "ug,
Oy (+,€-,0,0,0) = e uy.
It is solved by a function of the form
Uo(z, X, t,T,0) = A(X, T, a)ei(km_‘*’t) + A (X, T, o)e_i(k‘””_“’t)7

where the relation between w and k has to satisfy the dispersion relation

w(k) = v/ak? + B. (3.10)

We call w the frequency of the wave and k the corresponding wave number. A(X, 7, 0) is a yet unspecified
amplitude function dependent on the slow variables, which we want to derive in the following steps, A*
denotes its complex conjugate.

Inserting this ansatz into the differential equation given by the £2 term, i.e.
0? 0?

—_9 7 202
Lth) araio T 2010

=) (3.11)

ul( 'a€'7070a0) = 07
atul( € '707030) = 787'“0( &€ '307070)7
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yields the right hand side to be

(%) = 2i <w;A+ak£(A> eilkbz=wt) _ o4 (MSTA* kai,A*) ilkz—wt)

It is easy to see, that (*) has the same az-t-structure as the solution to the homogeneous problem and
even is a solution to this by itself. So (x) represents a secularity that needs to be eliminated, since it
would lead to unbounded growth in U; over long periods of time. The term x-t-structure describes the
i(kx—at)

relation between the frequency @ and the wave number k of a propagating wave e . So we get the

first conditions to the amplitude function A and A* respectively:
0 0 0 0
w—A=—-ak—A and w—A" = —ak—A", 3.12
or 0X or 0X (3.12)
which are basically only one condition, since one equation is the complex conjugate of the other.
We observe that this condition is equivalent to the wave propagating at group velocity
ak ,
c=—=wi(k
= = ()
in the slow variables. We can make A satisfy this demand if we perform a coordinate transform and
introduce the variable £ := X — c¢7. This is pretty intuitive since we assume the wave packet to move at
group velocity c.
Then A(£,0) = A(X — cr,0) satisfies (3.12) since 8§A = 3% -9 A holds and by (3.11) the equation for
Uy reads

L) =0

Its solution is again of the form
U, = B(X’ T, o.)ei(kxfwt) + B*(X, T a)efi(szwt)

for another function B and bounded.
Collecting the terms of order €% in (3.9) gives

9? 0? 0? 9? 9?
L (UQ) = —27808#/{0 a7 27/{0 + OéaXQZ/{O + )\Z/[O + 23 o U, — 20[78)(833“1

MQ(',€',O,O7O):O’ (313)
atuQ( € '307070) = 787'2/{1( € ',0,0,0> — aUUO( € -,0,0,0)

where the right hand side is equal to

<2iwaA + (= c?) o
do

+3 +2i|lw—B+ak——B gilbz—wt) 4 N\ A3e3ilke—wt) 4 ¢ ¢
ke A APA (‘9 B2 )) iha=wt) 4 AA3eitka—eh)

0 0X

We see that another secular term arises here if the term in the brackets in front of exp (i(kx — wt))
is nonzero. Since we want to make sure that Uy stays bounded we have to set it equal to zero. Therefore

we demand that, just like A, also B satisfies

0 0
—B+ak——=B=
wo- +a X 0
and set B(X,7,0) = B(&,0) then this term vanishes. Furthermore we demand that A(£, o) and its
complex conjugate satisfy

0 , 02
and
—iniA* + w 6—A* +3MAPA* =0
oo 852 N
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respectively, which is again just the complex conjugate equation of the other and thus can be omitted.

Here we used that a — ¢? = ww”.
This demand on A represents the nonlinear Schrédinger equation, which is very important in math-

ematics and physics. It will be treated more extensive in the subsequent section. The remainder term
)\A3637L(kx7wt) + )\A*3€73i(kx7wt)

is harmless since w(3k) # 3w(k) for almost all k£ and thus it is not in resonance with the homogeneous
solution.
Hence we can assume that Us is bounded. For any of the further functions i), [ > 3 we do not want

to make any statement and we set the approximation
eYnrs(z,t) = cA(E, o)t e,

to the solution u. Recalling that we made the ansatz (3.3) for u we have

u—cpnps =U + U+ U, =O0(?), Ve [0,Ty/e

n=3
for some Tp > 0 in O(1). This restriction on the time ¢ can be explained as follows:

Even though U, and Uy are bounded for all times ¢ the function Us belonging to the formal order
O(g*) may contain secular terms which grow linearly with #. This means that for t € O(¢~2) there holds
elUs € O(£?) but for even larger t € O(e~3) this approximation loses validity because then U3 € O(e).
Therefore we have to restrict the time validity interval to t € [0, Tp/e?].

3.2. The Gross-Pitaevskii Equation

As we have seen, we encounter the nonlinear Schrodinger equation (NLS), also called Gross-Pitaevskii

equation,
2A—iy 8—2A+iu |APA, & 0€R A o0)eC
do Log2 ? Ty ’ (3.15)
A(-,0) = Ay,
with real coeflicients v1, v by applying a multiple scale method to the nonlinear Klein-Gordon equation
0? 0?
wu:aﬁu—ﬂu—i—)\u‘?. (3.16)
x

Now we want to collect some properties of the NLS equation, which are taken mostly from [6]. The NLS

equation serves as an amplitude equation for the amplitude A(&, o) of the so called NLS approzimation
enLs = eA(E, 0)etFT™w L e A% (¢ g)e T Rrwh)

to the exact solution u of the wave equation, that we obtained by applying a multiple scale method. In

our example we have found
a—c? 3\
5 Vo = —.
2w 2w
Here the dispersion relation w? = ak? + 3 has to be satisfied and ¢ := w’'(k) is the group velocity of the

(3.17)

V=

wave packet.

The NLS equation can be transformed into the form

2
9,0

—i——A+ialAlPA =+l 1
o 2852 +ialAlFA, « (3.18)
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Figure 3.2. (RUN_pulse.m)
A localized pulse (or soliton) solution propagates at constant velocity ¢ without
changing shape.

by rescaling A, o and &, where we distinguish between the defocusing case o = 1 and the focusing case
a = —1, whose difference can be found in the special form of the solutions. Generally we have the
focusing case if 11 and v have both like algebraic signs.

If we firstly have a look at the linear problem

0 0?2
%A = _28752/1’

we see that it shows dispersion, that is given by the relation w = k? for solutions e?**+%t That means
that the group velocity ¢, = w’(k) is dependent on k, such that waves with different frequencies travel at

different speed and a travelling wave packet will dissolve. Its solution is given by

1 [ vy
A o) = —— / e~ A(Y,0)dY

and we immediately obtain the estimate

1
suplA(&,0)| <
5eﬂgl (& o)l = ——

/ A€, 0)[de, Vo > 0.

Therefore for spatially localised initial conditions the solutions decay uniformly towards zero with a rate
o~ 2. Furthermore dispersion conserves energy but spreads it all over the real axis.
If we consider the focusing case a« = —1, the focusing of energy by the nonlinearity and the defocusing

of energy by dispersion are in some equilibrium, such that so called pulse or soliton solutions of the form
A&, 0) = B(§)e™

can exist, where B has to satisfy 0 = B” +wB —aB3. That means, that the dissolving of the wave packet
by dispersion is just evened out by the nonlinear effect.

A soliton is a stable solitary wave, which is a localized pulse that propagates at constant velocity
without changing shape over time, cf. figure 3.2. For instance think of a burning candle, whose flame
maintains its shape while it advances into the wax at constant velocity. Here the diffusion of heat from
the flame into the wax and the nonlinear energy release of the vaporizing wax cancel out. For more
details on soliton solutions and their properties we refer to [8], chapter 4.

This effect can also be seen for example if optical waves travel through a so called Kerr medium such

as a glass fiber. The refraction index of the material causes the dispersion and therefore the divergence



32 3. A Multiple Scale Method Applied to the nonlinear Klein-Gordon Equation

of the wave packet, whereas at the same time a nonlinear effect is responsible for convergence of waves
with different frequencies such that the result is a (nearly) not changing wave packet.

Let us give a result on the local existence and uniqueness of solutions in Sobolev spaces. Therefore
let the space H™ be equipped with the norm ||ju||gm = je{r(r)l,?f }||8£u||L2.
Theorem 3.2. Let m > 1 and Ay € H™(R) a complex function. Then there exists a time Ty =
To(||Ao|| =) > 0 and a unique solution A € C([0,Tp], H™) of the NLS (3.18) with initial value Ay.

Proof (of theorem 3.2). In lemma A.22 we proved that L = —z'g—; generates the Cy contraction semigroup

71‘08—2 . . . . . . .
e 722 Furthermore one can show that the mapping F(u) = ia|u|?u is locally Lipschitz continuous in
H™(R) by modifying the proof of Lemma 1.2 in chapter 8.1 in Pazy’s book [19], which was given for

the case H*(IR?). We assume the solution A to be continuous in o and &, therefore it is also F(A) and

theorem A.23 applies. Set Tj = <4|a| ||Ao||?{m> . Then together with the previous results a solution of
the NLS equation (3.18) is given by the variation of constants formula
—io 2y [ ito—n)
A+ 0) =€ o7 A(-,0) + /e N ol A( -, 8)|PA( -, 8)ds,
0

where the right hand side is a contraction in the space

0€[0,To)

o = {A € O([0, 1o, H™) | sup [[AC0)[am < 2IIA()IIHm}

equipped with the norm |[Alles = sup,epo.1,) IA(+;0)|[rm. The local uniqueness is obtained by the

contraction mapping principle for the fixed point equation

where .
F(A)(-0) = 73 A(-,0) + / ¢T3 o) A, 5)PA(-, 5)ds.
0
Let Al,AQ € &/ with Al( 70) = AQ( ,O) = AO then
To
[F(A1) — F(A2)|, < [[A1(0) = A2(0)]| oy + [ || S[Blr%] [ 1A1(+, 9)PAL(-,5) = [Aa( -, 8)[2Aa( -, 5)]| o ds
s€|0,10
0
To
< [ el sup (max ([|Ar(+,8)[|Frm, [A2( -, 8) [ 7m) | Ar(+s8) = Aa(+, 8)|l ) ds

s€[0,To]
< 4| To|| Aol | A1 — Azl -

Hence for our choice of Ty we see that | F(A1) — F(As2)||or < ||A1 — As|| o, which yields the local existence

and uniqueness of a solution. O

Lemma 3.3. The solution A of (3.18) conserves the L? norm and energy:

d
Al =0

d
T E(A(a) =0,
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where ) )
= §/|8Iu|2dx+1a/|u|4dx (3.19)
for a function u( -, t) € C ([0,To], H'(R)).

Proof. Applying integration by parts we have
d d
Al = /AA*dg - 2Re/ (0, A4) A*dE = 2Re/ (—i(02A — AP A)) A*de
= —ZIm/ (|6§A\2 + a|A|4) s =0

and thus have the conservation of the L? norm.

By definition

% ( /|a APPde + a/|A4d§) / (( A)o; <3A*>>)d§+a/Re <A|2A§O_A*) d¢

o? J . 9
—Rc/( 5 |A|A>a A*dg = Re/aA A*de = Re/z|—A\d§—0
and therefore E (A(-,0)) = E (Ag) Vo € [0,Tp]. mi

Global existence and uniqueness of solutions then follows from the results in chapter 10 of the lecture
notes [12].

3.3. The Residual of the NLS approximation
To get an estimate on the error that we make by using the NLS ansatz
U(x,t) = A (€, 0) *e=wD) L e A (€ o) e i Rewt) £ = g(x — t), 0 = %t

as an approximation to the solution of the nonlinear wave equation, we abbreviate E = e'(A*=«) and

have a look at its residual
Res(a) = L(@) — N (@)
9% _ 0?
= wu a 5 U + B'U/ — )\u
= ¢E ((ak®+ B —w?)A)

+&%E ((Qch — 2iak) 885 A) (3:20)

+&%E (—(2iwaA + (a—

- A+ 3)A| A>

)652

Oo?

Provided that A satisfies the NLS equation (3.14) it follows from the dispersion relation w? = ak? + j3
and the group velocity ¢ = 2& that the first terms vanish and formally Res(@) = O(e?).

2 2
+3F3A3 + &4F (—208?60 A> + esEa—A + c.c.

We can improve these formal orders of the residual to estimates in norms. Therefore we introduce

the subsequent function spaces.

Definition 3.4 (cf. chapter 5.1 in [6]). We define the space of uniformly continuous and uniformly
bounded functions by

CY(R,R) := {u: R — R | u is uniformly continuous and uniformly bounded}
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equipped with the norm
l[ullco = suplu(z)].
z€R
Furthermore, the space of m times differentiable functions u : R — R with uniformly continuous and

uniformly bounded derivatives %u is given by

J
C"(R,R) := {u:]R—HR|aaxjueCl? ijl,...,m}

equipped with the norm

ullepr = jegﬁfm}llwwlcg-
Omitting the spatial argument we already found

Res(ii(t)) = &8 B* A%(0) + ' E (—20 o

62
o 5
3550A(0)) +e’E-—A(o) +cc.,

do?
cf. (3.20). The estimate in the CP norm is

[ Res(@)]|co < s1+ 52 + s3,

where 4is 3 5 5
s1=2|]c*E% A (O')Hcg <2 ”A(U)”Cz?’
4 2 4 || 9
=4 E A <4 —A
89 3 68580 (o) o e |5, (o) C;,
82 2
s3=2||°E 5 A(0) <2¢° 5 A(0)
The right hand side of the NLS equation (3.14), i.e.

o . 1 (. 5, 02 .
a—JA =50 (z(a— c )8—52A+3z/\|A| A) ,

yields the estimates for ||%A||Cg and ||68722A||Cg, ie.

<L l@-®|La
cr 2w

0
Haa“‘ 2e

‘ 2

+3AA|2;) =0 (JlAlley)
G,
and analogously
82

Al =0 (I4le)-

2] ol
This gives the following result.
Proposition 3.5 (cf. [6], Proposition 5.3.1). Let A € C([0,Ty],C}) be a solution of the NLS equation.
Then for all €9 € (0, 1] there exists a C > 0 such that for all € € (0,£¢):

sup || Res(i( -, 1))||co < Ce3.
t€[0,To /2] b
It is worth to mention that measuring the norm of the residual in the Sobolev spaces H™ is more
suitable to get estimates on the long time scale O(1/e?) than doing so in the Ci" spaces. But sadly we

have to be aware of the following remark.
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Remark 3.6. Due to the spatial scaling we lose a factor of e~2 when evaluating the L? norm in our

estimate, such that we obtain
| Res(a( )l = O (=2 All o+ )

with A € C([0,Ty], H°*) and s4 > 0 sufficiently large.

Unfortunately estimates for the residual are only a necessary but not sufficient condition that the
NLS equation predicts correctly the behaviour of the original wave equation. Errors may sum up in time
such that correctly derived amplitude equations make wrong predictions. Therefore we do not want to

get into more detail at this point. More information on this topic can be found in chapter 5 of [6].

3.4. An Error Estimate on the NLS Approximation
So far we only made statements about the formal order of the residual of the NLS approximation
U(x,t) = A, o)==t 4 e,

to the exact solution of the nonlinear wave equation
0? 0?
a2 = Y2

Again the slow variables £ and ¢ are given by e(x — ct) and €2t respectively and A = A(&, o) satisfies the

— Bu + Mud.

NLS equation
2

0 0
In order to prove that the actual error of the NLS approximation @ stays small for a certain period of
time, we define the so called energy space
Y = H'(R) x L*(R)

equipped with the norm || -||y defined by

1/2
ol o= ulfs + 1ol = ( [ 0% w2 4020 )
R

which is a Banach space, as one can show. Due to the following theorem the error of the NLS approxi-

mation goes to 0 as € — 0.

