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Introduction

This thesis is concerned with the numerical analysis of time-dependent linear Maxwell’s equations.
We follow the method of lines ansatz where we first discretize Maxwell’s equations in space yielding a
(large) system of ODEs which are subsequently solved using a time integration method.

For the spatial discretization we use discontinuous Galerkin (dG) finite element methods which has
become of great interest in recent years, see the textbooks [8, 17]. The popularity of dG methods relies
in several advantages compared to finite differences (FD) or standard finite element (FE) methods.
The main benefits with respect to FD methods are that dG methods can handle irregular domains
and admit high-order accuracy as well as adaptivity. In view of FE methods the superior aspects
of dG methods are that they can handle more easily non-conforming meshes, the mass matrix is
block-diagonal and they are accessible for high parallelization. Furthermore, dG methods are well-
suited for solving Maxwell’s equations in composite media, i. e. media with piecewise constant material
coefficients.

The dG discretization of Maxwell's equations results in a semi-discrete problem which corresponds
to a system of ODEs and which yet has to be integrated in time. We therefore work with explicit Runge-
Kutta (RK) methods with one, two or three stages. Convergence results for dG methods combined
with two- and three-stage RK methods have been proven in 2010 by Burman, Ern and Fernandez, see
[2]. The time integration analysis in this thesis strongly relies on this paper but we propose a modified
notation and generalize some aspects. It is characteristic for explicit time-integration methods that
the step size has to be restricted due to stability requirements (CFL condition). One can overcome
this problem by considering implicit or exponential time integrators and we refer the reader to [16] for
this methods. However, this methods require to solve large systems of linear equations or to evaluate
matrix exponentials for large matrices, which complicates the implementation. In contrary, explicit time
integrators can exploit the block-diagonal structure of the mass-matrix and thereby lead to fully explicit
schemes.

Outline of the Thesis

We organize this thesis as follows. In Chapter 1 we introduce Maxwell’s equation and give the physical
interpration of the appearing quantities. Then, we turn to linear Maxwell’s equations in an inhomoge-
neous, isotropic medium. We conclude the chapter by providing a mathematical framework to proof
well-posedness of Maxwell’s equations.

Subsequently, we discretize Maxwell's equations in space. Therefore, we introduce in Chapter 2
the discrete setting dG methods are based upon. In Chapter 3 we derive the dG discretization of
Maxwell’s equations. The stability analysis of the dG discretization will enable us to prove convergence
of order k, where k denotes the polynomial degree used in the dG method. A further analysis of a so
called stabilized dG discretization will then allow us to improve the convergence order to k + 1/2.

Chapter 4 is dedicated to full discretizations of Maxwell’s equations stemming from discretizing the
semi-discrete problem provided by the dG spatial discretization with explicit RK methods. Thereby, we
start by introducing (explicit) RK methods. Our further analysis is based on energy techniques and we
first deduce energy identities associated with the RK approximations. This will allow us to prove the
stability of the full discretization and then lead us to proof convergence of order k in space and s in
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time, when s denotes the number of stages of the RK scheme. Finally, we prove convergence of order
k +1/2 in space and s in time for stabilized dG methods.

In the end, Chapter 5 provides some implementational aspects of dG discretizations and then
concludes the thesis by illustrating the gained results by numerical experiments.



Chapter 1

Maxwell’s Equations

In this chapter we give an introduction into Maxwell’s equations where we mainly follow [5, 12, 15, 16].
At first we state Maxwell’s equations in their general differential form. Subsequently, we consider
the particular case of linear Maxwell’s equations in an inhomogeneous, isotropic material which is
surrounded by a perfect conductor.

Thereafter, we introduce a mathematical framework in which Maxwell’s equations can be embed-
ded. We show that in this context Maxwell’s equations can be stated as an abstract evolution equation.
Finally, we ensure the well-posedness of this evolution equation with the theory of Cy-groups, in par-
ticular with Stone’s theorem. This guarantees the existence of a unique solution of the linear Maxwell’'s
equations.

1.1 The Partial Differential Equations
We introduce the vector fields D, E,B,H : R, x Q - R3 on a set  c R3, where D represents the

electric displacement field, £ the electric field, H the magnetic induction and B the magnectic field
intensity. Then, Maxwell's equations can be stated as

OB+VxE=0, (1.1a)
OD-VxH=-7T, (1.1b)
v-D=p, (1.1¢)
vV-B=0, (1.1d)

for given electric current density J : R, x Q2 - R? and electric charge density p: R, x Q - R.

The first equation is called Faraday’s law of induction and describes the effect of a time-varying
magnetic field on the electric field. The second equation is Ampére’s law and states the effect of the
(external and internal) current on the magnetic field. The last two equations are Gauss’s electric law
and Gauss’s magnetic law, respectively. The former describes the sources of the electric displacement
whereas the latter states that there are no magnetic currents. For a deeper insight in the physics of
Maxwell’s equations we refer to [11].

A result that follows immediately from above equations is conservation of charge, i. e., there holds

Indeed, we see this by differentiating (1.1¢) with respect to (w. r. t.) ¢ and plugging it into (1.1b). The
result then follows by the identity vV - (V x -) = 0.

An additional result concerns the time evolution of Maxwell’s equations. Let us therefore consider
the last two equations, often called the div-equations owing to the derivatives they contain. Differenti-

3



4 CHAPTER 1. MAXWELLS EQUATIONS

ating w. r. t. ¢ yields

(V- D-p)=V-(VxH-T)-0p=0,
WV -B=-V-(VxE&)=0,
where we have used the first two equations (the curl-equations) (1.1a)-(1.1b), the conservation of
charge (1.2) and the identity V- (V x -) = 0. Thus, if the div-equations are satisfied for some initial time

they will be fulfilled for every time. This essentially means that in order to analyze the time evolution of
Maxwell’s equations it is sufficient to consider the two curl-equations (1.1a)-(1.1b).

1.2 The Constitutive Equations

As we have seen, Maxwell’s equations consist of six independet scalar equations for twelve scalar
unknowns and are thus not consistent. This is overcome by introducing the so-called constitutive
equations which couple the fields by

D=D(E,H), B=B(E,H).
For example, we have in vacuum
D =¢e€, B = poH,

where ¢ is the permittivity of free space and o the permeability of free space. These constants are
related to the speed of light in vacuum, here called cg, by

1
VEoho

In material the situation can be more complicated. For example in inhomogeneous and anisotropic
media we can model the dependencies of the fields by linear constitutive equations of the form

Cy =

D=¢€, B=uH,

with matrix-valued functions ¢ : R? - R¥3 and p : R? - R called the permittivity tensor and
permeability tensor, respectively. For the rest of the thesis we deal with isotropic media, where the
permittivity and the permeability are directionally independent. In this case the constitutive equations
simplify to

D = gpe, &, B = uour-H, (1.3)
where ¢,, 11, : R® - R, are scalar functions called the relative permittivity and the relative permeability
of the medium. We set € = ege, and p = pop, and refer to them as the permittivity and the permeability
of the medium.

Furthermore, the current density J can depend on the material and on the fields. For conducting
media this can be modeled by Ohm’s law:

j:O'g+Je~ (14)

Here o : R? — R is the conductivity and 7, : R? - R? is the external current density.

1.3 Linear Maxwell’s Equations

So far, we have introduced Maxwell’s equations in an inhomogeneous, isotropic material. In order to
study the time evoluton of Maxwell’s equations in a bounded domain €2, we have to introduce suitable
boundary conditions on 0f2.
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Boundary conditions We consider the case where the material is surrounded by a perfect conduc-
tor. In [5] it is shown that this yields the boundary conditions

nx&=0, n-(uH) =0, (1.5)

where n denotes the outward unit normal to 9.

Linear Maxwell’s equations Incorporating the constitutive equations and the boundary conditions
into Maxwell's equations results in the following evolution problem: Given the current density 7, the
charge density p, and the initial values &y, Ho, we search for the electric and magnetic field £, H :
R, x 2 - R3, such that

pOH +V x € =0 inR, x £, (1.6a)
eQE-VxH=-TJ inR, x €, (1.6b)
V- (e€) =p, in R, xQ, (1.6¢)

V- (uH) =0, inR, x Q, (1.6d)
nx&=0 on R, x 012, (1.6e)
n-(uH)=0 onR, x 99, (1.6f)
E(t=0)=¢& in Q, (1.69)
H(t=0) =Ho in . (1.6h)

Reduced linear Maxwell’s equations We already carried out that the div-equations (1.6c)-(1.6d)
can be dropped when analyzing the time-evolution. Later we will see that the same holds true for the
second boundary condition (1.6f), i. e. it is automatically satisfied if it is satisfied for some initial time.
Thus, it is suffcient to consider following reduced problem: We search for £, H : R, x Q — R3, such
that

UWOH+V xE=0 inR, xQ, (1.7a)
€& -VxH=-T inR, xQ, (1.7b)
nx&=0 on R, x 012, (1.7¢)
E(t=0)=& in €, (1.7d)
H(t=0)="H, in Q. (1.7€)

We conclude this section with a special case of Maxwell's equation which admits to reduce the three
dimensional system (1.7) to a two dimensional problem. This is of particular interest, since our later
numerical experiments are carried out for this case.

1.3.1 Reduction to Two Dimensions

In [15] it is pointed out that if the underlying physical system is homogeneous in z-direction Maxwell’s

equations (1.7) decouple into two sets of three equations.

TE polarization The first set reads

€€y —OyH. = -Ty inR, xQ, (1.8a)

€0Ey + O H. = =Ty inR, x, (1.8b)

pOH 2 + 0rEy — OyEr = 0 inR, xQ, (1.8¢)
NgEy —NyEy =0 in R, x 99, (1.8d)

and describes the so-called transverse-electric (TE) polarization. In this case the electric field lies in
the plane of propagation.
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TM polarization In contrary, the second set, called transverse-magnetic (TM) polarization,

HOH, +0yE, =0 inR, x Q, (1.9a)

uOHy — 0:E, =0 inR, x €, (1.9b)

€&, + Oy Hy — O Hy = =T inR, xQ, (1.9¢)
£, =0 in R, x 99, (1.9d)

desbribes an electric field perpendicular to the plane of of propagation.

1.4 Mathematical Aspects of Maxwell’s Equations

The later discretization is tailored to approximate Maxwell’s equations in an L?-sense and thus the aim
of this section is to formulate Maxwell's equations (1.7) as a well-posed mathematical problem in an
L? setting. This gives rise to the question of the meaning of the curl-operator Vx in (1.7a)-(1.7b) since
L?-functions do not necessarily posses (weak) derivatives. Furthermore, we have to give a meaning to
the boundary condition (1.7c). Thus, we will at first introduce the concept of the so called graph space,
where the curl of a function is defined in a variational way. A further restriction of the graph space will
then allow us to incorporate the boundary condition.

Throughout this thesis we consider only bounded domains {2 which posses a Lipschitz-continuous
boundary 0€2. Then, the outward unit normal n is defined almost everywhere (a. e.) on §2. Further-
more, we suppose that the coefficients € and p, are in L*(€2) and that they are uniformly positive,
meaning that there is a constant § > 0 such that

e, > 8>0. (1.10)

1.4.1 The State Space

We begin by introducing the basic space.
Definition 1.1 (The state space V). We define the state space V' as
V= L2(Q)® x L3(Q)3. (1.11)

We equip it with the inner product: For [Hy, E1]7, [Ho, Eo]T €V,

Hy Hy _ ‘ ‘
(|: E1 :|,|: E2 :|)V -—QfﬂHl H2+€E1 EQ, (112)

and with the associated norm: For [H, E]7 € V/,

02D o

Owing to the positivity assumption (1.10) the V-inner product is equivalent to the standard L>-inner
product and thus (V/ (+,-)y) is a Hilbert space. The usage of the V-inner product instead of the
standard L2-inner product is motivated by its physical meaning. In fact, its induced norm represents
the electromagnetic energy.
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1.4.2 The Graph Space

Now let us give a meaning to the curl operator Vx in (1.7a)-(1.7b). We cannot use the standard curl
operator since it is only defined for continuous differentiable functions and clearly functions in V' do
not have to satisfy this. Recalling that we are working in an L2-setting we see that for a function
[H, E]T € V the formal condition V x H, vV x E € L?(Q)3 is sufficient to guarantee that (1.7a)-(1.7b)
are well-defined. So let us define what the statement v x F' € L?(Q)® means here. Let therefore
C° ()3 denote the space of infinitely differentiable functions with compact support in €.

Definition 1.2 (The variational curl). We say that a function F' € L?(Q)? posses a variational curl in
L%(2)3 if there exists a function G € L?(2)? such that

fG.(p:fF.(wa) VQOECSO(Q)3. (1.14)
Q Q

We write V x F' = G.

Since the space C°(Q2)? is dense in L2(2) [19, Lemma V.1.10] the variational curl is unique (if it
exists).

Remark 1.3 This definition is a generalization of an integration by parts formula. Indeed, for a weakly
differentiable function F* € H*(£2)3, there holds

[(Vxﬁ)-wzfﬁ-(Vx¢), Vo € O ().
Q

Q
&
We collect functions admitting a variational curl in the following space.
Definition 1.4 (The graph space H (curl,(2)). The graph space of the curl-operator is defined as
H(curl, Q) := {F e L>(Q)%| vV x F e L*()?}, (1.15)
with the natural inner product: For F', G € H(curl, ),
(F,G)H(eun,0) = (F,G)r2()3 + (VX F,V x G) p2(q)s, (1.16)
and the associoated graph norm | F'| g (cun o) = (F, F)%?CU”’Q).

Proposition 1.5 The graph space H (curl,{) is a Hilbert space.

Proof: Let (F},) be a Cauchy sequence in H(curl, Q). Then, (F,,) and (VxF;,) are Cauchy sequences
in L2(9)3 and thus convergent. Let ' and G denote their respective limits in L2(2)3. Then, for all
@ € C3°(2) and all n € N we have by the definition of H (curl, £2),

/(Van)-go:/Fn-(chp).
Q Q

[Go= [ F-xp.
Q Q

Thus, we conclude from (1.14) that F' € H(curl,Q2) and G =V x F. ]

Taking the limit n — oo yields

The following result will be important.