Theorem 3.7 (cf. Theorem 5.3.6 in [6], and Theorem 3.1 in[13]). Let A = A(&, o) be a solution of the
NLS equation such that 6?8(1714 € C([0,T1], L*(R)) with n +1 < 2 and let @ be the NLS approximation
from above. Then for every Ty < Ty and every d > 0 there exist €y, C' > 0 such that for all € € (0,¢9)
there holds:

Let u = u(z,t) be a solution of the nonlinear wave equation (3.2) such that
I ((0), 0u(0)) — (a(0), B,a(0)) ||y < d=*/2
then 4 satisfies the estimate

I (u(t), Qeu(t) — (a(t), dea(t)) lly < C*? Vit e[0,To/e?).
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Proof (mostly taken from the proofs to theorems 2.1 and 3.1 in [13] ). We want to show that the error
u( +,t) — @( -,t) remains of order O(e%/?) for times t < % However we have already seen that inserting
@ into the wave equation leaves a residual term e3 A3 E3. Unfortunately this leads to an error O(e) when
integrating over [0, Ty/e?]. As a start we derive all the estimates for arbitrary t > 0, but later on in this
proof we will see that we have to bound t by €%t < Ty.

The proof is divided into three parts: Firstly we derive a differential equation for the error, which
we solve in the second part using the variation-of-constants formula. In the third part we use Gronwall’s

inequality to obtain an estimate on the error.

a) Derive a differential equation for the error: To handle this problem we make an improved
ansatz

va(z,t) =0+ (63A3(§, o)editkz=wt) c.c.)

and since A solves the NLS equation we obtain the residual
Res(va) = e’ E? (A% — (9w? — 9ak? + B)A3) + c.c. + O(e?)

which is of order O(g*) if we set As = m/ﬁ (&, 0). Therefore

valz,t) = A€, o)elke—wt) 4 e3A3(¢,0)edihr=wt) e e,

1
9w? — 9ak? + B
and because of the scaling ¢ = e(x — ct) and lemma A.17 the L? norm of v can be estimated
as
leat)llze < 2 A o) 22 + 253 A o)l
and thus vy is bounded. Similarly, since the leading term of the residual Res(va) is of the form

et S cny 6?8},146"(“*“”) for some constants c,;, we have ||Res(va)|z2z = O(e?). For the
n+1<2
error we make the ansatz

ETR=u— vy, (3.21)
which yields the partial differential equation

3 07 s 02 3 3\ 0? 0?
€2 @R = 5204@]? —e2B8R+ A (52R) — (W’UA — aﬁvfl + Bvg — Avi)
=Res(va)
+3A (53R2vA —&—E%Rvi)
or equivalently
0? 0? _3 3
ﬁR = Q@R — PR —¢c"2Res(va) + A (€3R3 +3e2R%vp + 3Rvi) .

b) Solution of the error equation via the variation-of-constants formula:
We rewrite this second-order equation as a first order system for (R,0;R) in the Banach
0

space Y and define the operator matrix B = 52 5
Cozz

on Y. Hence we are now looking

R
for solutions y = [S] of the system

Y= By+6% —i—sgN(s,t,R) —e%p(e,t),

ale, t)R
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with

R(-,0 _3 u(+,0) —va(-,0

y) = | o0 | g | el 0= eals0) |y gy <ag,

6tR( ,O) Gtu(-,O)—ath( ,O)

where
a(e,t) = 3Xe %’UA,
0
N(g,t,R) =X | , ,
e2R3 + 3 luaR?

and

z
2

ple,t) =

ol
Res(va)|

This system can be formally solved by the variation of constants formula

3 / 0
y(t) =G 2O/Gt—s (l (. $)R(s)

where (G(t))i>0 = ( ) denotes the Cy semigroup generated by B on the space Y. For more
details we refer to [12], chapter 5 and 6, and [19], chapter 7.4. Let C > 0 be large enough such
that it sates the subsequent estimates. Because G(-) is a Cy semigroup it is bounded, such that
fort € [0,T], T > 0 and every initial value yo := (Ry, Sp) there holds ||G(t)yolly < Cllyolly -

¢) Estimation of the error via Gronwall’s lemma:

+&N (g, R(s)) — 2 ple, s)> ds,

Therefore we get the estimate

ly@lly < Clly)]ly

SHR(s) + 35 a2 (s)| , + b e o)l ) ds.

t
+e%c/ (la(e, ) R(s)lze + A |
0

Now having @(0)—v4(0) = O(e?) we can bound ||y(0)||y < 2d. Sincee™lvs = O(1) and from the

assumption on the NLS solution A together with |[Res(va)l ;. = O(e%) we obtain ||p(e, t)|ly < C

and |la(e, 1) < €2C. Furthermore |R(#)||z2 < |R(#)l| 1 = O(1) and |R(#)]| 2 < Clly()lly
by definition.

Applying again lemma A.17, this enables us to bound the nonlinear term for each D > 0

and for all y with ||y|ly < D like
||€%R3(8) + 3¢ AR (s)||z2 < M, M >0.

Altogether
t
ly®|ly <2Cd+ /EQCQHy(S)Hde + %0 (g%/\M + C) ,
0

as long as y(t) stays in the ball of radius D. Now define

r(®) = ly@®ly, bt :=2Cd+52tc(5%AM+C) and  ~(t) = 202,
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Since ||R(t)||2 < |ly(t)|ly we obtain the integral inequality

r(t) < b(t) + /’y(s)r(s)ds.

Obviously if we demand €%t < Ty, all requirements to apply Gronwall’s lemma A.24 are satisfied

and since b is monotonically increasing and continuous, there holds for t € [0,Ty/?]
r(t) < eMOb(t),
where A(t) = fot y(r)dr = e2C?t. Therefore
ly(®)ly < Ce*C, € :=20d+TyC (2AM +C) . (3.22)

Let C = 2Cd + T,C(C + C) and D = Ce®* T and make e, smaller such that e2AM < C and
thus C' < C. Then inequality (3.22) shows that y indeed satisfies ||y(t)|ly < D for all t < Ty/e2.

Now if we reconsider the definition of R in (3.21) and vs we obtain the desired result from

[ u(z,t) ] - [a(x,t) . [ w(z, 1) ]
Opu(z,t)) Opu(x,t) dpw(z,t)|’

where ’U)(ZC, t) = m53143(57 U)e3i(kx_w” + c.c.

R(z,t)
6tR(.’IT, t)

3

2




CHAPTER
FOUR

SPATIAL DERIVATIVES AND TIME INTEGRATION

We have seen that the method of multiple scales yields a feasible approximation to the solution of the
Klein-Gordon equation. In order to numerically verify this approximation we want to present numerical
methods in this chapter which enable us to obtain a good numerical solution of both the Gross-Pitaevskii
equation (3.15) and the nonlinear Klein-Gordon equation (3.2).

In both equations the Laplacian appears on the right hand side. Therefore we need methods to
approximate this second spatial derivative as efficient as possible with good accuracy. We will explain
spectral methods which we use to discretize the equations in space (cf. [25], chapter 3 and 4).

Since the Gross-Pitaevskii equation is a highly oscillatory problem, the norm of the derivatives of
its solution can become very large such that estimates on approximations based on Taylor expansion do
not hold any more. Therefore we choose a Strang-Splitting method to do the time integration, which we
want to present in this chapter. Furthermore we will do an error analysis of this integrator applied to
the Gross-Pitaevskii equation.

Amongst other time integrators for the Klein-Gordon eqution, we present another powerful splitting
method. This will be used to compute a reference solution of the Klein-Gordon equation that we want
to compare with our NLS approximation in chapter 5.

In this chapter we mostly made use of the content in [11] to introduce the discrete Fourier transform

and its techniques. Now let us start with an introduction to spatial derivatives.

4.1. Spatial Derivatives Based on Spectral Methods

In this section we want to give a short introduction into two popular approaches to calculate spatial
derivatives numerically. First we will have a look at the method of finite differences developed in the
1950s. Then we will discuss spectral methods of the 1970s that make use of the discrete Fourier transform
and therefore can be implemented very efficiently as we will see. Before we start let us fix some notation:
Instead of

dk ak
aek % ok
we may also write just
¥ or 9N

39
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When we want to solve partial differential equations such as the linear non dispersive wave equation

with periodic boundary conditions
32
@u(x, t) = & Au(z, t),
u(z,0) = up(z), Owu(x,0) = uy(z) Vo (4.1)
u(—L,t) = u(L,t) Opu(—L,t) = Ogu(L,t) Vt
with high accuracy, it is important to have a good spatial discretization and an efficient method to
calculate spatial derivatives OFu(-,t).

m
Here and in the following A = > 8%1, denotes the Laplacian in the corresponding space dimension
j=1
m. Similarly A denotes the discrete version of the Laplacian A.

Let m = 1, n € IN and assume that we have already discretized the interval X = [a,b] C R into a

discrete interval Xj, = [xg, x1, ..., z,] C R*T like
a=z9g<x1<--<xp=0>,

where x; = 9+ jh, j = 1,...,n with spatial step size h, see picture below, and let u : [a, b] X [0,00) = R

be a smooth solution of (4.1).

h
>
S N P " —"
a = xg X X9 Tp—1 T =0>

Finite Differences:

One possibility of approximating spatial derivatives is to use a finite differences scheme that is ob-
tained by just expanding the smooth funcion v : X — R into its Taylor series around some z € (a,b).
We have

(o 4+ 1) = v(en) + h-Lo(@d) + 202 o) + 2L () + 0(h)
V\ Tk = UV\Tk d.%'v Tk 9 d$2v Tk 6d:L‘3U Tk (42)
2 3 33 :

v(xg —h) = v(zy) — hiv(xk) + %hQ d x1) + O(h%),

—v(xg) — — =0
dx dzx? (k) 6 dx3 (
which gives the central difference quotient as an approximation to the first spatial derivative of v(-) at
some z, € (a,b) just by subtracting the lower equation from the upper one, and an approximation to the
second spatial derivative just by adding them up.

We define v; := v(z;) and thus have

d Vg1 — Vk—1

prC oh (43)
d? . Uk41 — 205 + Vg1 '
a2t = o

whose errors are both of order h? for smooth v, which can be seen easily by having a closer look at the

Taylor series (4.2).

Remark 4.1. The same approximations as for d® can also be found for 9* if we replace v(z) by some
function u(w,t), u : X x[0,00) — R, which is smooth in z, and the derivatives d® by the partial derivatives
0% in the equations (4.2):
0 ’LL]H_l(t) - uk_l(t)
axu(xka ) 2h )
0? Ugt1(t) — 2ug(t) + ug—1(¢)

@U(Qﬁk,lﬁ) ~ B2 )
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where the uy, : [0,00) — R are still functions of the time t.

Furthermore let us assume that u(x,t) is periodic on X, i.e. for all ¢ there holds wu(b,t) = u,(t) =
uo(t) = u(a,t) which is a natural assumption on the solution of the wave equation (4.1) with periodic
boundary conditions. Then X}, € R"t! reduces to an interval X, = [€1,...,2,] € R™, such that this
scheme involves matrix vector multiplications of some derivative matrix A, € R™*" containing the finite
difference coefficients by some vector v(t) = [uy(t),...,u,(t)]7 € R™ containing the evaluations of u(z,t)
at each grid point x; at time ¢.

Hence using the finite differences scheme (4.4) in discretized space, the partial differential equation

(4.1) breaks down to an ordinary differential equation in ¢

-2 1 0 1
0? 1{1 -2 . 0
ﬁv(t) = Ap(t), A= 72 _ . ,
0 .1
1 0 1 -2

that can be solved by using an adequate numerical time integrator.

Spectral Methods

Another popular approach to calculate spatial derivatives numerically is based on the discrete Fourier
transform of some 27-periodic function v : R — C, i.e. of a function v satisfying v(m-27) = v(0) Ym € Z,
which enables us to differentiate v in its spectral space of Fourier modes instead of real space.

This will be done by using the Fast Fourier Transform (FFT) and its inverse (IFFT). The big advan-
tage of this approach over the finite differences method is, that we only do multiplications of the Fourier
transformed 0y by the corresponding Fourier mode k instead of costly matrix vector multiplications. So
we will only need O(N log N) operations instead of O(N?) if we choose N to be a power of 2, cf. [11]
Satz 5.11.

If we want to understand how spectral methods work, we have to introduce the discrete Fourier

transform and define an interpolant which is based on it.

4.1.1. The Discrete Fourier Transform

In this section we want to recall the technique of the discrete Fourier transform. The framework is
mostly taken from [11], chapter 5.
The Fourier series of a 27-periodic function f: C — C reads
fla) =y flk)e™, (4.5)
keZ

where the Fourier coefficients are defined by

- 1 [2r .

f(k)= o /. (z)e~*dz. (4.6)
Under certain conditions f agrees with its Fourier series (4.5), cf. [20], section 5.4 ff.

Let f be 2m-periodic, N € IN and assume that we know the values of f(x;) at equidistant points

o
xj:%], j=0,1,...,N.
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Because of the periodicity of f, we have f(zn) = f(zo) such that the trapezoid rule to approximate (4.6)

has the representation
. 1 & _ 1 & y
fnk) =5 D flap)e™ = =3 flagwy. (4.7)
j=1 j=1

Here wy = e *~ denotes the N-th primitive root of unity. Sometimes we may also write w instead of
wy if N is clear from the context. Likewise if necessary we extend sequences r = [z 7o ... zy] € CV

to arbitrary integer indices, where

T = T, for k=m mod N.

Remark 4.2. In this section we restrict ourselves to functions that are periodic on the interval [0, 27].
But all results of this section are also valid for functions that are periodic on an arbitrary interval [a,b] C R
with length L = b—a if we do the transform T': [a,b] — [0,2x], T (&) = 22 (Z —a). Then, given a periodic
gridt; =a +j#, j=1,...,N on [a,b] we get the grid on [0,2n] by evaluating x; = T(&;).

Two criterions for the Fourier series (4.5) converging to f are stated in the following theorems, that
can be found in [2], chapter 7 and [14], chapter 9.

Theorem 4.3 (normal convergence of the Fourier series, see [2], Theorem 7.21.). Let f: R — C be 27

-periodic, continuous and piecewise continuously differentiable. Then the Fourier series (4.5) converges

~

normally to f and hence Y ,o | f(k)] < oc.

— 00

o~

Theorem 4.4 (see [14], Theorem 9.1.). Let f : R — C be 2w -periodic and let Y ;- ___|f(k)| < oo, then
the Fourier series Y7 ___ f(k)e'* * converges uniformly to f.

Theorem 4.5 (Parseval’s formula,see [14], Theorem 34.2.). Let f : R — C be 27-periodic and continuous,
then

oo

I£13: = > 1Ftk)~

k=—oc0

Now let us define the discrete Fourier transform.

Definition 4.6 (discrete Fourier transform). The linear mapping Fy: CY — CV defined by

N
Fynx =7 with Ek:Zwlf\ij, k=1,...,N
=1

AN
is called discrete Fourier transform. The corresponding matrix F = (wfj) is called Fourier
k,j=1
matrix.

The following lemma yields the representation of the inverse mapping F, K,l to the discrete Fourier

transform.

Lemma 4.7 (orthogonality, see [11], Satz 5.2.). There holds FxFy = NIy or equivalent

N

kl—km __
E WNWN =
j=1

N, Il=m mod N

0, else
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0.5 ) . |

O¢ °

0.5} . .

Figure 4.1. (aliasing .m)
Aliasing phenomena: sin(19¢) (blue solid line) and the trigonometric interpolant
in 19 points (red dashed line).

Theorem 4.8 (inverse discrete Fourier transform, [11], Satz 5.3). One has Fy' = & Fy = & Fi such
that

T; = Nzw;{k]fc\k— _1E)j j=1,...,N.
Proof. Follows from Lemma 4.7.

Theorem 4.9 (aliasing, see [11], Satz 5.6.). Let the series ), ., j?(k) be absolutely convergent, then
=" Jlk+jN). (4.8)

jez
An illustration of the aliasing phenomena can be found in figure 4.1.