Theorem 1.6 ([14, Theorem 3.26]). The space H (curl,Q) is the closure of C*(Q)3 w. r. t. the graph
norm |- || g (ouri2)-
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1.4.3 Boundary Conditions in the Graph Space

Next, we incorporate the boundary condition (1.7c) in the graph space H (curl,2). Motivated by The-
orem 1.6 we establisch the desired property as follows:

Definition 1.7 (The space Hy(curl,2)). We define the space Hy(curl,(2) as the closure of C$° ()3
w. r. t. the graph norm | - | ;r(cur,0)-

We easily see that Hy(curl, Q2) is a closed subspace of the Hilbert space H (curl,2) and thus a Hilbert
space itself. The next two lemmas clearify the properties of functions in Hy(curl, €2).

Lemma 1.8 ([12, Lemma 4.17]). The space {Vv|v € H}(2)} is a closed subspace of Hy(curl,Q2).

This lemma essentially states that functions belonging to Hy(curl, £2) do not need to have a vanishing
normal component on the boundary 9. For example take Q = [-1,1]?> and v = (2% - 1)(y? - 1).
Then, clearly it holds v € H{ (£2) and Lemma 1.8 applies yielding Vv € Hy(curl, Q). However, we have
on the boundary
— { +22(y> - 1), for (z,y) e {x1} x [-1,1],
+2y(2% - 1), for (x,y) e [-1,1] x {1},
which obviously does not vanish. In contrary, observe that the tangential component of Vv vanishes

since
_ +2y(x? - 1), for (z,y) e {£1} x[-1,1],
Vuxn= {iQJJ(gf_l), for (z,y) € [-1,1] x {£1}.

Indeed, this holds true for all function belonging to Hy(curl,2), namely, their tangential component
has to vanish. The proof can be found in [14, Theorem 3.29] and requires the introduction of the space
H~2(90)3, which we ommit here. We rather cite following two lemmas illustrating this resut.

Lemma 1.9 ([12, Lemma 4.18]). The space {F ¢ C'(Q)3|n x F = 00n0dQ} is a subspace of
Hy(curl, ).

Lemma 1.10 ([14, Lemma 3.27]). Let F € H(curl, Q) be such that for every p € C*(Q)3 it holds
(VX F,0)r20y = (F,V x9)2(0)3- (1.17)
Then, F' € Hy(curl,$2).

Remark 1.11 Let us point out the statement of Lemma 1.10 for functions with more regularity, say
F e H'(Q)3. Integration by parts gives

/(VX?)~§0=[ﬁ‘(VX(p)-ﬁ-](nxﬁ)-gp, Ve C®(Q)3.
Q Q o0

Owing to (1.17), we have
[(nXFv)-gO:O Ve C™®(Q)3.
P

Since C*°(Q2)? is dense in L?(Q)3, see [9], this is equivalent to

nxF=0a.e.ond.

We conclude this section with a generalization of Green'’s theorem to functions in H (curl, €2).

Lemma 1.12 (Green’s theorem, [14, Lemma 3.27]). Let H € H(curl,Q2) and E € Hy(curl,$2). Then,
it holds
(H,VXE)Lz(Q)S =(V><H,E)L2(Q)3. (1.18)
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1.4.4 Well-Posedness

The results from the previous section allow us to collect the curl terms in (1.7a), (1.7b) as well as the
associated boundary condition (1.7c) in an operator.

Definition 1.13 (Maxwell operator). We define the Maxwell operator A as

. H PV xE
A:D(A) -V, |:E:|H|:—€1V><H:|’ (1.19)
where the domain of A is given as
D(A) := H(curl, ) x Hy(curl, ). (1.20)

We endow D(A) with the graph norm: For [H, E]T e D(A),

2 2 2
e ] E ]
= +]|A . (1.21)
e DL L=
Clearly, there holds
[ R et |
= 1/2 -1/2 .
E flla e'’E L2(9)6 e PV xH L2(Q)6

Recalling that the coefficients p and € are assumend to be bounded and to be uniformly positive, see
(1.10), we deduce the equivalence of the norms |- | 4 and || - || 7 (curt,0)x £ (curi,)- Furthermore, we can
conclude that (D(A), | - | 4) is a Hilbert space and consequently that A is a closed operator.

Homogeneous evolution equation We first consider the homogeneous case of Maxwell’s equations
(1.7), where the electric current and the electric charge density are zero, 7 = p = 0. Then, we can
rewrite(1.7) in a more compact form, namely as the abstract evolution equation: For a given initial value
ug = [Ho, &7 € D(A) we search for u = [H,E]T € C*(R4; V) n C(R4; D(A)) such that

Bu+ Au=0, >0, (1.22a)
u(0) = ug. (1.22b)

Our aim is to show well-posedness of (1.22) via Stone’s theorem A.1. Therefore, we show that its
premises are satisfied, i. e. the domain D(A) is dense in V' and the operator A is skew-adjoint. For
the first assumption we notice that C*°(Q)3 x C$°(Q2)3 is a subset of D(A) (see Theorem 1.6 and
Definition 1.7). Then, the assumption readily follows by the density of both C*°(2)? and C§°(2)? in
L?(2)3 w. r. t. to the L2-norm and the equivalence of the V-norm and the L?-norm. Thus, it remains
to show skew-adjointness of A.

Proposition 1.14 (Skew-adjointness of A). The Maxwell operator A is skew-adjoint w. r. t. to the
V -inner product.

Proof: We follow the proof in [16, Proposition 2.1]. We have to show that the domain of A and the
domain of its adjoint A* coincide, D(A) = D(A*), and that A is skew-symmetric, i. e. for all v1, v €
D(A) it holds

(Avl,vg)v = —(Ul, A’Ug)v.
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Let us begin by proving that A is skew-symmetric. For vy = [Hy, E1]7,vg = [Ho, E5]T € D(A) there

holds
-1
| »VxE Hy
e ([ £07E 12,

_ VXEl H2
~Vx Hy '] Er L2(Q)0

=(V x E1, Ha)2(q)s = (V x Hi, E2) 12(0)s
=(E1,V x Ha) 20y — (H1, V x E2)12(0)3

B H,y PV x By B
Here we used Green’s theorem (1.12) in the fourth line.
We continue by proving the coincidence of the domains of A and A*. The domain of the adjoint A* is
given by
'D(A*) = {Uz eV | 31}3 e Vst V’Ul € D(A) : (Avl,vg)\/ = (1}1,1)3)\/}.

We show that both domains contain each other, D(A) c D(A*) and D(A*) c D(A). The first
inclusion immediately follows with the computations above: Let vo € D(A) and set v3 = —Awvq. Then,
for all v; € D(A) there holds

(Avi,ve)y = (v1,v3),

and thus D(A) c D(A*). Conversely let vy = [Ho, F5]T € D(A*). Then, by the definition of D(A*),
there is v3 = [ H3, F3]7 € V such that for all v; = [Hy, E1]T € D(A) it holds,

(Avi,v2)y = (v1,v3)v,
or equivalently,
(Vx B, Ha)r2(0) = (V x Hi, E2) 2 (qys = (0H1, Hs) 12y + (€E1, E3) 12(0)3- (1.23)

We choose H; =0,
(V x EI,HQ)L2(9)3 = (€E1,E3)L2(Q)3.

Since this holds for all E1 € Hy(curl, ) it holds also for all E1 € C§°(2)3. Thus, we have

[@xB) Hy= [ BBy VB eCE@)
Q Q

Recalling the definition of the variational curl (1.14) we conclude that V x H, = ¢E3 € L%(Q2)? and
therefore Hy € H (curl, 2).
Similar, by choosing £ = 0in (1.23), we get

~(V x H1, Ea) 2y = (nH1, H3) 12 ()3,

and by the same arguments as above F € H(curl, Q) with V x Fy = —puHs € L*(9Q)3 and

f(vxﬂl)-Ezzfﬂl-(vsz) VHy € H(curl, Q).
Q Q

Using Theorem 1.6 we conclude that this equation also holds for all functions H; € C*°(Q)3,

/(Vxﬂl)-EQZfﬂl-(VXEg) VHleC""(ﬁ)?’.
Q Q

Lemma 1.10 then yields F» € Hy(curl, Q). Thus, we have shown vy = [Ha, E»]T € D(A) and conse-
quently the inclusion D(A*) c D(A). ]
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We can draw an important consequence directly from this proposition.
Corollary 1.15 For allv € D(A) we have (Av,v)y = 0.
Now we can prove the well-posedness of the evolution equation (1.22).

Theorem 1.16 (Well-posedness). The operator — A generates a Cy-group of unitary operators
T:R—-L(V,V), twe 4 (1.24)

Consequently, for every initial value uo € D(A) the homogeneous evolution equation (1.22) posses a
unique solutionu € C1(R,; V) n C(R,;D(A)) given by

u(t) = T(t)UO- (1 25)
Furthermore, the electromagnetic energy is conserved,
[u@®)llv = fuolv — vE>0. (1.26)

Proof: In [18, Theorem 2.2] it is proven that the homogeneous evolution equation (1.22) is well-posed
if and only if the operator —A generates a Cy-semigroup, say 7°(-). In this case the solution of (1.22)
is given by u = T'(-)ug, for every initial value ug € D(A). Using Proposition 1.14 and Stone’s theo-
rem A.1 we conclude that —A even generates a Cy-group of unitary operators. Conservation of the
electromagnetic energy is an immediate consequence of the unitary property of the Cy-group. a

Incorporation of the div-equations Until now, we have proven the well-posedness of the abstract
evolution equation (1.22) which corresponds to the reduced system of Maxwell’s equations (1.7) without
electric current and electric charge, J = p = 0. Clearly, in this situation conservation of charge (1.2)
holds true and we commented that the div-equations and the boundary condition for H are satisfied in
this case given they hold true at an intial time. Now, we shortly illustrate how this can be mathematically
formalized. First, we need the concept of the variatonal divergence. Motivated by the ideas concerning
the variational curl we define

H(div,Q) := C>=(Q)3, Hy(div,Q) := C§°(Q)3, (1.27)
where the closure is taken w. r. t. the div-norm:
||F||12r{(div,§2) = HF‘|%2(Q)3 +[v- F”%Q(Q)i”'

Both spaces admit a variational divergence [14, Theorem 3.22]: For F' € H(div,2) (or F' € Hy(div,(2))
there is a unique g € L?(2) with

fF-Vg0=—[gcp Vo e C(Q), (1.28)
Q Q

and we define V - F' := g. Furthermore, it is proven in [14, Theorem 3.25] that the space Hy(div,2)
contains functions with vanishing normal component (compare with Hy(curl, 2), which contains func-
tions with vanishing tangential component).

Now we derive the subspace V; c V as

Vo= {[H,E]" € V|uH € Ho(div,Q),eF € H(div,Q),V-(uH) =V - (cE) =0} (1.29)
and the operator Ay on the domain D(Ay) := D(A) NV, as

AQ = A|’D(A0)' (130)
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This allows us to state the whole Maxwell system (1.6) as the abstract evolution problem: Given the

initial value Ty = [Ho,&o]" € D(Ap) we search for @ = [H,E]" € C1(R,; V) n C(R,; D(Ap)) such
that

atﬁ-f- Aot = 0, t>0, (1318.)

u(0) = up. (1.31b)

Then, we have the following well-posedness result.

Theorem 1.17 (Well-posedness, [10, Proposition 3.5]). The operator — Ay generates a Cy-group of
unitary operators
To:R - L(Vy, Vo), tr e 4o, (1.32)

Thus, for every iy € D(Ag) the homogeneous evolution equation (1.31) has a unique solution @ €
C'(Ry; Vo) nC(Ry; D(A)) given as

Furthermore, conservation of the electromagnetic energy holds true
@@l = |a@olv  vt>0. (1.34)

This theorem states that if the solution u of the homogeneous evolution problem (1.22) satisfies the
div-equations and the boundary condition for 7 at time ¢ = 0, i. e. the initial value u belongs to D(Ay),
then it accords with the solution @ of (1.31). This means u automatically satisfies both the div-equations
and the boundary condition for H for every time ¢ > 0.

Inhomogeneous case Finally, we consider the inhomogeneous problem. Therefore, we define the
source terms g =7 = [0, —EJ]T. Then, we have for the reduced system (1.7) the following abstract evo-
lution problem: Given ug = [Ho, 0 ]T € D(A) we search for u = [H,E]T € CL(R,; V) nC(Ry; D(A))
such that

Ou+Au=g, >0, (1.35a)
u(0) = uo. (1.35b)

For the full system (1.6) the evolution problem reads as: For given 4 = [7:20, E‘B]T e D(Ap) we search
forw = [H,E]" € C'(R,; Vo) n C(R,; D(Ap)) such that

O+ Agi=7, t>0, (1.36a)
@(0) = Tp. (1.36b)

Using the variation of constant technique we can prove the well-posedness of these problems.
Theorem 1.18 (Variation of Constant, [18, Theorem 2.9]).

i) Assume that the initial value satisfes uy € D(A). Furthermore, assume that the source term
satisfies g € C*(Ry;V) or g € C(R,;D(A)). Then, the inhomogeneous evolution problem
(1.35) has a unique soultionu € C1(R,; V) nC(R,;D(A)) given by

u(t) = T(t)ug + f T(t - 5)g(s) ds. (1.37)
0
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i) Assume that the initial value satisfes iy € D(Ag). In addition, assume that the source term
satisfies G € C'(R.;Vp) or G e C(R.;D(Ag)). Then, the inhomogeneous evolution problem
(1.36) has a unique soultion@ e C*(R,; V) n C(R,;D(Ag)) given by

t
a(t) = To(1)Tp + fTO(t—s)jd(s)ds. (1.38)
0
We end this chapter by proving the stability of the solutions u and @ in the sense that they can be

bounded in terms of the data, i. e. in terms of the initial values wug, %y and the source terms g, .

Theorem 1.19 (Stability). Under the assumption of the previous Theorem 1.18 it holds

t
u(®)lv < luoly + [ lg(s) v ds, (139)
0
and
t
@ty < Iaolv + [ 1ges) v ds, (1.40)
0

Proof: This follows from (1.37) and (1.38) by using the triangle inequality and the unitary property of T'
and Tj. O



14

CHAPTER 1. MAXWELLS EQUATIONS



Chapter 2

Spatial Discretization I: The Discrete
Setting

In this section we present the ingredients needed to constrcut a spatial discretization of Maxwell’'s
equations by dG methods. Like FE methods the idea of dG methods is to construct finite dimensional
function spaces in which we search for an approximate solution. The construction of this function
spaces consists of two steps: First we discretize the domain €2 using a mesh and then we construct
the approximation space as the space of all functions which are polynomials on each mesh element.
This leads to the concept of broken polynomial spaces. Furthermore, we introduce the broken version
of H (curl,2) which is of particular interest for the analysis of Maxwell’s equations. This chapter mainly
relies on the textbook [17].