Corrolary 4.10 (cf. [11], Korollar 5.7). Let p > 2 and f € CP(R,C) 2w-periodic, then there holds

~ —~ N
fuk) - F) =0Ty for K< 5
Especially for h = —” we have
N 27
h) )= | f@yde = Oh).
j=1

Proof. Applying integration by parts to (4.6) we can show

27
Fio =0y o [ 0@ s (4.9)
27T 0
and hence we can bound f by
N 1 27
lf(R) <CE™P, C= - |f) ()| d.
27T 0

For |k| < & and j # 0 there holds |k + jN| > (|j| — ) N and we get from Theorem (4.9)

n " N , = R % ar—
[P (k) = FR) < D 1F(k+iN) < D Cll+ NP <23 C(j—5) "N " =CN",
JEZ JEZ j>1
j#0 7#0
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because the series converges for p > 1. The additional claim follows from applying equations (4.6) and
(4.7) to k = 0, then it is just the first statement with this k. O

4.1.2. The Trigonometric Interpolation Polynomial

At the end of this section we will present a method to calculate approximately the derivatives of a
function f on a grid using the discrete Fourier transform. Therefore we want to introduce the trigono-
metric interpolation polynomial to given points (x;,y;) on a periodic grid, i.e. a linear combination of
functions e*** that has the value y; at position z; = j%’r, j =1,...,N. This discretization is used to

obtain the following results.

Theorem 4.11 (cf. [11], Satz 5.8). Given pairs (z;,y;), j =1,...,N with N even,

N
1 o/ 1 /. , . 1 .
ty(z) = N Nykem = 5N (yfge*“’% + %e”%) + N 3 greT, x € [0, 27] (4.10)
==7% k<3
represents the trigonometric interpolant with ty(z;) =y;, j=1,...,N.

Proof. Let j be arbitrary but fixed. Because of periodicity we have

@\_%e—”ﬁj% = A% e'iz
and hence
& 1= 1 &
tN(ij) =N Z Akezkxj = N Akelkzj = N Zﬂkelk% = (-7:;/1@\) (‘FN -FN:‘/) Yj,
k=—& 11 k=0 k=1
where yn = ¥o- O

ty is a trigonometric polynomial of degree at most % This means that it can be written as a linear
combination of the functions 1, sin(z), cos(z), sin(2z), ..., sin(5z), cos(§ z), where acually the sin(§ )

term is not needed.

Remark 4.12. Later we make use of this trigonometric interpolant in points (x;,y;(t) = f(z;,t)) to
calculate the approximate spatial derivatives of a function f(z,t).

For simplicity we omit the t-dependence of y; and Yy, in the following. The reason why we defined

!/
Z and ty in the way we did can be found by having a look at the inverse discrete Fourier transform

for some fixed j=1,...,N

N-1 z 31
1 s ~ 1 s ~ 1 [ o ik~ PO
yj = N Z ezka:]yk — N Z ezka:]yk — N o + Z [ezkx]yk te ka]yfk} +y%e“” > |, (4.11)
k=0 k=N 41 k=1

so the highest wave number is treated asymmetrically. Replace x; in (4.11) by x gives a term et
with derivative (z%)el%‘” But since ¢'%® represents a real sawtooth wave on the grid, see figure 4.2,
its derivative should be zero at the grid points. This problem can be fixed by defininig y_ N = @\% and
setting ty as it stands in (4.10).

For more details see [25], chapter 3.
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MNAAAN
VYV

Figure 4.2. (sawtooth.m)
The sawtooth grid function and its interpolant ¢n(x) = cos(wz/h) =
% (ei”/h + 67"”/}”). The proper spectral derivative is zero at every grid point,
which would not be true if we used the interpolant e'™*/".

Theorem 4.13 (error of the trigonometric interpolation, cf. [11], Satz 5.9). Let ) . f(n) be absolutely
convergent, then

i) — @)l < Y1) v

In|>%

Proof. Theorem 4.4 yields that f(x) = Y po f(k)eikx- Define y = [y1,...,yn] by y; = f(x;) and
Uk = ZJ 0 e )o.)N = NfN( ). Together with Theorem 4.9 we then have

[ty (z) — f(2)] = |ZI Fn(n)e™ — > Fn)e* + > fm)e™ + % {%?(_J;T)eﬂ;w + Qf(g)ei%w |
n=—& In|<& In|>5
=13 (A = Fmp) e = 3 Flmpe™

<|Z > f(n+jN) ""”|+| "Fm)eine]

n_fﬁjez
j;’:O

<23 |fn)

N
n>49

M\Z‘

O

As we have seen in the last theorem, the sum of all the higher truncated frequencies of the function
f is a bound to the error of the trigonometric interpolation. Hence, we can control the error by choosing
N bigger and thus taking more Fourier modes to evaluate the interpolant.

Now let us define some notation and then have a look at the derivatives of ¢y .

Definition 4.14. Let a, b € C, m € N. Then we define the pointwise multiplication a e b = (Ck)fj:l by
cr = (aob), = aiby, k=1,...,N

and a™:=qgeae---ea. Likewise we define a=! := (a,:l)]c and e = (e), .
N———

m-times
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Lemma 4.15 (derivatives of the interpolant in the grid points). For given (z;,y;), j =1,..., N, the pth

derivative of ty in the grid points is given as follows

10 (@) = {Fx" (R D)},

where J = (Um),, » m:—%—l—l,...,% and
[ N+1 N 1 N]
_ 5 g » 51 peven
N N
——4+1,...,——1,0 dd
[ 9 + ) ) ) ) ]7 po
Proof. Because of periodicity we have ﬂ_% = A% and thus
in () 1 N n 1 ik
= —_— O _— _—
N(T N %C S B xT Y€
k<&

Differentiating gives

1 /N2 N 1 0
1 _ o ~ o - . ~ ikx
ty(z) = N (2> Y cos ( 5 x) + (ik)” gre

and using an inductive argument yields
1 . ~ _ikx 1 N p/\
tgf;)(x) =N Z (ik)? Gre™® + N (2> x-
k<&
Because x; = j%, j=1,..., N there hold

sin (J;x]) =sin (jm) =0V

and N
Ccos (23;]) = cos (]71') = (—1)j = eijﬂ' — ei%-’ﬂj
such that we have forp=2l+1,1 € N
1 . ~ ikxs ~ N — 1 7
) (z;) = N Z (ik)? Yre™ ™ +0 - Yyye 2 = {Fy' (k)P 'y)}j
k<5
and forp=2l,1l € N
1 . ~ ikzs 1 N p,\ i N g — -7, "
9 (2;) = N > (k)" gre™s + N (12) ye' = = {Fy' ((ik)" e 7)} ;.
lkl<&

O

Let us denote yj(-y) = tg\l;) (), 7 =1,...,N for some v € IN. The next theorem will show that yj(-y)

is a good approximation to the v-th derivative of f in the grid points.

Theorem 4.16 (cf. [25], Theorem 4 (a)). Let f € CP(R), 2r-periodic and let v < p — 2, h = 2%. Then

B = £ = 0 (N"07) = 0 ()
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Proof. Applying integration by parts to the kth Fourier coefficient of f*) as in the proof of corollary 4.10
and using (4.9) gives

2m 2
N 1 v —1 L1 \V 1 —1 ENAY
FOw) = o [ £ Mo = @b o [ fl)edo = k)" )
0 0
such that we can go on as in the proof of theorem 4.13
! N ik = v 1kx
W = @) = 1Y @R FnR)e™m = S f@ (k)ette]
k<5 k=—00

= ‘Z’ (lk)u ]?N(k)ezkx] o Z/ (’Lk)l/ f(/{)@ikzj + Z/ (Zk)v f(k')@ikzj

|k|< % k<% |k|> %
U -~ -~ . !/ v ik
= 130 @) (P k) = ) e = 37 (k)" Flye |
k<5 |k1> %
(4.8) Y = AT ik TN B sikas
=11 R) Y R+ N = (ik)” f (ke |
k<% ez LB
7#0
! ~ !/ o~
< N TIRED IFR+GN)HY R |FR)]
kl<g  J€Z |k|> 5 £ thm 410
) j¢0 —Z 2 pr.£.>.(gc2|k‘7p
prf. th:m.>4.lUS01N_p
N
2 N —(p—v) o ( ) ~ (
v NP d —(p—v —(p—
< 201 ) K'N +02(2) +2C, >k <CN
k=1 k=& +1
<Cs
since Z,;“;%H k~(=*) converges to some constant less than %2 forp—v >2. O

Remark 4.17. If we are working on arbitrary intervals [a, b] the last theorem about the derivatives still

holds, but we have to multiply k by bz_—”a, see remark 4.2.

All the calculations we did in this section to evaluate the discrete Fourier transform Fyy and its
inverse, which for arbitrary N takes generally O(IN?) operations, can be done in a very more efficient
way, namely the fast Fourier tranform (FFT) and the inverse fast Fourier tranform (IFFT) if we choose
N = 2% as a power of 2. Then it takes only O(N log, N) operations to get Fxy. For more details on the
FFT we refer to [11], chapter 5.

4.1.3. Differentiation by Spectral Methods: A Summary

Let o: R — C be 27 periodic and let v; = 0(z;), j = 1,... N with z; = j%". Then the discrete
Fourier transform Fy and its inverse }";,1 are given by v = Fyv and respectively v = F ;,16, where

N

. N N
o~ ik
Vi = (.FNU)k_ = Ze T x]’l)j7 k:—§+17._.,5
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By theorem 4.11 we know that the trigonometric interpolation polynomial ¢y in the pairs (z;,v;) is given
by equation (4.10),

1 /. ; N 1 s
ty(z) = (v xe T +v%e”g> + N Z vpeT, x € [0, 27],

N
|k|<%

such that ty(z;) = v;. From lemma 4.15 we know about the derivatives of the trigonometric interpolation

polynomial
N N N
() 5 B [7?+1,,571,5], V even
t]G (ﬁj):{}—;/l ((ik)y.i}\)}j’ k= N N )
[—5+17,5_1,0], Vodd
which gives an approximation to the vth derivative of v in the grid points x;
du v 1%
v(ay) ol =) (@),

dxv
as we have seen in theorem 4.16. If we assume v to be p times continuously differentiable the error of this

spectral differentiation is of order p — v as long as v < p — 2, which we proved in theorem 4.16 such that
d’ _ W) oy
@U(.’L‘j) =v; +OMR™"), j=0,...,.N—1
An example of how good the spectral differentiation method is for the non smooth “hat” function f and a
smooth function g(x) = ¢*(®) is illustrated in the figures 4.3 and 4.4 respectively. We can see that for non
smooth functions spectral methods fail but for smooth functions they yield a far better approximation

than the finite difference method.

f(x) = max(0,1 - =5m)
1.5 T T 1 T T
%f : max error = 1.9292e — 01

—0.5 I L L —1 I | |

—— exact calculation
- @- approximation

Figure 4.3. ( spectraldiff .m)

Differentiation of the “hat function” f using spectral differentiation on the grid
27

with step size h = 57.

If we again consider the wave equation (4.1) and v as a function of 2 and ¢t we have to replace all
evaluations v; of this section by v;(t) and respectively vj by U(t) to transform the wave equation into

instead of <% such that

. . . . . c . v
an ordinary equation using partial differentiation 3 v

02 1y N N N
ﬁv(t) = ]:Nl ((lk)Q .]:Nv(t)), k = [_5 + 17...,5 — 1, 5]

This can be solved again choosing a suitable time marching theme.
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(2) = exp(sin(a))
3 T T

—— exact calculation
- ®- exact calculation

Il Il Il
00 2 4 6

Spectral differentiation: Differentiation by finite differences:
2 T T T 2 T T

%g : max error = 4.4517e — 02

d%g : max error = 9.5679% — 13

: max error = 6.1019e — 02

j—;g : max error = 2.0663e — 12
; 1 9l

_3 s | | | _3 ~e | | |
0 2 4 6 0 2 4 6

Figure 4.4. ( spectraldiff .m)

Differentiation of the smooth 27-periodic function g on the interval [0, 27| using

spectral differentiation on the grid with step size h = %r and comparison to

differentiation by finite differences .

4.2. A Strang Splitting Method for the Gross-Pitaevskii Equation

Splitting methods are often used in numerical mathematics when we have to deal with a differential
equation of the form
g=(A+ By, y(0)=yo,
where in case of ordinary differential equations A and B are matrices and in the case of partial differential
equations A and B are (not necessarily linear) operators. They are very useful when the computational

effort of solving the equation in its entirety is too high and the two separate equations
v =Av, v(0) = vy, w= Bw, w(0)=wp

can be solved by lower cost. Therefore we have split the equation into two parts. Often one can solve
one of these problems even exactly although the original equation can only be solved approximately due
to nonlinearities or similar hurdles.

After solving the separate equations we combine the results to obtain an approximation to the exact
solution of the original problem. We will see that such a method works good for the nonlinear Schrodinger
equation

i) = 1 A+ a|*, (-t =0) =g
with real coefficients v1 and 15, since we can exploit that, assuming periodic boundary conditions for
practical implementation, the Laplacian can be diagonalized by using FFT and that the potential part
can be solved exactly. But before we start analyzing these properties we want to introduce some theory
on splitting methods that helps to get a better understanding of what splitting methods are about. The
theory for section 4.2.1 is mostly taken from [10], chapter I1.3 to IL.5.
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4.2.1. Theory on Splitting Methods

Recall the definition of the flow of a differential equation

Definition 4.18 (flow of a differential equation). The flow ¢, of a differential equation

y=f(y), wylto) given, (4.12)

over time t is the mapping which associates to any yo the exact solution y(t) with initial value y(to) = yo.
This map is thus defined by
ei(yo) = y(t), if y(to) = yo-

It satisfies cp:} = (¢, a property that does not necessarily hold for a numerical time stepping method.

So let us introduce the notion of the adjoint of a method.
Definition 4.19 (see [10], Definition I1.3.1). The adjoint method ®} of a one-step method ®;, is the
inverse map of the original method with reversed time step —h, i.e.
P=0T).
In other words, y1 = @} (yo) is implicitly defined by ®_p(y1) = Yo.
A method is called symmetric if ®; = P,
For instance the implicit Euler method is the adjoint method of the explicit Euler method and vice
versa. Without proof there hold (®;)* = ®;, and
(@, 0 Up)* = Uj 0 ;. (4.13)

Definition 4.20 (order of consistency). We say that a numerical method ®}, to solve (4.12) is (consistent)
of order p, if there holds

Du(y(t)) = enly(t) + O(A"*Y),

for a smooth function y(t).
Theorem 4.21 (cf. [10] Theorem I1.3.2). Let ¢, be the exact flow of (4.12) and let ®;, be a one-step
method of order p satisfying
@1 (y0) = @n(yo) + Clyo) W+ + O(AFF?),

The the adjoint method ®} has the same order p and we have

@} (o) = @nl(yo) + (=1)PCyo) AP + O(AP*2).
If the method is symmetric, its maximal order is even.
Proof. From a given initial value yo we compute ¢y (yo) and y1 = @ (yo) with the local error e* = y; —

©n(yo) of ®;. We use the method ®_}, to project this error back to become e = ®_5(y1) — ®_pn(vn(vo)),
where —e is the local error of ®_y, i.e. by the hypothesis on ®(yo)

e = (=1)"Cen(yo)) A" + O(hFF2).
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Figure 4.5. Splitting of a vector field.

Now if we use that ®_,(z) =z + (—h) f(x) + O(h?) we can write
e=P_n(y1) = Pon(en(yo)) = y1 — enyo) + (=h) (f(y1) = f(en(y0))) + O(h?)
=e* + hCe* + O(h?).
Therefore together with on(yo) = yo + O(h) we obtain
¢ = (PO + O,

For symmetric methods there holds ®;, = ®; which implies C(yo) = (—1)?C(yo). Thus C(yo) # 0 only

for even p. O
Now consider an arbitrary system
y=1r(y)
in R™, and suppose that, as illustrated in figure 4.5, the vector field is split as
=) + P y). (4.14)
Let us assume that the exact flows cpgl] and <p£2] of the systems
g = ) and (4.15a)
j = fPly) (4.15b)

can be calculated explicitely. Then we can first solve the first system to obtain a value y 1 and from this

value integrate the second system to obtain y;. This procedure is summarized in the numerical methods

A
Y1 Y
. ool
2] (2]
¥ ¥
h h ’,/q)h (bh — SOELI] o @E})

Yo YL Yo

(1]
Ph
that are known as the Lie-Trotter splitting.