2.1 Meshes

2.1.1 Basic Concepts
We make following assumption on the domain §2.
Assumption 2.1 (Domain 2). The domain Q is a polyhedron in R%.

The advantage of this assumption is that polyhedra can be exactly covered by meshes built of polyhe-
dral elements. Furthermore, it allows us to define the unit outward normal a. e.

Definition 2.2 (Boundary and outward unit normal). We denote the boundary of €2 by 9¢) and the unit
outward normal by n.

We start introducing meshes with the simple case of simplicial meshes.

Definition 2.3 (Simplex). Let {z,..., 24} be a set of d + 1 points in R¢ such that the vectors {z; —
xo,...,xq—xo} are linearly independent. Then, the interior of the convex hull of {zy, ..., x4} is called
a non-degenerate simplex of R?, and the points {xq, ..., x4} its vertices.

In dimension 1, a non-degenerate simplex is an open interval, in dimension 2 a triangle and in dimen-
sion 3 a tetrahedron.

Definition 2.4 (Simplicial mesh). A finite set 7 = { K'} is called a simplicial mesh of the domain € if:
i) Every K € T is a non-degenerate simplex,

ii) the set T forms a partition of 2, i. e.
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and for every K1, Ky € T, K1 # Ko, it holds

KinKy=@.

Each K € T is called a mesh element.

When working with finite elements simplicial meshes are a quite convenient choice. An advantage of
dG methods is that they allow working with general meshes more easily.

Definition 2.5 (General mesh). A general mesh T of the domain €2 is a finite collection of polyhedra
T = { K} satisfying condition ii) of the previous Definition 2.4. Each element K ¢ T is called a mesh
element.

Obviously, a simplicial mesh is a particular case of a general mesh.

Definition 2.6 (Element diameter, meshsize). Let 7 be a general mesh of the domain 2. We denote
with hx the diameter of a mesh element K € 7. Furthermore, we define the meshsize h as the
largerst diameter in the mesh

h:=maxhg.
KeT K

In what follows we will refer to a mesh 7 with meshsize h with 7;,.

Definition 2.7 (Element outward normal). Let 7;, be a mesh of the domain € and K € 7;,. We define
ng a. e.on 0K as the unit outward normal to K.

2.1.2 Mesh Faces, Averages and Jumps

Now we introduce the concept of mesh faces, averages and jumps, which will be frequently used in the
design and analysis of dG methods.

Definition 2.8 (Mesh faces). Let 7}, be a mesh of the domain 2. We say that a closed subset F of 2 is
a mesh face if F' has positive (d —1)-measure and either one of the two following conditions is satisfied:

i) There are distinct mesh elements K7, K5 € T, such that F' = 0 K1 n 0Ks; in this case, we call F’
an interface.

ii) There is a mesh element K € 7}, such that F' = 0K n 012; in this case, we call F' a boundary
face.

We collect interfaces in the set 7 and boundary faces in the set F7. Henceforth, we set
Fn = FLUFp.

Furthermore, for any mesh element K € 7, we collect the mesh faces composing the boundary of K
in the set
Fi ={F e F, | F c 0K }.

Finally, we denote the maximum number of mesh faces composing the boundary of mesh elements by

Ny := d .
0 i= max car (FK)

Figure 2.1 illustrates four interfaces and one boundary face of a mesh element belonging to a general
mesh.

We continue with the definition of face normals. Therefore, we introduce the following notation
which we will keep from now on: For every mesh element K € 7}, and every corresponding interface
FeFgn ]—"}; we denote the neighboring mesh element w. r. t. F' with K, see Figure 2.2.
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o

Figure 2.1: Example of interfaces (red) and boundary face (green)

Definition 2.9 (Face normals). For all F' € F;, we define the unit normal ng to F' as

i) the unit normal nx to F pointing from K to K if F' € F!, see Figure 2.2; the orientation of np
is arbitrary depending on the choice of K, but kept fixed in what follows.

ii) The outward unit normal n to Q if F € FP.

Next, we turn to averages and jumps across interfaces of piecewise smooth functions. Let us therefore
introduce the following notation

VK =K, Uk = 0K

Definition 2.10 (Interface averages and jumps). Let v be a scalar-valued function and assume that for
every mesh element K ¢ T, its restricition v|x is smooth enough to admit a trace a. e. on the boundary
OK. Then, for all F' € F; the function v admits a possible two-valued trace and we define

i) the average of v on F' as

folr = 5 (@ole + @role),

ii) the jump of von F as

[v]F = (vkp)|F = (v)|F-

When v is vector-valued, the above average and jump operators act componentwise on v.

2.1.3 Broken Polynomial Spaces

By now we have constructed a mesh of the domain €2 and so we can turn to the second step, namely
to the construction of finite function spaces. In our case this spaces consist of piecewise polynomials.
The polynomial space PX

Let k > 0 be an integer and o = (a1, ..., aq) € N¢ be a multi-index with

d
|Oé|ll = Zai <k.
i=1
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Figure 2.2: Basic notation

Further let = = (1, ..., x4) be a vector in R? and let us use the convention

d
% = leo”

i=1
Then, the function p,, defined as
pa:Rd_)R7 x'_)/YOéxa7

where v, € R is a coefficient, is a polynomial of d variables of total degree at most k. Consequently,
the set

]P’lj = {p ‘RY > ]R‘H(’Ya) cRsit p(z) = Z ’Yaxa}

|O“ll <k

is the space of all polynomials of d variables with degree at most k. Its dimension is

) k+d (k+d)!
dim(P) = ( 1 ) = k'd') .
The broken polynomial space P%(7,)

Let K € T, be a mesh element. Then, we define P%(K) as
Ph(K) = {p|x : K > R|pePk}.

The broken polynomial space ]P”;(WL) on the mesh 7, now consists of functions which are polynomials
on each mesh element, i. e.

Ph(Tr) = {ve L*(Q)|VK € Tp, : v| e Ph(K)}. (2.1)
It follows that

dim(P%(75)) = card(7,) x dim(P%).

2.1.4 Broken Sobolev Spaces

After having introduced polynomial spaces and their broken versions, we now consider broken versions
of Sobolev spaces H™(£2) and of the graph space H (curl,2) as well as broken versions of the
gradient and the curl operator.
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The broken Sobolev space H"(7;)
Let m > 0 be an integer. We define the broken Sobolev space as
H™(Tp) ={ve L*(Q)|VK € Tj, - v|x e H"(K)}, (2.2)

and endow it with the norm: For v € H™(T,),
2 o 2 2
[WlEm ey = 20 Wlaneny,  Planay = 20 [l x)-
n=0 KeTp

Using the continuous trace inequality [17, Chapter 1] we see that for all functions v ¢ Hl(ﬁ) and for
all mesh elements K ¢ 7Ty, the trace v|gx on the boundary of the element is well-defined and it holds

1/2 1/2
[vlz2goxy < Clol oy 1ol -
It is natural to define a broken gradient operator acting on the broken Sobolev space Hl(ﬁ). Clearly,
this operator then also acts on the broken polynomial spaces.

Definition 2.11 (Broken gradient). The broken gradient v, : H'(T;,) - L*(Q)% is defined such that,
forallve HY(Ty),

(Vav)lk = V(v|Kk), VK €T (2.3)
It is important to distinguish the usual Sobolev spaces from their broken versions and we now charac-
terize this in more detail. Clearly, the usual Sobolev spaces are subspaces of their broken versions, i.
e. for every integer m > 0, we have

H™(Q) c H™(Tr).

Furthermore, it is proven in [17, Lemma 1.22] that for functions in Hl(Q) the (variational) gradient
coincides with the broken gradient: For all v € H*(12),

Vv = V.

But, in general the reverse does not hold true. The crucial difference is that the broken Sobolev spaces
contain functions having nonzero jumps at interfaces whereas functions in the usual Sobolev spaces
must have zero jumps across any interface. The exact statement reads as follows.

Lemma 2.12 (Charaterization of H(2), [17, Lemma 1.23]). A functionv € H*(T;,) belongs to H*(12)
if and only if '
[V]p=0 VFeF. (2.4)

The broken graph space H (curl, 73)

Analogously to the definition of the broken Sobolev spaces H"*(T;,) we introduce the broken version
of the graph space H (curl,{2) as

H(curl,T3) = {v e L*(Q)*|VK € Tj, : ve H(curl, K)} . (2.5)
Naturally, we also introduce a broken version of the curl operator.

Definition 2.13 (Broken curl). The broken curl Vj,x : H(curl,7;,) — L*(Q2)? is defined such that, for
allv e H(curl, Ty),

(Vi xv)|kg =V x (v|k) VK €Ty, (2.6)
The relation between H (curl,€2) and its broken version H (curl, 73,) is featured by a similiar result as

for the previously considered Sobolev spaces and their broken counterparts.

Lemma 2.14 (Broken curl on H(curl,(2)). There holds H(curl,Q2) c H(curl,Ty). Moreover, for all
v e H(curl,$2),
Vi xv=Vxu. (2.7)
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Proof: We adapt the proof of the inclusion H'(2) ¢ H'(T,) given in [17, Lemma 1.22]. Let v €
H(curl,Q) and K € T,. Further let p € C(K)? and let E denote its extension by zero to (2.
Clearly, we have E¢ € C$°(22)3. Then, it holds

[l (7x0)= [0 (TxBp) = [(7xv)-Be= [ (70,

where the second equality holds true by the definition of H (curl,2) (1.14) and the fact that Ep is in
C& ()3, The same definition, now applied on K, yields that v|x is an element of H (curl, K') and that
it holds

V x (v]K) = (V xv)|k.
Since the element K was arbitrary this holds true for all K € 7},. Recalling Definition 2.13 of the broken

curl it follows
(Vaxv)lk=(Vxv)lk  VKeT,

which is the stated claim. O

In the later work we will often consider the space H (curl, Q) n H'(7;,)? and it turns out to be crucial
that its functions only admit zero tangential jumps across interfaces.

Lemma 2.15 (Characterization of H(curl,)). A function v € H'(T;)? belongs to H(curl, ) if and
only if ‘
ng X [[U]]FZO VFE]:;L. (2.8)

Proof: We follow the proof given in [16, Lemma 3.4]. Let v € H'(7;)3. We start by proving that

condition (2.8) is sufficient. Thus, assume that it holds np x [v]r = 0 for all F' € }“};. Then, for any
@ € C(Q)3, it holds

Jumore= 5 [ @xloes $(fo@ear [ ouwene) @)

Here we used that H'(7;,)? is a subspace of H(curl,7;,) and thus the broken curl is well-defined.
Furthermore, we used that for every mesh element K the function v is in H'(K)? and thus partial
integration is applicable. Now let us consider the sum over the boundaries K in the upper equation.
Owing to the convention about face normals (see Definition 2.9) and since ¢ vanishes on the boundary
N xXv):- =
> [ (exo)p= ¥

faces, it holds
(nvaK)-<p+[(nK XUK)‘SO)
KT, 70 FeF} (/F e

+ Z [F(nxv)wp

FeF, Z

. fF(an[[v]]F)-@. (2.10)

FeF ;L

Since we assumed that the tangential jumps of v vanish we have

Ju@exn o= 3 f o @xe)= [0 ()

As this holds true for all ¢ € C$°(2)? we can conlcude with (1.14) that v € H(curl,Q) and that
V x v = Vp x v. Thus, we have shown sufficiency.

Now let us prove that v € H(curl,2) is a necessary condition for (2.8) to hold. So let v € H(7;,)3 n
H (curl, ). Then, using equations (2.9) and (2.10), we infer for all p € C§°(2)3

[@nxv)-e= [0 (vxo)- T [ (e x o) -e. @11)

Fe]—'i
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On the other hand, we see by Lemma 2.14 and Definition 1.2, that for all ¢ € C§°(2)? there holds

[ @uxv)-p= [[(vxv)o= [0 (vxp), (2.12)

Combining (2.11) and (2.12) yields for all ¢ € C§° ()3

> [ x[ele) o =o0.

FeF}

Hence, (2.8) follows by choosing the support of ¢ intersecting a single interface and since ¢ is arbitrary.
O

2.2 Admissible Mesh Sequences

The last section in this chapter is dedicated to the concept of admissible mesh sequences. This is of
special interest since we would like to prove convergence of dG methods, which means that the error
between the approximate solution and the exact solution tends to zero as the meshsize goes to zero.
So let us consider the mesh sequence

T3 = (Th) herts

where H denotes a countable subset R, having 0 as only accumulation point. In the following we
consider so called shape- and contact-regular mesh sequences, see [17, Definition 1.38], which posses
the properties we need for the convergence analysis. We only state these properties and refer to [17,
Section 1.4.1] for a detailed insight into this topic.

2.2.1 Geometric Properties

We just need one geometric property. Recall that we have defined Fx as the set of faces compos-
ing the boundary of an element K and Ny as the maximum number of mesh faces composing the
boundary of elements in 7}, see Section 2.1.2. Then, for shape- and contact-regular meshes, we can
characterize the relation between these quantities and the meshsize h by following lemma.

Lemma 2.16 (Bound on card(F) and Ny, [17, Lemma 1.41]). Let T, be a shape- and contact-
regular mesh sequence. Then, for all h € H and all K € Ty, card(Fy ) and Ny are uniformly bounded
inh.

2.2.2 Inverse and Trace Inequality

We proceed by stating two inequalities for the broken polynomial spaces ]P”;(E) on a shape- and
contact-regular mesh. This inequalities turn out to be very useful for analyzing dG methods. The
inverse inequality provides an upper bound on the gradient of discrete functions.

Lemma 2.17 (Inverse inequality, [17, Lemma 1.44]). Let Ty be a shape- and contact-regular mesh
sequence. Then, for all h € H, all K € Ty, and all vy, € P%(T,),

[Vorl L2 scye < Cinvhiid lonl 2 x0)- (2.13)
The constant C',.,, only depends on d, k and the shape- and contact-regularity parameters.

The second inequality is a discrete trace inequality that delivers an upper bound on the face values of
discrete functions.
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Lemma 2.18 (Discrete trace inequality, [17, Lemma 1.46]). Let T1; be a shape- and contact-regular
mesh sequence. Then, forallh € H, all K € Ty, all F € Fx and all vy, € P’;(ﬁ),
-1/2
lonll 2y < CtrhK/ lvn |2 (2.14)

The constant C', only depends on d, k and the shape- and contact-regularity parameters.