Lemma 4.22. The Lie-Trotter splitting method and its adjoint

o5 = ol ool &, = ol ol

are of order p=1.
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Proof. The Taylor expansion of ¢, (yo) reads

ono) = o + h1(uo) + o (o) + OCHY)

We have

(wf] o @f]) (v0) = &}, (yo + hfP (o) + h;f[z]’(yo)fm (y0) + 0(h3)>
= (s 12 0m)+ 7000 )+ (30 172 0) + 002))
2 000 £ ) + O(1)
= o+ h (Fa0) + 7)) + 2 (1) + 7)) (00) + 12 00))

0 (0 £ (o) — £ (o) W o)) + O(R)

and therefore
h2

(o0 b)) (o) = enlwo) + 5 (/1 (0) /(o) = S (o) o)) + O®). (4.16)

Thus the difference is ©n(yo) — (@Ej] o @f]) (yo) = O(h?) and we have that the Lie-Trotter splitting has
order p = 1. O

Another splitting method with higher order is known as the Strang splitting, where the flows ¢!l and
o are split symmetrically. This method is given by
s 1 2 1
(I)LL] — cp[%] o cpEL] o 90[%] (4.17)

(2] (2], 2

and if we split the flow ;" = ¢}, o ¢}, we see that
2

h
2

o, A <I>£f1=<1>%oq>*% (4.18)

Yo 1]
i

is the composition of the Lie-Trotter method and its adjoint with halved step sizes g Hairer and Wanner
showed in chapter II.4 of their book [10] that

Theorem 4.23 (cf. [10], Theorem I1.4.1 and following pages). For a one-step method ®}, of order p there
holds that the composition

Uy =®o,n0®p 0085, 08y, 5005, (4.19)
has order p + 1, if .
Zaj +8; =1
= (4.20)
> a4 (—1pprtt =o.
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Proof. We proceed as in the proof of theorem 4.21. The local errors e; and €} of the methods @, and

(I)Zjh respectively are given by
¢ = Clyo) - o "hHE + O(R?),

¢ = (=17 Clyo)- B HH + O(PH2).

Now if Y aj + B = 1 we have similar as before
en(yo) = Wn(yo) = Cyo) (o™ + (—1)7B1™ o alFh 4 (180 ) Wt 4 O(W ),

whose O(hP*1) term vanishes if the conditions of the theorem are satisfied. O

Since the Lie-Trotter method has order p =1 and o = 51 = %, the Strang splitting method (4.18)
therefore has order 2. The symmetry of the method is obvious from (4.13).

Combining Exact and Numerical Flows

All this theory on splitting so far is based on the assumption that § = f(y) can be split as in (4.14)
such that both the flow gogl] and <p£2] can be calculated explicitely. But it may happen that only the flow
gagll can be computed exactly, such that we have to think about combining exact and numerical flows.
If £ is the dominant part of the vector field it is desirable to construct integrators that retain this
information.

Let flU such that the flow gol[tl] of (4.15a) can be calculated exactly and let @E] be a numerical
first-order one-step method to solve the system (4.15b).

We define

By =gy 0@, @) =0 o))
as the basis for (4.19) and obtain

_ [ (2] [2]* [1] (2] [2]* 1]
Uh = Paun © Pauh ©Ppin © P34au_)h © Panin © 0 Ppn 0 s, he

One can show that, using @E] (y0) = o + hfP(yo) + O(h?) and replacing gof] by <I>£l2] in (4.16), @y is
also a first-order method. Thus, if ; and §;, j =1,..., s satisfy (4.20) then the resulting method ¥y, is

again of second order by theorem 4.23.

4.2.2. Application to the nonlinear Schrédinger Equation

This section is mostly taken from [15], chapter 11.1.3.
When it comes to partial differential equations, where the solution possesses high-frequency oscilla-
tions, such as for example the nonlinear Schrédinger equation
.0
(e, t) = v A, 1) + valib(a, (e, t), U, 0) = vo(a), (4.21)
also called Gross-Pitaevskii-equation with coefficients 11 and v» given in (3.17), time marching schemes
based on Taylor expansion are not a very good choice any more because higher order time derivatives
will now have large norms. So we have to rather revert to other methods. One approach is applying a

splitting method to the problem. The main reason is that the equations

i =11 AG and i¢ = 2|0
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can be solved more easily and a lot more efficient than the full Schrédinger equation. We will solve
the linear equation, the so called kinetic part, by a Fourier technique and as we will see the nonlinear
equation, the so called potential part can fortunately be solved exactly.

Some notational remarks for this section: In the following we suppress the spatial variable in
the differential equation and set

u(t) = (-, t)

because for our purpose only the time dependence is important. Let ¢(-,¢) € HZ(R) = {v € H*(R) | v(z) = 0, |z| — oo},
where the index 0 indicates that all elements in this function space decay to zero as x — co. Let the

Lebesgue space L? be endowed with the scalar product

(f. g = /Q S@ygdr, f.ge 1

and corresponding norm.

Then the Schrédinger equation (4.21) turns into the initial value problem

0

au(t) = Au(t) + B (u(t))u(t), u(to) =up given,

where
A= —q 141 A

denotes a linear differentiation operator and
B (u(t)) = i valu(t)|?

is a nonlinear operator. The idea of a splitting method now is to decompose the right hand side of the

differential equation such that we obtain two separate differential equations

%v(t) = Av(t), v(tg) = v° given (4.22a)
%w(t) = B (w(t))w(t), wty) =uw" given (4.22b)

4.2.3. Fourier Pseudo-Spectral Method for the Kinetic Part

Similar to the paragraph on spatial derivatives we will derive a method for the linear part (4.22a) of the
Schrodinger equation (4.21), the so called Fourier pseudospectral method. For practical implementation
issues we restrict our spatial interval to € [—L, L] and assume periodic boundary conditions of our

solution on this interval, i.e.

w(_Lv ) = ¢(L7 ')’ 8a:w<_L7 ) = 8a:w<L7 ')a

where we choose L that large that we can neglect the effect of these boundary conditions and still can
apply the results of the case x € IR. Since we can transform any real interval [a,b] onto the interval
I = [—7,w| using a simple rescaling and shift « — ax + f it’s enough to work on the interval I. The

linear part of the NLS equation with periodic boundary conditions reads

0 2
Z&U)(Ivt) = Vlﬁq/z(:c,t), x € [—m, 7,
w( . 0) _ 1/}0 (423)
w(_ﬂ-a ) = ¢(7T, )

Now we want to pick up the idea, which C. Lubich presented in [15], chapter II1.1.3. We approximate

Y(z,t) by a trigonometric interpolation polynomial at every time ¢ on a periodic grid z; = —7 + jh, j =
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1,...N with h = QW’T, such that

-1

Y(x,t) = Yy (z,t) = ck(t)eikz, x € [—m, 7,
k——

w[Z

w|z

and ¢ (z;,t) = ¥n(z;,t), where N € 2IN.
The Fourier coefficients ¢ (t) are determined via a so called collocation method which requires that
Y (x,t) satisfies (4.23) in each grid point z;, j =1,... N, ie.

.0 0? 0 . N N
Za’(ﬂN(:’Ej,t) :Vlﬁ’gb]\](l’jﬂf), ’lﬁN(&Cj,O) :’Q/JN(LL'J‘), J :_5’.“75_17 (424)
where
|
(])V(x) _ Z cOezkz
—_N
2
Inserting the interpolation polynomial gives
) Z er(t)et*®i =y Z —k2cp(t)ethTi
k=—4& k=—4&
and each c¢; has to satisfy the ordinary differential equation
er(t) = ivi ke (t). (4.25)

Hence ¢ (t) = eiVletck(O). Here ¢ (0) = (FN (YN (z, O))jv 1)k are the Fourier coefficients of the inter-

polation polynomial 1y (z,0) corresponding to the initial value ¥°(z). Furthermore we observe that

N

(Wn (s, )N = FRM () -

2

Defining v;(t) = ¥y (z),t), v(t) = (vj(t));.\[:1 and Ky = [-%,..., 4 — 1] we have
v(t) = Fx' (ei’le?Vt o ]—"Nv(O)) .

Since we want to use numerical methods to solve (4.23) we also have to discretize the time interval

[to, T] for some T > to and set ¢, = tg + md;, m = 0,1,2,... with time step size 6;. Now defining

m
Uy

which reads

= vj(tm) and v = (v; (tm))j.\]:1 enables us to write down a fully discrete approach of solving (4.22a),

™ — ]:];1 (e”lK?\’tm .]_‘N,UO) , w= (N/k)kEKN'

Assuming v™ already to be computed, we observe that
. 2 _ - 2
ezulKNtm ° JT_-N,UO _ ]:Nle (ezulKNtm ° JT_'N,UO) —_ J—_'N,Um

and thus obtain

,U;n+1 _ ]_-;[1 (eiuleVét ° }-Nvm) ) (4.26)

Before we go on with the nonlinear part let us have a look at the error that we make by using
the scheme (4.26) to discretize space. In the following we denote the interpolation polynomial to some

function f by Zy f, where

Inf(z) = cpe™®  with (ck)k%::l% =Fn (f(x), '~ -
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Theorem 4.24 (interpolation error, cf. [15], theorem I11.1.7). Let f be 2m-periodic and f € H*® for some
s > 1. Then the interpolation error is bounded in L? by

as
-7 2 < CN™*% 2.
If = Znflie < ON =1
Furthermore
9 oz <on— |2 (427)
Oxm N 2 Qustm ||, ’

The constant C' depends only on s.

Proof. The proof is very similar to the proof of theorem 4.13 and theorem 4.16:
We write down f and Iy f as

N
N1

f@)= Y ae™,  Inflz)= ) e
k=—o0 k:—%

The interpolation property then gives the aliasing formula from theorem 4.9
o0
Cr = Z QE+IN -
l=—00

Parseval’s formula (theorem 4.5) and the Cauchy-Schwarz inequality yield similar to the proof of theorem
4.16

. 2
If=ZInfl32 = Z Zak+zN + Z |agrin|?
=X 1#0 120
|
<> (Z(k +IN)T2 S (k4 IN)* [ag v |
h=—X 10 120
+ Y (k+IN)"> - (k+IN)* |ak+lN|2>
1#0
o) as 2
< 02N72s s 2 _ 2N72s o .
- Z |k (1k| C axsf 12
k=—oc0
The second part of the theorem can be proved analogously. |

Theorem 4.25 (collocation error, cf. [15], theorem I11.1.8). Let the exact solution (t) = v(-,t) of
(4.23) satisfy 1(t) € H**? for every t > 0, some s > 1. Then the error of the Fourier pseudospectral
method using the collocation (4.24) with initial value ¥ (x,0) = In(z,0) is bounded in L? by

8s+2

[N (t) = @) 2 < CNT* (1 +1) ™) . C=0C0)

max
0<r<t L2
Proof. We begin by reformulating (4.24) as an equation with continuous argument on both sides, i.e. by
interpolating both sides such that
2
D=
102

On the other hand since Iy %1/) = %I N we have that the interpolant to the solution satisfies

i%z/w(x,t) = Yy (z,t), x € [—m, 7.

a 2
INT/’(% t) = Vl@

Za INw($7t)+5N($7t)a



4.2. A Strang Splitting Method for the Gross-Pitaevskii Equation

o7

where the defect Oy (x,t) is given by

2

0? 0?
6N =1 (INa:EQw — aINw) .

Therefore the error ey = VN — In satisfies

2
I—eN =V1——=EN — ON.-
N 152N N

In terms of the Fourier coefficients e = (ey) and d = (dy,) given by

vz

-1

y1
ex(t)e’®™, On(zt)= D dp(t)e’™,

—__ N
-2 k=—%

EN({E,t) =

N

k

this gives equations for the ey, similar to (4.25),
ék = iV1k2€k — dk.
Using the variation of constants formula, we obtain

t
er(t) = ei”lkztek(O) —I—/ ewlﬁ(tw)dk(r)dr
0

and thus an estimate in the euclidean norm

t
le(®I < [le(0)]] +/0 ld(r)||dr.
Parseval’s formula yields that this is equivalent to
t
len(®)llz2 < llen (0)]] 2 +/O [0 () L2drr-
Using f(x,r) = 87221/)( -,T) we can rewrite
0? 0?
oN=11 (INf_ @IN%/J‘F Wl[’—f)
82
V1 ( Nf—f+ 57 (2 N1/J)> )

such that we can apply theorem 4.24 and equation (4.27) to f and v respectively with m = 2. Then

95+2
1o ()2 < ONT* | oo () L
Since ey = n — In1, there holds en(-,0) = 0 and
YN =Y =en +INY — ).
Furthermore again theorem 4.24 gives
95+2
20— il < o8 | 20|

Having
[9n (8) = Iny(8) + Ing(8) = )2 < len Ol 2 + 1 Zne(E) = D)l 2

we obtain altogether

95+2

H"/}N(t) - 1/)(15)”L2 < CN_S(l + t) max W

0<r<t

¥(r)
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4.2.4. Solution of the nonlinear Part

Now let us continue solving equation (4.22b). From

%w(t) = —ivp|w(t)Pw(t), w(ty) =w

and respectively

D mt) = i) P(0),  Wt0) = P
we can conclude that
g|w(t) 2= % (w(t) -w(t)) = (—iV2|w(t)|2w(t)) w(t) + w(t) (iug\w(t)PE(t)) =0.

ot
This means |w(t)|? = |w(ty)|? V¢ > 0 such that we can solve this problem exactly as
w(t) = e~ e [w(t)* (t=to) 0, (4.28)
To derive an iteration for this equation we evaluate w at the grid points z;, j = 1,..., N at time

tm = to + md;, m € INp and set w;” = w(scj,tm). Assuming that we already computed w}” then we

obtain w;"H by
mtl

7iu2\w(to)|26t m
b '(,Uj .

w e

4.2.5. Composition of the Partial Solutions

The idea of getting a solution for the nonlinear Schrédinger equation (4.21) now is to compose the
partial solutions in the manner of Strang splitting that we already introduced in section 4.2.1. Without
loss of generality we set tg = 0 and in the notation of that section define fI!1(u) := Au and f?(u) := B(u)u.

The corresponding flows for the systems

o=fMw), w0 =v and b= fFw), w0)=uwy
are given by gof and ¢P respectively, where
A=—ivyA and B (u(t)) = —i valu(t)*.

This gives
0
et = M) + P @), u(0) = uo,

such that we obtain a second order approximation to the solution by applying the Strang splitting method

(4.17) to the problem for some time step 0; and some approximation u” & u(t,):
A A
un+1 = (gp%ét o 805 OSD%&) (un)
Because for some given u® the flow p? is given by
SﬁtB(UO) _ U(t) (4£8) efiug\uoﬁtuo,

it can be calculated explicitely and exactly, thus we make numerical errors only when we approximate
©f* by the Fourier pseudo spectral method that we explained in section 4.2.3. We combine the numerical

flow @7 ~ ¢! with the exact flow ¢ and obtain
A A

see algorithm 4.1.
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Algorithm 4.1: Split step method for the NLS equation

given u® = u(ty);

T—tg .
M= | Tt
form=0: M —1do
apply Fourier spectral method ®#' with step size A
1
h = %f to u™: it 30t et
*——0
A : e
wm = (b%f)t (um) .
QDB
calculate w™*! using @5: ot Uy, = cbfbt opbo <I>‘§‘6
2
wm+1 — e—iu2|w"”\2 6f,,wm
obtain u™*! by applying the Fourier spectral m L m
. Y I-)p }; g X P u"'q o
method with step size % to wm Tl 4

u™t = q’?ét (w™ )

end

uM =~ u(tar);

4.2.6. Error Bounds for the Strang Splitting Method

This section is mostly taken from [16], where C. Lubich presented some error estimates on the Strang
Splitting method for the nonlinear Schrodinger equation. We adapted some parts of the proofs for this
section.