Remark 2.19 (k-dependency). The constant Cj,, scales as k2 (on triangles), whereas the constant
C'; scales as \/k(k + d), see [17, Remark 1.48]. &

Lemma 2.20 (Continuous trace inequality, [17, Lemma 1.49]) Let Ty be a shape- and contact-regular
mesh sequence. Then, forallh e H, all K € Ty, all F € Fi and allv e H*(Ty,),

|07 25y < Ceti IV 2(rcya + dRE 0] 2 ) 0] L2 (k) (2.15)
(F)

where the constant C.i; depends on d and the shape- and contact-regularity parameters.

2.2.3 Polynomial Approximation

In dG methods we search the approximate solution in the piecewise polynomial space IPS(E). Thus, it
is important to ensure that the mesh sequence is constructed such that optimal polynomial approxima-
tion hold true. In order to include this consideration we require that the mesh sequence admits optimal
polynomial approximation in the sense of the next definition. Again we refer to [17, Section 1.4.4] for
details.

Definition 2.21 (Optimal polynomial approximation). The mesh sequence Ty has optimal polynomial
approximation properties if, for all h € H, all K € Ty, and all polynomial degree k, there is a linear
interpolation operator Z¥. : L?(K) — PX(K) such that, for all s € {0,...,k+ 1} and all v € H*(K),
there holds

v —If(v|Hm(K) < Capphic "Vl s (10 Vme{0,...,s}, (2.16)

where the constant Cypp, is independent of both K and h.

Now we have introduced all ingredients and it remains to built an admissible mesh sequence.

Assumption 2.22 (Admissible mesh sequence). We assume that the mesh-sequence Ty, is admissi-
ble, i. e. that it is shape- and contact-regular and has optimal polynomial approximation properties in
the sense of Definition 2.21.

In the later error analysis we2will often use the L2-orthogonal projection onto the broken polynomial
space PX(T;,) defined as, 75 : L*(Q) — PX(T3,) such that for all v e L*(Q),
2
(mh v, en)re) = (v, en)rz@)  Ven € PL(Th). (2.17)
Admissible mesh sequences provide optimality of the L?-projetion in the following sense.

Lemma 2.23 (Optimality of L*-orthogonal projection). Let T, be an admissible mesh sequence.
Then, for all s € {0, ...,k + 1} and allv € H*(K), there holds

2 —
"U—?Tfl; 'U’Hm(K) SC;pph%m"U‘Hs(K) va{O,...,S}. (218)

The constant C,.,,, is independent of both K and h.
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Proof: We follow the proof in [17, Lemma 1.58]. Let v € H*(K'). We first consider the case m = 0.
Clearly, the projection and the interpolation of v are functions in PX(), i. e. 7-°v, Thv € PE().
Owing to the definition of the projection (2.17) this yields

0=(v- w}f?v,Iﬁv - 77}52U)L2(K) =(v- WﬁQU,I}“{v —v+v-— W,j;ﬂv)Lz(K)

2 2
=(v - 71',];4 vjff(v )2y + v = ﬂ'ﬁ v L2(xy-
Applying the Cauchy-Schwarz inequality we get
2
lo =m0l L2y < o = Tiv| 2y < Capphiclols (i), (2.19)

where the second inequality is due to (2.16). This concludes the case m = 0 and we proceed with
m > 1. We use m times the inverse inequality (2.13), the triangle inequality and (2.19) to infer
v~ 7Ti€2v|Hm(K) <Jv = T gm gy + | Tjcv — W£2U|HW(K)
<fo = Zfewlm ey + ChZ [ Zhcv = vl p2ie
~|o = Zfvlpmrey + ChZ | Zhev = v + v =k vl 2
<o - I§<U|Hm(K) +2Ch" v - I}C(UH@?(K)-

Now the result follows with (2.16). a

A direct consequence of (2.18) and the continuous trace inequality from Lemma 2.20 is the following
bound for polynomial approximations on mesh faces.

Lemma 2.24 (Polynomial approximation on mesh faces). Under the assumption of Lemma 2.23 with
s>1itholds forallh € H, all K € Ty, and all F' € Fy,

2 s—
lv=mf vl 2epy < C;%thl/2|U|Hs(K), (2.20)

with constant C,.,, independent of both K and h.
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Chapter 3

Spatial Discretization Il: Discretization of
Maxwell’s Equations

In Chapter 2 we have introduced the main ingredients of a dG discretization. In this chapter we dis-
cretize Maxwell’s equations in space by proceeding in following steps:

First we consider the case of homogeneous media where the coefficients ¢ and p are constant.
This enables us to rewrite Maxwell's equations in the normalized form as used for example in [2].
We first consider homogeneous media since it allows us to nicely illustrate the construction of the dG
discretization. We begin by deriving a basic, so called centered fluxes scheme. The concept of local
residuals, see e.g. [3], then motivates the idea of adding a stabilization to the centered fluxes scheme
yielding an improved method called an upwind fluxes scheme.

Then, we carry over the developped ideas to the more general case of composite media consisting
of different materials. This case allows piecewise constant coefficients £ and p and therefore we
need to adapt the derived schemes. We do this with the concept of local impedance and conductivity
reflecting the physics of such media. This provides us with the centered fluxes scheme. The stabilized
upwind fluxes scheme is again obtained via the analysis of local residuals. Another way of deriving this
dG discretizations can be found in the textbook [8], where the upwind fluxes scheme is constructed via
Riemann solvers.

Finally, we prove stability of both dG discretizations and show that the discretization error is featured
by the same stability result. This allows us to prove the convergence of order h¥. We end the chapter
by improving the convergence result to 2**1/2 for upwind fluxes relying on different arguments than the
stability result.

3.1 Homogeneous Medium

We assume for this section that the coefficients € and p are positive constants. Let us begin by shortly
revisiting the considerations from Chapter 1. There we have introduced the state space V and the
graph space D(A) as

V=L*Q)3xL*(Q)%,  D(A) = H(curl, Q) x Hy(curl,Q),
and stated Maxwell’s equations as the following evolution problem (see (1.35)): Given an initial value
ug = [Ho, E]" € D(A) we search for u = [#,E]" € C1(0,T; V) nC(0,T; D(A)) with u(0) = ug and

such that

OH+p v xE=0 in (0,7) xQ, (3.1a)
OE-elUxH=-c1T in (0,7) x . (3.1b)

Note that from now on we restrict our considerations to bounded time intervals.
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3.1.1 Normalized Form

Since the coefficients € and u are constant we can rewrite (3.1) as

OH +coV x € =0 in (0,7) x £, (3.2a)
E-—coVxH=-T in (0,T) x €, (3.2b)

-1/2

where ¢ = (eu) is the speed of light in the medium and we set

He=ptl?n, E:=e?e, T:=e127.

In this formulation all appearing quantities are normalized to the same physical unit. The space dis-
cretization is based on the following equivalent formulation of (3.2): Given Ty = [#o,&]" € D(A) we
seek for @ = [H,E]T € C*(0,T; V) nC(0,T;D(A)) such that for all test functions in the state space
@ =[¢,0]T €V itholds

(O, D) 120y + co(V x E, ) 12(q)s
+ (0, ) L2 (ys — co(V x H, 1Y) 20098 = (=T, ¥) 1202 (3.3)

We collect the appearing inner products in two bilinear forms depending on the kind of derivative they
involve.