The split step integration scheme for the nonlinear Schrédinger equation is given by

— _s¥1 A
Vpiryg = €27 ",
—ivaT|Y 2 -
¢:+1/2 = e 2 n+1/2 ¢n+1/2’ (4.29)
i TA T+
¢n+1 = e '27 1;[}71_;,_1/27

as derived above. To obtain results on the error bounds of this scheme we proceed as C. Lubich in [16]
and adapt them to the 1D case x € IR. At this point we want to have a look at some auxiliary results that
will enable us to establish an error bound on the local and global error of the Strang splitting method
applied to the cubic nonlinear Schrédinger equation.

As we have already shown in lemma 3.3, the solution of the NLS equation conserves the L? norm for

all times, such that we can assume

[9C )z = llv(-, 0Lz = 1. (4.30)

For simplicity without loss of generality we set the coefficients of the NLS v; = —1, v = 1 in this

section. The proofs work analogously for other values of vy and vs.

Theorem 4.26 (global error, cf. [16], Theorem 7.1). Let the solution of the cubic nonlinear Schrédinger
equation (4.21) satisfy

ma = max [6(0)]e < o0, T>0.
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Then the numerical solution v, given by the splitting scheme above with step size 7 > 0 obeys the

following error bounds in H? and L?
[on =)l > < Clma, T) 7
<C

T
) for t,=nt<T.
[vbn = (tn)l 2 (ma, T) T

The statement of this main theorem of this section is also shown in figure 5.8. In order to prove it
we will state some auxiliary results on the stability and the local error of the splitting theme (4.29) and
introduce the concept of the Lie derivatives. We write one step of the splitting scheme (4.29) with step

size T briefly as

wn+1 = ®T(¢n)-

A

Lemma 4.27. The operator €' 2 is an isometry in the space L?([—n, 71]) and the sobolev spaces H*([—, 7]), Vs €

IN, i.e. for ug € H® there holds

||€itA"u,()||HS = HU‘OHHS VS S No.

Proof. Consider the free Schrédinger equation
z&u = — Au, u(z,0) = up(x),
u(—m, -) = u(m, -),
Opu(—m, +) = Opu(m, -)

Its equivalent formulation in Fourier space with i(k,t) = F(u(zx,t)) reads

.0 N .

za}'(u) = —F(Au), (k,0) = F(uo(x))(k) = ao(k),
where the Fourier transform induces the periodic boundary conditions naturally. Since F(Au) = —k*F(u),

as we know from lemma A.12, we can give the solution in Fourier space as
F(u)(k,t) = e tag (k).

Therefore
u(z,t) = F e ™ Fug(a)).

Generally each derivative 0'u, m > 0 can be expressed in Fourier space as

J—'( o u) = ™ k™ F(u),

ox™

which yields
8m 1. _ L2 1. .2
Frel FUmEmF (]—" lg—ik t]-'(uo)> = FLmEme=* U (uy).
From theorem A.13 we know that the Fourier transform and its inverse is an isometry with respect to

the L? norm such that

om am
Z — k™ F — |12
|| = 1 rwnle = | |
Hence , )
NI 2 —~ || o™ 2
e Sug | e = llul- D)7 = Txmu("t) = fluollzs >, Vs € No.
m=0 L
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We write one step of the splitting scheme (4.29) with step size 7 briefly as
wn—i-l = (br(¢n)

Proposition 4.28 (H!- conditional L?- and H'-stability, H2- conditional HZ2-stability, cf. [16], Propo-
sition 7.3 ). Let v, ¢ € H' with
[l e < My, Pl < My,

then
a) |®r(¢¥) — 2r(@)llp2 < e [ =l 12
b) |[|®-(¥) = 27 (P)[ < e ([ — Bl g1

where cg, ¢; only depend on Mj.
If we assume instead 1, ¢ € H? with

[l g2 < Mo, ||l g2 < Mo,

there holds
c) N2:(¢) — @ (D)l g2 < e®T ([ — Bl gy,

where co only depends on M.

Proof. a) Since ei™® conserves both the L? and the H' norm, we only need to compare e~ ™1¥"ly)

and e‘”|¢2|q§, which are solutions at time T of the linear initial value problems
i =v’8,  6(0) =,
i =oP*n,  0(0) = ¢.
We use the identity |z|> = 2% for some complex number z and rewrite
V20 —|o"n = (v — )0 + ¢ (0 = 6) 0+ 66 (0 — ).
By lemma A.17 we then have
114126 = |g*n]| . < Ko 14 =l 190z 1911 2
+ Ko ¥ =¢llg 19l 1101l L2
+ Ko [|0l5 110 = nll 2 -
Recalling that by (4.30) ||0|| ;= = 1 we obtain by integration of the right hand side

t
[10() = n(@)llL> < ¢ = ol 2> + 2K Mt ¢ — 6| 2 + /0 KoM [16(s) = n(s)l = ds.
Now we set a(t) == ||0(t) — n(t)|| > and b(t) = (1 4+ 2KoMit)||) — ¢||». Then we have

t
a(t) <b(t) +/ Xa(s)ds, \= KoM}
0

and obtain by Gronwall’s lemma A.24 with c¢q only depending on M;

Lo = 16) =0l 2 < € 9= Bl

which yields the desired first inequality.

He—mww _ e—ir|¢|2¢‘
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b) We proceed in the same way for the H' estimate. Firstly, using again lemma A.17 we get the

estimates

1176 = 16Pnll g < Ko 110 = Dl gz (1l zrn + M1 160171 + Kz ([ l17a 116 = 1] s

and
16]] ;71 = [10120]] ;0 < Ko 9132 16]] 71 -

Secondly Gronwall’s inequality gives a bound for ||| ;.

t
1001 r < (1] + / Ko M2 [0(3)] e ds

A.
L A2 10 | g < e ]l g1

where a; only depends on M. So altogether
t
166) = 0Ol < 10— 6l + [ 2KMF 0 6l ds
0

t
b [ KM 18(6) ~ 0(5) 0
0
And another time Gronwall’s lemma A.24 provides the desired estimate
=7ty — 1P| = o)~ nr )l < 7 e bl

where ¢; only depends on H'.
¢) The proof of ¢) works exactly as the proof of b). We only have to replace each H' norm by a H?
norm (see the last inequality in lemma A.17) and Ko by K3. Likewise we have to replace the
estimates ||[¢|| ;1 < My by ||¢|| g2 < Ma, for ¢ analogously, and a; by some ay only depending
on M. Then the rest is exactly the same and we get the desired estimate.
O

Proposition 4.29 (local error in L? and H?2, cf. [16] Proposition 7.3 and 7.4 ). If vy € H* with
Yol 2 < My, then the error after one step of the method (4.29) is bounded with a constant Cy only
depending on M,

a) in the H? norm by

[r = ()= < Car?,
b) in the L? norm by

I = (72 < Car®.

Before we can prove this proposition we have to give the definition of the Lie-brackets, also called

commutator of two vector fields, and explain the concept of the Lie-derivative.

Definition 4.30 (Lie derivative, [16], sect. 4.3 ). Let F' and G be vector fields on H™, m € N, and let
vy € H™. Then the Lie derivative Dr of G in direction of F is defined by

(DrG) (vo)

== G (go%(vo)) = G’ (v) F (vo).

t=0
Here vy can be understood as the initial value of a differential equation

0 = F(v), v(0) = v,

and ¢t (vg) is the corresponding flow to the initial value v.
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Here I and G can be operators such as the Laplacian or a multiplication operator. Furthermore we

have
(exp(tDF)G) (v) =G (@%(v)) .
In particular if we apply this concept to the identity operator Id we have
exp(tDp)1d(v) = ¢ (v).
such that 4
pn exp(tDp)G(v) = (DF eXp(tDF)G) (v) = (exp(tDF)DFG) (v).

Definition 4.31 (Lie-Brackets, [10], II1.5.2 ). Let F' and G be vector fields on H™, m € N, and let
vg € H™. Then the commutator of F' and G is defined as

([F.G])(v) = F'(v)G(v) — G'(v)F(v).

One can easily show that for two vector fields F' and G there holds
[Dr, Dg] = Dig,

i.e. the commutator of the Lie derivatives of F' and G is the Lie derivative of the commutator of the
vector fields in reversed order.

We define the differentiation operator T by T'(v) = i Aty and the multiplication operator V by
V() == —i[1|?¢ and its sum H := T + V on dense subsets of H2. The commutator of the vector fields
T(y) and V(1) can be calculated as

[T, V] () =T"(P)V () = V()T (¥)
=i A (=i(V)y) — (i) [( AYD) & + (Vi AP) b + () i Ay (4.31)
=2(Vy- V) +2 (Vi) - Vb + 2 (V) - Vi + 2 (YAY) ¥

and the following lemma gives a H? bound for it.

Lemma 4.32 (cf. [16] chapter 8). The commutator [T, V] is bounded in H? by

T, V] (@)l g2 < C 19l

and the double commutator [T, [T, V]] in L? by

T, [T, V)] ()l < C 1)l 3a -

Proof. The first inequality follows from (4.31) by just applying the H? inequality from lemma A.17. The

second one can be proved analogously. O
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Now let us continue with the proof of proposition 4.29.

Proof (of proposition 4.29). The proof is divided into three parts. In part a) we derive the error 11 — ¢ (7)

and afterwards in parts b) and c¢) we set up bounds for it in H?> and L? respectively.

a)

b)

We consider the Lie derivatives Dr, Dy, Dy of the operators T, V and H respectively and
write down the exact solution v(7) of the NLS using the Lie derivatives and the nonlinear

variation-of-constants formula as

Y(7) = exp(TDg) Id (o)

— exp(rDr) (i) + /0 "exp (7 — $)Dir) Dy exp(sDr) Td (1) ds

= exp(7 D7) Id(vo) + / exp ((1 — 8) D7) Dy exp(sDr) Id(tg)ds + 1
0
with the remainder term
ry = / / exp ((1 — s — 0)Dg) Dy exp(oDr) Dy exp(sDr) 1d(¢pg)dods.
o Jo

On the other hand in the notation of the Lie derivatives the numerical Strang splitting solution

can be written as
P = exp(%TDT) exp(TDy) exp(%TDT) Id(%).
With the Taylor expansion
exp(tDy) = I+ 7Dy +7° /01(1 — 0) exp(07 Dy ) D-d
we obtain
Y1 = exp(7Dr) Id(vo) + 7 eXp(%TDT)DV eXp(%TDT) Id (o) + 72,

where the remainder ro reads

1
1 1
To = 7-2/ (1-6) exp(§7'DT) eXp(eTDv)D‘Z/ exp(gTDT) Id(vpg)do.
0
The error now becomes

1 —Y(r) = Texp(%TDT)DV exp(%TDT) Id(4o)
. (4.32)
— /0 exp ((1 — 8)Dr) Dy exp(sDp) Id(vo)ds + (ro —11).

The H? error bound:
If we define

f(s) =exp ((r — s)Dr) Dy exp(sDr) Id (o),
we can express the principal error term, which can be identified as the quadrature error of the

midpoint rule applied to the integral over [0, 7|, in first order Peano form (see [11], chapter 1):

1
0

wfgn = [ s = [ s onas

where k1 is the scalar and bounded Peano kernel k1 of the midpoint rule.
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We have
f'(s) = —exp ((t — 8)Dr) (DrDy — Dy Dr) exp(sDr) Id(v0)
= —exp ((t — s)Dr) [Dr, Dy]exp(sDr) Id(¢pg)
= exp (T — 8)Dr) Dir,v) exp(sDr) Id(vo)
— pisA 7, V] (ei(T—s)Awo)

isA preserves the H? norm, lemma 4.32 yields the quadrature error bound

wfign = [ s

and therefore since e

< C7* Yol (4.33)
H2
Finally we have to estimate the remainder terms r1 and ro. For |1l 2 < My we show that

171l g2 + Ir2ll e < Ci72, (4.34)

where C7 only depends on M. From the definitions we have

exp(pDp ) Dy exp(oDr) Dy exp(sDr) Id(1hg) = ™2V (e'7 24h(p)) €7 2V (1(p))

1 1 )
exp(57Dr) exp(67Dy) DY exp(57Dr) 1d(to) = ™ 2/2V' )V ()

where 1) = e~ 719" ¢ with ¢ = €™ 2/2¢y and ||n|| ;> < €27 ||| y» by the proof of proposition
4.28. Again lemma A.17 gives the bounds

V@2 < 165z and V' ()éllgz < Cl1l52 6] 4 (4.35)
and we obtain the bound (4.34), which together with (4.33) yields the result

11 — (7)o < Car®.

The L? error bound
The proof of the local error in L? works pretty similar to the estimate in H?. We consider

again the error formula (4.32) and this time we rewrite it in second-order Peano form

1
0

rfgr) = [ fes = [ wam)orias
with the Peano kernel ko of the midpoint rule. The second derivative of f reads
f"(s) = exp((r = s)Dr) (Dr [Dr, Dv] — [Dr, Dy] D) exp(sDr) 1d(t0)
= exp ((7 = s)Dr) [Dr, [Dr, Dy ] exp(sDr) 1d(t)
= exp ((1 — 8)Dr) Dir,ir,vy) exp(sDr) Id(¢o)
= A1V (107 2

such that once more lemma 4.32 implies

w50~ [ Fes| <l (1.36)

L2

Defining the function

g(s,0) :==exp ((r — s — 0)Dr) Dy exp(c D7) Dy exp(sDr) Id()p)
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we can express the remainder as

1
7,2_7,1_7.2/( 0)do — // g(s,0)dods + 175 — 11
=59 7() // g(s,0)dods + 19 — 11,

= / / / exp (1 —s—o0—&)Dyg) Dy exp({Dr)
Dy exp(cD1)Dy exp(sDr) Id(vg)dédods

where

and
I 1 ) 1
o =T (1-19) exp(irDT) [exp(0TDy ) — I| Dy, exp(gTDT) Id(vg)do
0

Considering v’ = V (u) with u(0) = ug we can write

0T
[exp(07Dy) — I (ug) = /0 u'(s)ds

and set up the bound
||7‘~1||L2 + ||72V2HL2 < 027'3
similarly as before for the norms of v, and ry with Cy depending only on 1¥ol| g2 The norm

of the part which is left in 7o — r1 can be estimated using the quadrature error of a first order
two-dimensional quadrature formula:

o [ [ seorioss ).

with m = {(s,0) |0 < s <7, 0 <o <7 —s}. The partial derivatives of g only contain V' and

0
85

0
30

+ max
2

<cr? (max

L2

the commutator [T, V] and derivatives of them such that their L? norms can be bounded in
terms of the ||1o|| = using again lemma 4.32 and the same arguments as for the estimates in
(4.35).
This yields
e —71]| 2 < Co7?, (4.37)

with Cy only depending on |[¢q|| =. Altogether
Y1 = ¥(T)]l 2 <

- / f(s)ds
0
(4.36),(4.37

) . .
< (Clwoly + o) 7 < O,

+llre =71l

Now we have set up all tools that we need to prove theorem 4.26:

Proof (of theorem 4.26). The results of proposition 4.28 on the H'- and H?- conditional stability and the
local error bounds from proposition 4.29 yield the result on the global error with the standard argument
of Lady Windermere’s fan (cf. [11], chapter 8.3). O
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4.3. Time Integrators for the Klein Gordon Equation

Since we want to compare the NLS approximation ey s in (3.16) with the solution u of the Klein-
Gordon equation (3.2) it is important not only to have a reliable integrator for the nonlinear Schrodinger
equation but also to choose an adequate solver for the Klein-Gordon equation. Therefore in this section I
present three different integrators for this nonlinear wave equation: I will describe at first a pretty young
splitting integrator, then a well known Runge-Kutta method, namely the implicit midpoint rule, and
finally the well-proven Leapfrog method. But instead of doing a lengthy error analysis as we did for the
splitting method applied to the Gross-Pitaevskii equation in section 4.2 we will later give some numerical
results for this methods considering the numerical order and the preservation of the energy and the norm.

Now let us have a look at the following splitting method.

4.3.1. A Splitting Method for the Klein-Gordon Equation

In this section I want to present a splitting method that we want to use to solve the nonlinear Klein
Gordon equation from chapter 3. The framework is basically taken from [9], chapter 2.

If we use a slightly different notation for the nonlinear part of equation (3.2) we have
Frekial! Az + azz + ag|z|"z, z2(+,0) =29, Opz(-,0)=wo (4.38)
with a; > 0, as < 0 and a3 € R. Furthermore for practical implementation issues we introduce periodic
boundary conditions

z2(=L, ) =z(L, ), O0r2(—L, +) = 0z2(L, +),
where we choose L > 0 large enough, such that the boundary conditions are neglectable.

For simplicity we transform this periodicity interval to [—, 7], whereas all statements in this section
are also valid for the interval [—L, L] considering this transformation. To a given number N € IN we
choose the spatial step size h = %" and discretize space by x; = -7+ jh, j=1,...N.

In order to get a well-arranged notation let us define the operator

(A) = (—az — a1 A)'/2,
and consider its representation in Fourier space. To a given function g € H'([-L, L]) set ¢ = g(x;), j =
1,...,N and §j = (gj);\;l. Then we have
N
N _ - 2
(&) gla )y ~ Fyt { Vol —as (Fadi}, -
=772

Please note that due to the demands for a; and as the square root vaik? — as is well defined. For

notational simplicity we define
e = Vark? — as.

If we make the ansatz

uzz—i(A)flatz, u(-,0) :Zo—’i<A>71w0 = uyg,

o . (4.39)
U:E*’L<A> 5tz, 'U(',O):i()*Z<A> wo = Vg,
to get a first order differential equation in time we find that
1
z=-(u+7). (4.40)

2
Differentiating v and v with respect to ¢ we can use by (4.39) that

10z = (A) (z — u), 10z = (A) (Z — )
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and replace 07z with the right hand side of (4.38). This yields

iOu = — (A)u+ % (A u+ 7% (u+ D),

as -1 2 ’ u(’o) = Uo, U('7O) = Yo, (441)
0 = — (A) v+ 2 (A) fa+ ol (@+0)
which we can split into the two subproblems
0w = —(A)u
U ,0 =1u s v .70 =2 , I
0 = — (A)v (+,0) =10, v(-,0) =7 (1)
and
0 = 2 ()" fu+ 9 (u+ ),
as u(-,0) =g, v(-,0)=7Do. (I1)

0 = = (A + o) (@4 v)

For the rest of this section we omit the x dependence and just write u(t) instead of u(z,t). Furthermore
we assume the functions already to be discretized, such that u(t) = (u(x;, t))j.v:l.
In Fourier space subproblem (I) can be solved exactly except for the spatial discretization error by

.FN’LL(t) = emkt}—]\[ﬂm

: (4.42)
.FNv(t) = eWkt]:N@o,
cf. section 4.2.3.
An easy calculation shows that in subproblem (II)
O (u(t) +o(t)) =0, ie. u(t) +v(t) = @ + 0o Vt.
Therefore with Z, == % (110 + 50) we can solve (IT) also exactly in Fourier space by
Ful(t) = Fyitg — it — Fy (|50|2 50) )

H (4.43)

Fno(t) = Faio — it %]—"N (@2%) .

Since we can solve both subproblems exactly in Fourier space it is obvious to use the same strategy as
in the section about the nonlinear Schrodinger equation to get an approximate solution of (4.38), i.e. we
apply once more a Strang splitting method to our wave equation.
Let us discretize time with time step size §; such that to a given time ¢y and a number M € IN we
have
tm =to+md;, m=1,.... M
and we shortly write w,, = u(t,,)

We solve subproblem (I) at time ¢ by the mapping
@7 (uo,v0) = (uy,v1)

which gives the solution at time ¢ for given initial values ug, vy according to (4.42). Similarly based on
the scheme (4.43) we denote the mapping which gives the solution of subproblem (IT) at time ¢ for initial
values ug, vg by
L (uo, vo) = (uz,v2).
Then the Strang splitting method applied to equation (4.41) performing one step 9; reads as follows:

For given initial values ug, vy we have

(ug,v1) = B2 0 @Y 0 %2 (g, v) =t T (ug, vo). (4.44)
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Then we obtain an approximate solution to the wave equation (4.38) after one time step by using the

identity (4.40). Therefore
1 _
2(t) ~ 2z = §(u1 + 7).
Analogously in order to obtain an approximation z,, to z(t,,) we apply ¥® m-times to given initial values

Up, Vo, i.e.
(U V) = WO 0 W o .. 0 WO (1, 1) = (\Ilét)m (ug,vo), (4.45)
m—times
Then
(i + Ti)
Zm = = (Upy, + Uy, ).
2

Considering efficiency of this solver it is advisable to combine two succeeding half steps of the mapping

®; in one full step,i.e.
(W)™ (ug, vg) = BY? 0 @ 0 /% 0 0%/ % 0. 0 B2 0 BY/? 0dbt 0 B (ug, vg)
=y =it (4.46)
— )"0 @} o (@} o @gt)m‘l o 42 (ug, vo).

We can summarize this section in algorithm 4.2.

Algorithm 4.2: Strang Splitting method for the nonlinear wave equation (4.38)

N
Having the coeflicients a1, as, ag from (4.38)we set p = (\/ale — ag) 2

k=—&+41-
begin
given the initial values zo = (z(x;, 0))?:1, wo = (Opz(z5, O))?:1
we set
iip = Fnzo — i p~ ' Fywo, Bo = FnZo — i p~ ' FNTQ

given time step size d; we compute

uy = .7:1?[1 €ip’6t/2 110,

v = ./.'.Kfl 6i”6t/2 770

and start the iteration

form=1,2,...,M do
set 2z, = %(um + Um)
am - ]:Num - ia?),u/_l]:N (|Zm|22m)7
Uy = FNUm — i agpt  Fn (|2m]*Zm)
note that @,,, 9,, are in Fourier space, then
Umy1 = Fp ' eHti,,
Uyt = f&leiuét Upm

end

upr = Fyte 02 Fuyy,

UM = fﬁleiwb‘/QfNUM,

then we have

zv = 3(up +Ta7) & 2(tar).

end

4.3.2. Time Integration by the Implicit Midpoint Rule

In this section we want to derive an algorithm which allows us to apply the implicit midpoint rule,
a well known Runge-Kutta method, efficiently to the Klein-Gordon equation by applying the technique
of spectral discretization of space, that we introduced in section 4.1. Having the time discretization
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tn, =to+nd;,n=0,1,..., M for some M € N and ¢ty = 0 we can write down the exact solution of the
differential equation
y' =1y,  ylto) =0

at time ¢ as .
w(t) =vo-+ 00 [ Fly(sd0)ds.
0

This integral can be approximated by a quadrature formula as

[ st~ 1 (v (30)).

which is known as the so called midpoint rule (cf. [11], chapter 1). Therefore if we use 1 (y(to) + y(t1)) ~
y (to + 0¢/2) we can approximate y(t;) by the Gaufl collocation method

+
Y1 =yo + Ocf (%2yl> ;

simply called the implicit midpoint rule.
Then if we discretize space by a spectral method and introduce periodic boundary conditions with

L > 0 large enough as in section 4.2.3 and 4.3 we have
0? 0?
Pl = g aU Bu+ M, u(-,0) =ug, Oul-,0)=uvy,
’LL(—L, ) = U(La ) 33’:“(_[’7 ) = axU(L, ')7

(4.47)

which we can reformulate as a first order system

u®] [ o 1] [u(t) o ] .
L (t)] - La B 0] [ (t)] s Lu%] = 1o,
—_—

=A

where v(t) = %u(t) and y(t) = tjg;

"] the implicit

n

u
. Denoting u, ~ u(t,), v, = v(t,) and y, = [

midpoint rule yields

0
y1= Yo+ EtA(yo +y1) + A0

o
((uo +u1)/2)°

0
— (I-2Ay

0
I+ EtA)yo + A5,

0
((uo + 1) /2)3] (4.48)

5 o
— 0= u_éAwr4f+§m%—A@

0
((uo + Ul)/2)3]
= F(yi;90),
where yq is treated as a parameter only.
At this point assuming that we have discretized the 27 periodic function u(t) = u(z,t) in space at
N discrete points, a simplified Newton’s method can be applied to obtain y;: Recalling the definition of
y1 the derivative of F' is given by

d 0
F'(y1;90) = dT/lF(yl;yo) =(I— éA) + Ad;

0 0
g(u1) 0

O
~ (1 - SA),

where g(u1) is a nonlinear function in u;. Since we want to solve the differential equation efficiently and

we want to avoid the necessity of solving nonlinear equation systems, nonlinearities in the derivative of
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F' are not desirable. Therefore we leave out the nonlinear term and just perform a simplified Newton’s
method in which we use B =1 — %A as an approximation to F’(y1;yo) in each Newton iteration step.
Denoting the initial value for the Newton iteration by X° := yo we get the next value by X™t! =
X™ + (pn, where
Bl = —F(X™; X°),
i.e. the update vector (,, is the solution of a linear system of equations, which is, recalling that B contains
a differentiation operator, not that trivial at first. But using the spectral methods from section 4.1, we

can diagonalize B with FFT such that we can solve this efficiently.

h r
Let us write (; = [h’m” and F(X™; X0) = [Flm , then the equation above becomes
Yy 2

6t m m

) Iz _51 h:v — Fl
~Y(an-8) 1 ||y Ey

and by Gauf} elimination
£

5 (o n| ="
0 1-%(as-5)| |

62 0? m_ Oy 0? m
(1= (og=0) ) =—rr = 5 (o - 9) 1

which is equivalent to the equation in Fourier space

Fy 4+ (o = 8) 1

(1= (@) = 8) ) (Fwhy), = = (PP = 3 (al-4) - 8) (FwED),
for the Fourier numbers k = f% 1,... ﬂ Therefore we have

hi = ]-';,1{ (! {(FNFS% + ( % a2 - 6;5) (-FNFlm)k} )

T
|
vz
+
—
——

< —1
Withu;1:(1+§ak2+§6) Jk=-%+1,... 5 and

)
W= —F" 4 Sy
We stop the Newton iteration if the eucledian norm ||§mH < tol for some given tolerance tol. Altogether
the implicit midpoint rule for the nonlinear wave equation can be summarized in algorithm 4.3. In chapter

5 we will do some numerical tests which approve the quality of this integrator.

4.3.3. The Leapfrog Method

At this point I want to explain another very popular time marching scheme which has arisen from
the Stormer-Verlet scheme for ordinary differential equations. The literature for this section can be
found in [10], chapter I.1.4. It is called the leapfrog method and has proved itself over decades as a
reliable explicit time marching scheme for ordinary and partial differential equations with good energy
and norm conservation properties. We want to consult it as a comparative solver in order to confirm the
good behaviour of both the implicit midpoint rule and the Strang splitting solver for the nonlinear wave
equation (4.47). Denoting its right hand side by a(u) and setting v(z,t) := dyu(x,t), we shortly write it
down as

—u=a(u), u(-,0)=wug, v(-,0) =m0, (4.49)
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Algorithm 4.3: The implicit midpoint rule for the nonlinear wave equation (4.47)

Let ug = (u(xj70)N vg = (Btu(:vj,O))N

=1 =1
begin
T
set yo = [uo w0,
X N . 52 52
po= )y k=l okt H 38 k=541 g,
N
n= (Uk),f:,%ﬂ, N = 7%ak27%ﬂa k:7%+1a%a

and set F'(z;w) as in (4.48)
forn=0,1,2,...,M — 1 do

while ||(,]| > tol do
[F{™ FQ’”]T = F(X™; X), where F/™ and F3" are both of length N
= —Fy' {p o (FNFS" +ne FNFM)}
W= —F 4 Spm

hy'
=i
Xm+1 — Xm +Cm
m=m-++1
end
Yny1 = X7
end
Uy = yM(l : N)
therefore
u(xjv tm) ~ UM(])
end

having in mind that for practical implementation we still assume periodic boundary conditions
u(=L, -) =u(L, -) Oyu(—=L, -) = 0zu(L, ). (4.50)
In this notation v(z,t) can be interpreted as the velocity and
a(u) = a Au — fu + \u?

as the acceleration at position  and time t. We transform the spatial domain [—L, L] onto the interval

[—7, ] such that we can discretize space once more by z; = —m + jh,j = 1,..., N with spatial step size
h = %’T and time by t,, = tg + mds, m = 1,..., M for given time tg and time step size &;.

This method is called leapfrog method since the positions u,, ~ (u(xj7tm));.vzl and the velocities
Vyn, R (v(xj,tm));.v:l are leapfrogged over each other in half time steps, i.e. for given position w,, and

velocity v,, we obtain the scheme

Um+1/2 = Um + §6ta(um)a

Um+1 = Um + 6tvm+1/27 (451)

1
Um+1 = Um41/2 + iéta(um+l)~

Here we can apply a spectral method to calculate a(u,,) in each step. One can show that for ordinary
differential equations this scheme is of order 2. We will see in some numerical experiments that this is

also true for the application of this method to our wave equation.



CHAPTER
FIVE

NUMERICAL EXPERIMENTS

In this chapter we numerically verify the NLS approximation
enrs(,t) = eA(€,0)e BT e AT (€, 0)em e, (5.1)

For practical implementation issues we introduce periodic boundary conditions for our solution, where we
choose the spatial domain large enough such that the boundary conditions are negelectable. Therefore
(3.2) becomes

2 2
wu(m, t)=ap %u(x, t) + agu(z,t) + azu®(x, t),

’LL( ) 0) = Uop, atu( ) 0) = us, (52)
u(=L, -) =u(L, -), Ozu(—L, -) = 0pu(L, ).

for some coefficients a; > 0, as < 0 and ag € R, that we obtained in chapter 3.

The wave number k£ and the frequency w obey the dispersion relation

w? = a1k?® — as

and the group velocity of the wave packet is given by

alk’

w

As in chapter 3, £ = e(x — ct) and 0 = %t denote the slow variables in space and time. We have found

that the envelope A in (5.1) has to satisfy the nonlinear Schrodinger equation

igA—y 6—2144—1/ |A]2PA,  A(-,0) =A
9o = 1652 2 ) ) — <410,
A(=¢L, -) = A(eL, -), (5.3)
0:A(—¢eL, ) = 0, A(eL, ),
where
G TR
YT 2T T 2w’
Here the boundary conditions arise from the spatial scaling £ = e(z — ¢t). Note that for as < 0 we have
27.2
2 aik _ @)
c’ = k2 a =a (1+w2 <a = 1v1<0,

likewise vo < 0 if ag > 0.

73
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In our simulations we restrict ourselves to the coefficients
ap =1, apo=-—1 and az3=1

and the wave number k& = 0.3. Therefore v1, v, < 0 and thus soliton solutions of our Schrédinger equations
can exist, cf. chapter 3.2.
Note that e1)ns is valid as an approximation to u as long as t € [0,7/€?] in the sense that
te[(s)gfp/ﬁ] [u(-,t) —enrs(+ )l < ce*?
for some T > 0, cf. theorem 3.7.
We use spectral methods to solve both the Klein-Gordon and the Gross-Pitavskii equation. Therefore
we have to give the count N of Fourier numbers, that we use to discretize space such that we obtain the

discrete interval associated to the interval [0, 27],

2
Z; = jhor, j=1,...N, with step size hgr = WW
Since we want to discretize the interval [— L, L] we therefore apply the simple transform T'(z) = —L+ % T
to the grid Zi1,...,Zx and get the spatial discretization
2L 2L
zj=—L+jh, j=1,...N, withstepsize h=—ho = —.
27 N

Note that we integrate over a long time period up to times t € O(¢~2), whereas ¢ — 0. Since we want
to compare the numerical solution of the nonlinear Klein-Gordon equation with the NLS approximation

we need to have a neglectable error in the time integration. Therefore we choose small time steps, i.e.
8¢ = hax /4 = gN—R
as proposed in cf. [25], chapter 10. This yields the time discretization
tm, = mb;, m=20,1,2,3,...

Furthermore we want to avoid additional errors in approximating the H' norm. Hence we consider the

error estimate in the [*° sense and define

s(tm) = sup |uj(tm) — e¥nrs(zj, tm)l, (5.4)
j=1,...,N

the maximal error of the NLS approximation at time ¢, where
u](tm) = U(]h, tWL) ~ U(l’j, tm)
is the approximation of the numerical to the exact solution at time t,,. We will find that

sup  8(ty) € O(?). (5.5)
tm €[0,T/e2]

But why not like Ce3/2? The answer is that we lose the factor £'/2 if we take the L? or H' norm
because of the special scaling of the slow space variable, compare to remark 3.6. But since the [*° norm

is not subject to it we will end up with a power of 2 rather than 3/2, (cf. introduction to chapter 3 in

[5])-

5.1. The Results on the NLS Approximation

In this section we want to discuss briefly some numerical simulations which shall fortify the theoretical

results that we achieved in chapter 3. The results of this section can be reproduced by running the
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RUN_Simulation.m. The error analysis is done by RUN_ERRORS.m. We do the simulations on the
spatial domain
50

ve[-LI, L=m-— =52 (5.6)

with k£ = 0.3 and in the time interval
t€[0,5/2].
But before we start we have to clarify the initial data which we use to solve (5.3)and (5.2). Firstly
we have a look at the numerical solution of the Gross-Pitaevskii equation (5.3).

One can show that
Vs(€,0) = dy cosh™ (dp€)e’ds (5.7)

[ 2 /
d1: _l7 d2: _la d3:fy
Vo 141

for some v € R, is a soliton solution of the Gross-Pitaevskii equation. It provides the initial data for

with

(5.3) in our first simulation, i.e. we set
Aj(&) = ¥(&,0). (5.8)
Here be aware that at t = 0 we have £ = exz. Furthermore we choose v = 0.5. Recall that soliton solutions
are solutions which do not change their shape over time, cf. the paragraph before theorem 3.2 in chapter
3.2. In a second simulation we repeat all the calculations with a different initial value, which has an
almost rectangular shape. It is given by
d

AL(€) = Zl [1 — tanh (dy - (¢ — 11d3) ) tanh (do - (€ + 11d3) )] . (5.9)
Figure 5.1 depicts how the solutions to (5.3) evolutes over time using the initial values A§ and Af. Note
that the solution A(€,%t) is evaluated at times ¢ instead of £2t.

This solution can be used to compute the NLS approximation
ehnrs(r,t) = eA(e(x — ct),et)e'*=wD 4 A% (e(x — ct), et) e ho—wt), (5.10)

which we want to compare with the numerical solution of the Klein-Gordon equation. Therefore we use
the splitting method from chapter 4.3.1 and the implicit midpoint rule from chapter 4.3.2 and choose the
initial values of (5.2) as follows. Taking into account the chain rule for computing d;¢nps(,t)| o and

the representation of 9, A given by (5.3), we can set the initial data as

u(x,0) = uo(z) = eYNLS(2,0)

. 5.11
8tu(a:, O) = ul(x) =€ [elkm (—ion — C€8§A0 — 7;1/1852140 — 7:1/2‘140|2A0) + C.C.] y ( )

where Ay € {A§, Aj} is the initial value for the nonlinear Schrédinger equation.
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soliton initial value

almost rectangular initial value

1y T T T I I T T T T
—1t=0.0 |
---t=281.7
t=127.7 i
05+ N e t = 265.8 [ .
--- t=357.8 wit]
vmemt=449.9
e W A
W —04) L. | —t=00
. ". v ---t=281.7
o5l | 06 L t=127.7 ||
O ----1t=219.8
—0.8 PRl 1 =4038 |
PO P t = 495.9
1kl ! ! ! ! ! ! ! I -1 Ll ! ! 1 L
—-80 —60 —40 —20 O 20 40 60 80 —100 —50 0 50 100
X X

Figure 5.1.

(RUN_schroed.m)

Solution of the Gross-Pitaevskii equation with a soliton initial value (left) and
an almost rectangular initial value (right). We used ¢ = 0.15 and in order to get
a reasonable illustration we have set ¢ = 0. Having ¢ > 0 the same evolution can
be observed but each curve is spatially shifted by ect, due to the spatial scaling.
Observe that the shape of the solution does not change over time for the soliton
initial value Aj in contrast to the nonsoliton initial value Ag.

’ Parameter \ Value H Parameter \ Value ‘
(a1 as ag) (1 -1 1) vy 2 —ay/(2w)
L 507 /k ~ 524 V2 —3as/(2w)
k 0.3 dl \/—Q’Y/VQ
w Var k2 —aq do V—7/v1
¢ k/w ds 0

Table 5.1. Overview of the parameters used in our simulations

All the parameters that we have used in our simulations are listed in table 5.1. We repeated the
simulation with the initial values corresponding to the soliton A{ as well as with the ones according to
the “almost recatangular” envelope A for various 0 < ¢ < 1 and for various N € IN and investigated the
maximal error over all times in the sense of (5.4). In order to get an idea how the numerical solution
develops over time we have a look at figure 5.2 and 5.3, where we see the numerical solution @ of the
Klein-Gordon equation and the NLS approximation ¢ nrs. One finds that after some time the envelope
of the NLS approximation still represents more are less the envelope of the numerical solution % and that
4 almost completely overlaps with ey s.But if we look closer we observe that @ has propagated a bit
further than eyynpg, see figure 5.2 on the lower right. Therefore a small error between the numerical
solution and the NLS approximation is already visible without rigorous error analysis.

Another interesting thing is the change of shape of the envelope in figure 5.3 for nonsoliton initial
values, i.e. Ap = Aj. The shape changes from an almost rectangular form to a completely different
outline, but the numerical solution is still bordered by the Solution A of the Schrédinger equation, i.e.

the envelope of the NLS approximation.
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t =0.00 t =497.53

| | | | | | |
80 100 120 140 160 180 200
x

t =497.53

0 [
- £26|A(E, 0)
—u(z,t)
....... 5¢NLS(xat)
4l

| | |
156 158 160 162 164 166 168 170 172 174 176 178 180
T

Figure 5.2. The initial pulse uo and the envelope given by A§ at ¢ = 0 (upper left) and
the numerical solution of the Klein Gordon equation for ¢ = 0.1 at ¢ = 497.53
(upper right). The figure on the lower left shows the magnified aperture which
is outlined by the rectangle in the figure on the upper right. The dashed black
line depicts the shape of the envelope A, the blue dotted line shows the NLS
approximation eY)nrs.

The Error Bounds

In order to discuss the error of the NLS approximation we have a look at figure 5.4. It shows pretty

well that the error

sup sup  |u(zj,tm) — enrs(xj, tm)] (5.12)
m, t;n€[0,5/¢2] j=1,...,N

of the NLS approximation compared to the numerical solution behaves like Ce?, which fortifies statement
(5.5). In our experiments we found C' € (0.24,0.28). The evolution of the [**-error in the interval [0, 5¢?] is
presented in figure 5.5 for soliton type initial values and in figure 5.6 for “almost rectangular” type initial

values. One can see that for both types of integrators and initial values and for each ¢ the error starts to
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Figure 5.3. Evolution of the solution to the Klein-Gordon equation with almost rectangular
initial values. Note that the shape of the envelope 2¢|A| changes over time.

e =0.1.

grow linearly with time as ¢t € O(e?). This effect can be observed for the initial values corresponding to

o even earlier.

soliton initial value

“almost rectangular” initial value

Figure 5.4. (PLOT-MAXERRORS.m)
Order plot of the maximal error sup,, ; co.5/:2] [|U(*stm) — €¥nLs(-stm)ljo0 Of

the NLS approximation in terms of ¢
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using Strang splitting and the implicit
midpoint rule. The error behaves like Ce? for various N, for both integrators
and for both types of initial values.



5.1. The Results on the NLS Approximation 79

N =1024 N = 2048
1072 F T T ]
= | | —~
S| 2
g 1073 MM"% 2
8 v XX)OOOOOOO 18
N W h
te?/5 te?/5

N = 4096

—a—¢=0.03, midpoint
——e=0.03, splitting

M' ——¢£=0.05, midpoint
-3 00009909 ——¢=0.05, splitting
. 3 "OOOOOOOO 3 —o—¢=0.07, midpoint

OC £
990000000000000%% " ] £=0.07, splitting
| i —— €=0.09, midpoint
5 —e—c=0.09, splitting
1074 L_IJ L L

0 0.2 0.4 0.6 0.8 1
te? /5

[*-error
&7

Figure 5.5. (PLOT_ERROR_EVOLUTION.m)
Evolution of the [*-error in terms of the “normalized” time te? /5 for soliton type
initial values.

The Reason why to use the NLS Approximation

We have already seen that the maximal error of the NLS approximation in the time interval ¢ €
[0,T/£?] is small for some T > 0 and small € > 0. However, even if we reduce the step size for the
Schrodinger splitting integrator and therefore the error of the amplitude A, we cannot improve the error
of the NLS approximation for fixed ¢ > 0 more than up to order O(g?).

So why should we use such an approximation if we can obtain a more accurate solution to the
Klein-Gordon equation by solving it directly with one of the integrators from chapter 4.37

The answer is CPU time!

As we will see in section 5.3.3, among our three integrators for the Klein-Gordon equation, the
splitting integrator is the most efficient one with respect to CPU time and accuracy. But it still needs
a lot more CPU time to solve this equation in the time interval [0,7 /%] with step size 0; than the
Schrodinger splitting integrator needs to solve the Gross-Pitavskii equation in the time interval [0, 7]

with step size 0, = 28y, see figure 5.7. Therefore if the order of the error of our NLS approximation is
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Figure 5.6. (PLOT_ERROR_EVOLUTION.m)
Evolution of the [*°-error in terms of the “normalized” time t?/5 for “almost
rectangular” type initial values.

small enough for our purpose it makes sense to use it instead of computing a numerical solution of the

Klein Gordon equation directly.

5.2. The Numerical Properties of the Schrédinger Splitting Integrator

Now let us investigate some properties of the solution to the Gross-Pitaevskii equation (5.3). Note
that we did all the integration with respect to the slow variable ¢ = £t and that the spatial scaling

€ = e(x — ct) causes a scaling of the L? norms by £'/2 in this section, i.e. for a function f(&, o) we have
1/2
£ G0l 2 =211 f (e 0) e -
To a given time step size §; corresponding to the fast time scale ¢ we define the slow time step size
E)o- = 52675,

corresponding to the slow time scale o = £2t.
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Figure 5.7. (RUN_.SCHROED_ERRORS.m)
Comparison of the CPU times needed to solve the Klein-Gordon equation (KG
splitting) in the time interval ¢ € [0, 10] with step size &; = 10™* and the Gross-
Pitaevskii equation (GP splitting) in the time interval o € [0, 10&?] with step
size &, = €20; using the corresponding splitting solvers for various N. The GP
splitting only needs about half the CPU time of the KG splitting. ¢ = 0.05,
Ao=Aj}.

Firstly we regard the numerical order of the splitting integrator. In theorem 4.26 we have shown
that for the time step size 8, the global error in the L? norm is bounded by C'd%2. We reproduced these

results in our numerical tests for the initial value Ag = A{ and plotted the maximal error

sup [|A(0) = s(0)] .-

0€[0,10000e2]

for various step sizes 0, in figure 5.8, where A(§, o) is the numerical and 14(, o) is the exact solution

corresponding to the initial value Ay = Aj.

Order plot: N = 2048, Ay = A§, € =0.05
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Figure 5.8. (RUN_SCHROED_ERRORS.m)
Order plot of the splitting method for the Gross-Pitavskii equation. We applied
the method on the time interval o € [0, - 10000]. Reference solution is s (€, o)
in (5.7). One can see that the results from theorem 4.26 are approved by the
plot.
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A very nice numerical result is the conservation of the L? norm and the energy, which is according
to (3.19) given by

1 1 2
E(A0)i=n A7, + e |A(@)?]| 7. - (5.13)
Both the norm ||A(c)||;.and the energy £ (A, o) stay very close to the initial norm [|Agl|; . and energy
£ (A,0). The numerical results are depicted in figure 5.9.

Energy error Energy

10~°

0.6 8
10~

| | | | | | | |
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time o time o
L? norm error L? norm
10~° T T T T T T
1.2+ =
10710 K
1 [ |
10715 | | |

| | | | |
0 200 400 600 800 1,000 0 200 400 600 800 1,000

time o time o

Figure 5.9. Energy and norm of the solution A(,0) of the Gross-Pitaevskii equation and
the corresponding errors using the splitting integrator in algorithm 4.1. Both
the norm and energy are conserved by the splitting integrator. Parameters:
N = 2048, e = 0.05, 0, = 107, Ao = 4.

5.3. Numerical Properties of the Klein-Gordon Splitting Integrator and the Implicit
Midpoint Rule

Since we want to make sure that the integrators that we used in section 5.1 to solve the Klein-Gordon
equation provide an acceptable reference solution to compare the NLS approximation with, we will have
a look at some numerical properties of the splitting integrator and the implicit midpoint rule in this
section and compare them to the results by the leapfrog method. In this section we will denote the
numerical solution of the Klein-Gordon equation (5.2) that we obtained by one of the three integrators
from chapter 4.3 by @. If we do not explicitly mention something else, the initial values for the simulations
are constructed by (5.11) with Ag = Aj and the parameters are taken from table 5.1. Furthermore we
set the tolerance for the Newton iteration in algorithm 4.3 to tol = 10~8. The results and all the figures
of this section can be reproduced by running RUN_ORDERPLOT.m.

5.3.1. The Numerical Order

At first we investigate the numerical order of the methods. But since we do not know the exact

solution to (5.2) we have to compute a reference solution by another numerical method. For ordinary
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Figure 5.10. Order plot for the leapfrog and the splitting method and the implicit midpoint
rule in the time interval [0,1] . One can see that the splitting method works
most precisely. All three integrators are of numerical order 2.

differential equations we know that all three integrators are of order 2, i.e. the global error is of order
O(82), cf. [10]. But due to additional spatial discretization errors we can not be sure if our methods
conserve this property if we apply them to partial differential equations such as our nonlinear wave
equation.

Therefore the integrator which we want to use to compute the reference solution has to be at least
of order 2 or higher. For our purpose we choose the 4th order integrator which was presented by Haruo
Yoshida in [27] in 1990 and use the same splitting ansatz as we did in section 4.3.1.

For fixed N and therefore fixed spatial step size h we apply each integrator to the wave equation in
the time interval [0, 1] and compare the maximal errors in the L? norm. We normalize the initial values
from (5.11) and set

o =uo/ |luoll 2, @ =wur/lluollp2 - (5.14)

the new initial values. We repeated the calculation for various time step sizes 0; and obtained the result
ltrer(t) —a(t)] - < o2, vt € [0,1] (5.15)

with some constant C' > 0, where @ is the numerical solution and u,. is the reference solution, cf. figure
5.10. This numerically underlines the second order convergence of the splitting method and the implicit

midpoint rule.

5.3.2. Energy and Norm Conservation

But in our problem it is not only important that a time integrator is very accurate but also that it
conserves energy and the norm of our system over a long period of time, i.e. if we define the energy of
system (5.2) as (cf. [9], chapter 5)

£(u.) = [0u(D)2s + 10,03, + )l — 5 1205 (5.16)
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Figure 5.11. Error plot for the energy error |E(@i,t) — £(&,0)| and the error of the L? norm
|Hﬂ(, 2 — ||12(~,O)||L2} using various step sizes 0;. For all three integrators
the energy error stays small. The best energy conservation is observed using our
spliting integrator. Regarding the L? norm error we can not see any difference
between the integrators: for all three it stays small. Simulation parameters:
e =0.1, N = 4096.

we want to have ideally
a2 = a(0)ll =,
£(a,t) = &(a,0)

for some T' > 0. Therefore we tested the integrators for these properties and found that even for large

Yt € 10,T] (5.17)

step sizes §; = 0.05 the energy and the L? norm are conserved over a long period of time, see figure 5.12.

For smaller step sizes we investigated the energy error

and the L? norm error

a2 = [[a(0)]| - |
with respect to the start time and found that they also stay small for a long time span, see figure 5.11.
Our splitting integrator keeps the energy error smaller than the implicit midpoint rule or the leapfrog
method. It also conserves the L? norm and the corresponding error in pretty much the same quality as
using one of the other integrators, see figure 5.11. Hence our splitting method seems to be very suitable

for our problem.
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Figure 5.12. Evolution of the energy and the L? norm of @ in the time interval [0,10000]
with a pretty large step size 6; = 0.05. All our integrators conserve the energy
and the norm pretty well, no drift is visible. Note that the oscillation width
of the energy is smallest for the splitting integrator. Simulation parameters:
e =0.1, N = 4096.

5.3.3. Efficiency

Now we want to see for ourselves that our splitting integrator is not only very accurate but also
very efficient compared to the leapfrog method or the implicit midpoint rule. Therefore we applied the
three methods to the Klein Gordon equation (5.2) and compared the CPU times they needed to solve
the problem on the time interval [0, 2] for various time step sizes 6,[3 l'and the in the process evolving L?
errors

re t *.’t 2 518
v ey (1) = (1), (5.18)

see figure 5.13. One can see that the splitting integrator produces a smaller error at less CPU time than
the leapfrog method or the implicit midpoint rule.

By applying a power fit to the calculated errors with respect to the spent CPU time we calculated
the following relation between the CPU time ¢ and the corresponding error r(t) with some constant ¢

depending on the discretization and the method we used, i.e.

For N = 8192 we obtain the constant ¢, = 4.46 - 1078 using the splitting method and the constant
c; = 3.34 - 1079 using the leapfrog method. Therefore for fixed error r this yields the relation

% = %j ~0.11
of the CPU time t; by using the splitting method and the CPU time ¢; by using the Leapfrog method.
Hence the splitting method is about 9 times faster than the leapfrog method. Considering the discretiza-
tion with N = 4096 gives the same result.
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Figure 5.13. Maximal L? error against CPU time. Among our three methods, the splitting
integrator is the most efficient one.



CONCLUSION

A Short Summary

We used the method of multiple scales to derive the so called NLS approximation to the solution
of the nonlinear Klein-Gordon equation. Its amplitude function solves the Gross-Pitaevskii equation, a
nonlinear Schrédinger equation that can be solved very efficiently using the splitting method presented
in chapter 4.2.

We found that the error bounds on the NLS approximation depend on a small parameter €. They
are valid as long the time ¢ is of order O(¢72). We could underline this theoretical result of chapter 3 in
chapter 5 numerically.

The main advantages of this approximation are its simple form and that we can obtain its amplitude
very efficiently by the solution of a nonlinear Schrédinger equation using a splitting method. We need
less time to compute this solution than by using a time integration method to solve the Klein-Gordon
equation directly.

In order to get a reasonable reference solution of the Klein-Gordon equation, we analyzed amongst
others a splitting integrator for this equation numerically. This splitting method has very nice properties,
such as norm and energy conservation and a practical numerical order. Moreover it is very efficient.

Furthermore we learned how to use spectral methods based on the fast Fourier transform to calculate
spatial derivatives and found that for smooth functions they produce a much smaller error than for

example finite difference methods.

Future Work

We intend to do a rigorous error analysis for the Klein-Gordon splitting integrator in the near future.
Furthermore we want to prove its conservation properties that we observed in this thesis.

A related problem to our Klein-Gordon equation is treated in [5], where additionally a quasilinear
term is present. The ansatz for an approximation is also done by an NLS approximation of the same form
as we derived during this thesis. The authors have been able to numerically state error bounds, which
are of the same order as the error bounds for our NLS approximation. But a stringent error analysis for

that problem remains to be done.
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APPENDIX
A

FUNCTIONAL ANALYTICAL BACKGROUND

Let U C R? be an open set and set
L},o(U) = {f:U — C: fis measurable, f|x € L'(K) VK C U compact}
and

C(U) :=={p € C(U): ¢ has compact support}.

Definition A.1 (Lebesgue spaces, see [1], chapter 2). Forn € IN, p € [1, o0] we define the Banach spaces
LPR") ={f:R" = C, [fll, <oo},  pe[l,00) (A1)
L®(R"):={f:R" > C, |flle<o0}, p=oc '

with the corresponding norms

1

1]l = / F@Pdzr| . pell o)
1]l = ess suplf(2)] p= oo,
rER™

where

esssup|f(z)| :==inf{a > 0; |f(x)] <« for almost all =€ R"}.
zeR”™

We may sometimes also write just L and L* or LP(IR™) and L*°(IR") for the spaces (A.1).

A.1. The continuous Fourier transform

Let J = (a,b) C R be an interval.

Definition A.2. f:J — C is said to be admissible if the restriction f‘K is jump continuous for every
compact K C J.

Definition A.3. Let f : J — C be admissible.
Then we call f absolutely integrable if the integral [ |f(x)|dz € R exists.
J

Proposition A.4 (see [2], chapter VI, Proposition 8.7.). Let f : J — C be absolutely integrable, then
the integral [ f(xz)dx exists in C.
J

89
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Proof. See [2], Proposition 8.7. O

Theorem A.5 (majorant criterion,see [2], chapter VI, Theorem 8.8.). Let f : J — C and g : J — R*
be admissible with
[f(z)] < g(x) for zeJ

If g is integrable, then f is absolutely integrable.
Remark A.6. The function f : R — C being absolutely integrable is equivalent to f € L*(R).

Remark A.7. Theorem A.5 also holds if J C R™. Then the statement is: if g is integrable, then
ferL(J).

Definition and Lemma A.8. Let f € L'(R",C), k € R". Then the function x + e~k f(x) is also
in L' and the Fourier integral

~

Ffk) = f(k) = / e~ ") f(z)dx € C

exists. We call the operator F : f — f the (continuous) Fourier transform and fis called the Fourier

transformed of f.

Proof. There holds |e**®)| = 1 Vx € R*. Set g(z) := |e~*¥*} f(x)|. Then the claim folows directly from

remark A.7 (majorant criterion for R™) and proposition A.4. O

Theorem A.9. Let f € L'(R™). Then Ff € Co(R") :={f € C(R"), f — 0,|z| — infty}. Furthermore
is F : LY(R™) — Cy(R™) a linear continuous operator with operator norm || F| < 1.

Proof. See [26], Satz V.2.2. m|

Definition A.10. Let o = (aq,...,a,) € Ni, f a smooth function. Then we define the differential

operator D formally by
aal 8O¢n

Da = — . ——171.
f oz Oap”

o is called a multiindex.
Definition A.11 (see [26], Definition V.2.3). A function f : R™ — C is called fast decreasing, if
le‘iinooxo‘f(x) =0 VaeNg,
where % := z{' - - 2%". The space
S (R") ={f e C®R"): DP f fast decreasing V3 € NG }

is called Schwartz space and its elements Schwartz functions.

Lemma A.12 (see [26], Lemma V.2.4 and V.2.5.). Let f € .(R") and o a multiindex. Then there hold

a) Ff € C®°(R") and D*(Ff) = (—i)l*lF(z>f).
b) F(Df)(k) = il*lk>Ff
c) Ff e S(R")
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Theorem A.13 (see [26], Satz V.2.8.). The Fourier transformation F is a bijection from .¥(R"™) onto

& (R™) and its inverse operator is given by

(F)@) = | fk)e=Pdk.

R’IL
Furthermore there holds
(FfiFghre = (f,9)r2  Vf,g€ L (R").

Hence F is an isometry with respect to the norm || - || 2.

So the operator F is well-defined on the subset .#(R") C L?(R"), bijective and isometric with
respect to || - ||z One can show that .#(R") is dense in L*(IR") and thus we can extend F to an
isometric operator Fo: L?(R™) — L?(R™) that satifies
Theorem A.14 (see [26], Satz V.2.9.). a) For f € L*(R™) N L*(R™) there holds

(Faf) (k) = (Ff)(k) almost everywhere

b) Let f € L?>(R"), Bg = {x € R": |z| < R} and define

gr(k) = | fla)e N dx,
Br
then
]-‘2f = lim gg, w.r.t. || : HLZ-
R— o0

A.2. Sobolev spaces and operator theory

Definition A.15 (weak derivatives and Sobolev spaces, see Schnaubelt [23], Definition 3.1). Let f €
L} (U) and o € N¢ a multiindex. If there is a function g € L}, .(U) such that

loc

/ggpda:: (—1)|a|/ f0%pdx, Vo€ CZ(U),
U U

1
loc

then g =1 0% f is called weak derivative of f. If f possesses weak derivatives for all |a| < k, then we write
fewkw).
For k € IN,1 < p < oo, we define the Sobolev spaces by

WrU) = {feLPU)NWHU): 0°f € LP(U)V|a| < k}

endowed with the norm

< > ||3C‘f||£> , 1<p<oo,
Hf”k,p:

0<jal<k

a o« =
Og\lodékH fleos =00,

where 0° f := f and W) (U) = LP(U).
In the case of p = 2 we write
HY(U) = Wk).

Remark A.16. Instead of the norm || |2 the space H*(U) may be endowed with the equivalent norm

(IRF72e
[ £l = max [[0%f]2

0<]af<k
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for f € H*(U). The equivalence of these norms follows from

I < IAIR2 = D> HO°FI3 < CUISIIE-

0<al<k

Lemma A.17. Let u,v,w be functions of one of the spaces L?(R), H*(R) or H*(R) such that the

corresponding norms exist. Then there hold the following inequalities
Juvw|[ 2 < Ko lull e [|0]] g [[w] g,
lwvwll g < Ky lullgz vl g2 wll g2,
lwvwll g < Ko ull g llvll g lwll g,

lwvwll gz < Kz lullgzlloll g2 [wll g2 -

with constants Ky, K1, Ko, K3 > 0.

Proof. The proof is essentially based on the Sobolev embedding H'(R) < L*°(R) and the estimates
| -llze < I llge < [+l g, such that from

luvwl| g2 < flull g2 0]l 1wl

there follow the first and the second estimates immediately. Having

0
a—x(uvw) = (8—xu)vw + u(a—xv)w + uv(a—xw)
2 2 2 .
and || % = |12 + || |2 we obtain
) ) 8 2 2 2
vl < vl + | (oo R ECr R el

Using the first inequality, where the L? norm of the right hand side is applied to the differentiated function
respectively, finally yields the third inequality. The last inequality is shown in a similar way, using that

Dol = e lge + [l o + || 2

. O
L2
Definition A.18. Let X and Y be Hilbert spaces with scalar product (-, -)x and (-, -)y respectively.
Let T € L(X,Y), i.e. linear and bounded, and A : X — Y a linear densely defined operator with domain
D(A) C X. We define the Hilbert space adjoints T' and A’ by

<I7T,y>X:<T:E7y>Y VI’GX7 er
DA)={yeY:3z€ XVx € D(A): (Ax,y)y = (z,2)x}, Ay:==z.
If X =Y, we call T self-adjoint if T' = T and respectively A if A’ = A, in particular D(A) = D(A"). T

is called unitary if it is invertible with T' = T~1.

Definition A.19 (operator semigroups, Werner[26], Definition VII.4.1). A strongly continuous semigroup
of operators (Cy semigroup) is a one parameter family T'(t) : X — X, t > 0 of bounded linear operators

on a Banach space X with the following properties:

(i) T(0) = Id,
(ii)) T(s+t) =T(s)T(t), Vs,t>0
(iii) %i_I}(l)T(t)l‘ =z, VrelX.
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The operator defined by

Az = i
v hli% h

is called the (infinitesimal) generator of (T'(t));>-

Theorem A.20 (Stone’s theorem, Pazy [19], Theorem 1.10.8). A is an infinitesimal generator of a Cy-

semigroup of unitary operators on a Hilbert space H if and only if iA is self-adjoint.

Theorem A.21 (Schnaubelt [23], Theorem 4.18). Let H be a Hilbert space and A be a densely defined,

closed and symmetric operator, then

A s self adjoint <= the spectrum o(A) CR

Lemma A.22. The operator L := —i A is generator of the Cy contraction semigroup (e‘i"A)0>0 in the
space H™(R), m > 1.

Proof. We show that the operator iL. = A is self-adjoint such that theorem A.21 and therefore Stone’s

theorem A.20 applies and we are done.

(1) The Laplacian A is defined on the dense subset C° C H™(R) of L>(R). Therefore iL is densely
defined in L?(R).

(2) Furthermore iL is a closed operator with spectrum o(iL) = (—o0,0] C R as shown in example
4.11 and 4.22 of the lecture notes [23].

(3) o(iL) = (—oc,0] also yields that ||e?L|| < 1 and therefore we have a contraction.
(4) Since

(Au, )2 = Au@dm/ ulApdr = (u, Ap)r: Yo € C°(R),
R R
the operator ¢L is symmetric and all conditions of theorem A.21 are satisfied.

Hence i = A is self-adjoint and Stone’s theorem gives the result. i

Theorem A.23 (Pazy[19], Theorem 6.1.4). Let X be a Hilbert space and let f: [0,00) x X — X be
continuous in t > 0 and locally Lipschitz continuous in u, uniformly Lipschitz continuous in t on bounded
intervals. If —A is the infinitesimal generator of a Cy semi-group T(t) on X then for every ug € X there

is a tyee < 00 such that the initial value problem

%u(t) = —Au(t) + f (t,u(t)), t>0, u(0)=wuy

has a unique solution in the form

u(t) = T(t)ug +/T(t —8)f(s,u(s))ds, 0<t<tmaes.
0
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Lemma A.24 (Gronwall’s lemma in integral form). Let T' € (0, 00|, a,b € L>(0,T) and X € L*(0,T), A(t) >
0 for almost all T € [0,T]. Then,
¢
a(t) < b(t) + / A(s)a(s)ds almost everywhere in [0,T)]
0

implies for almost all t € [0, T

a(t) < b(t) + / MO8 ) ()a(s)ds,
0

where A(t) := [ X(r)dr. If b € W}(0,T), it follows

o

t
a(t) < e® | b(0) + / e AOY (5)ds
0

Moreover, if b is a monotonically increasing, continuous function, it holds

a(t) < eAp(t).

Proof. For the proof of this lemma, look inside Emmrich’s paper [7] on Gronwall’s lemma, Proposition
2.1. O

Theorem A.25 (Sobolev imbedding theorem,[1], Theorem 4.12). Let Q be a domain in R™ and, for
1 < k < n, let Qi be the intersection of Q with a plane of dimension k in R™. (If k = n, then Q; = Q).
Let j > 0 and m > 1 be integers and let 1 < p < oo.

If Q) satisfies the cone condition and if mp > n or m =n and p = 1, then

Witm(Q) — CL(9Q),

where C% () = {f € 0/ (Q)] ‘

g‘za‘fH < 00, V]a| < j} Moreover, if 1 < k <mn, then
o0

WITm™(Q) = W) (%), p<qg<oo

and in particular,
W () — L9(Q), p<q<oo.
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