Definition 3.1 (Continuous bilinear forms). We define the bilinear forms 7, @ : D(A) x V — R as
follows: Forv = [H, E]T and ¢ = [¢,v]7,

m(v, ) =(H,9)r2(qy + (£,%) 1203
(v, ) =co(V x E,0) 120y = co(V x H,¥) 123

With this notation we can write (3.3) shortly as: We search for @ € C1(0,7;V) n C(0,7;D(A)) such
that

MmO, p) +a(U,¢) = (7, 0) 2 VeV, (3.4)

where we set 7 := [0, —j]T. The dG discretization consists in replacing the continuous bilinear forms
by discretized ones. This allows us to approximate the continuous problem (3.4) in a finite dimensional
space making it accessible for solving on computers. The first bilinear form, m, can be easily handled
since it involves only derivatives w. r. t. to the time variable t. So our focus lies nearly solely on the
discretization of the bilinear form @.

3.1.2 Discrete Bilinear Forms

The dG discretization works with discontinuous, elementwise smooth functions and we will frequently
have to consider averages and jumps over interfaces of such functions. Since functions in the graph
space D(A) do not necessarily admit an L?-trace we shall require slightly more regularity from the
exact solution.

Assumption 3.2 (Regularity of exact solution and space V.). We assume that the exact solution
U =[H,E]" of (3.4) satisfies

TeV,:=D(A)n (H (T1)? x H'(T1)?). (3.5)

Let us shortly explain the consequences of this assumption: Recalling Remark 1.11 we see that the
E-field vanishes on boundary faces, i. e.

nx&=0 VFeF). (3.6)
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Furthermore, we see with Lemma 2.15 that the exact solution does only admit zero tangential jumps
on interfaces,

nFX[[ﬁ]]F:TLFX[[g]]FZO VFEf}lL (37)

We continue by introducing two more spaces needed to construct the discrete bilinear forms. We want
to construct the discrete solution in the broken polynomial space P%(7;,)3 x P5(T;)? defined in (2.1),
assuming that 7; belongs to an admissible mesh sequence. Consequently, we define the discrete
solution space as

Vi = PE(T7) x PE(Th)3.

Note that the discrete solution space is not contained in the continuous solution space, V;, ¢ V. (see
e.g. Lemma 2.15), which characterizes dG methods as non-conforming methods. Therefore, we
additionally consider the space

V*h = V* + Vh,

which contains both the exact and the discrete solutions. In particular, V,; also contains the error
function of the discretization, which is just the difference of the exact and the discrete solution. Ensuring
that the error function can be plugged into the first argument of the discrete bilinear forms is crucial for
the later convergence analysis.

The bilinear form m;,

The discrete version of the bilinear form m is obtained by defining my, : Vi x V3, — R such that for
V= [Ha E]T and Ph = [Cbhﬂ/Jh]T,

mn(v,on) = (H,¢n)r2()3 + (B, ¥n) 12(0)3- (3.8)

The basic bilinear form ¢!

The ansatz to construct a discrete version of @ consists in just replacing the curl operator by its broken

version. So let ago) : Vi, x Vi, = R such that for v = [H, E]* and ¢, = [on, ¥n]7,

EELO)(U, (Ph) = Co(vh X E7¢h)L2(Q)3 - CO(Vh x H, wh)LQ(Q)L’"

Obviously, the question wether we have chosen a meaningful discrete version of @ arises. We can
approach this question by checking ifa'glo) satisfies two basic features. The first one is consistency, i. e.
if the discrete bilinear form coincides with the continuous bilinear form when we plug the exact solution

u into the first argument and an arbitrary function from the discrete space V}, in the second argument,

520) (@, on) =a(t, o)  Vop eV

Owing to Lemma 2.14 this property is satisfied. Secondly, we know by Proposition 1.14 that the
continuous bilinear form is skew-adjoint on V,,

a(vi,v2) = —a(ve,v1) Vo1, vg € Vi,

and consequently it holds,
a(v,v)=0 VveV,. (3.9)

It is natural to demand this property also for the discrete bilinear form, but now on the discrete space

V4. Indeed, it turns out that (3.9) is crucial for the later analysis. Thus, we investigate if EELO) satisfies
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this property. Let therefore vj, = [H},, E,]7 € Vj,. Integrating by parts in the first term of 620) we deduce

520)(%,%) =co(Vh % Ep, Hp) 12(0)3 = co(Va x Hp, En) 12(0)3
=co y. [(VxEx,Hi)r2(xys — (V x Hi, Ex ) 12503 ]

KeTy,
=co Y, [(Bk,VxHg)r2y2 = (V x Hi, Ex ) 1205y |
KeTy,
+Co Z Z (nKXEK,HK)LZ(F)S
KeTy, FeFg
=Co Z 2 (nKXEK,HK)LQ(F)3. (3.10)
KeTy, FeFi

Here we have dropped the index % in writing Ex and Hy instead of Ej, x = (Ej)|x and Hp i =

(Hp)|k to simplify the notation. We will stick to this notation whenever no confusion can arise. We

clearly see that EELO)(vh, vy) # 0 and thus we have to change the ansatz. The easiest way to initiate

the requested property is to substract the distracting term if we can ensure that consistency retains.
From (3.10) this is not seen and thus we rewrite it. Recall that we defined for a mesh element K with
interface F' the element K as the neighboring mesh element w. r. t. F' and ny as the normal pointing
from K to K, see Figure 2.2. Using this notation we can write

Z Z (TLKXEK,HK)L2(F)3= Z [(nFXEK7HK)L2(F)3_(nFXEvaHKF)LQ(F)?’]
KeTp FeFk FeF}

+ Z (n X Ehth)LZ(F)3'
FeFb

The two summands in the first sum can further be rewritten as

(np x Ex, Hi ) r2(pys = % [(np x Ex, Hi + Hi,. ) 12 (pys + (np x Ex, Hie = Hie, ) r2(py3 | »
and
—(np x Exp, Hxp) p2(rys = —% [(npx Ex,,Hi + Hi ) r2(rys + (e % B Hie = Hi ) 12 (ry3 | -
Adding this two equations yields

(?’LF X EK;HK)L2(F)3_(nF X EKF7HKF)L2(F)3
=~ (np x [Ep]r, {Hr ) F) r2rys — (ne x LER R 7, [HRF) L2073

Using the vector identity (n x e) - h = —(n x h) - e in the second term we finally obtain

>, 2 (nkxEx,Hg)r2ry = ) [-(np x [Ex]r {HR Y ) r2(rys + (ne x [Hal e A En Y 7) 12 ]
KeTy, FeFy FeFi

+ Z (nXEhaHh)LQ(F)3- (3.11)
Fe]—'g

Recalling properties (3.6), (3.7) stemming from Assumption 3.2, we see that for the exact solution
(3.11) vanishes,

Z Z (nKXEKj'ZK)p(F):s =0.
KeTy FeFg

Consequently, we have the following definition.
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Definition 3.3 (Centered fluxes bilinear form). We define the discrete centered fluxes bilinear form
@' Vi x Vi, > R as follows: For v = [H, E]T and ¢y, = ¢4, ¥n]7,
@' (v,0n) =co(Vn x B, ¢p) 12(0ys — co(Vn x H,¢p) 12()
+co Y, [(npx [Elp, {on}r)r2ry — (e x [H]p, {n} £) r2crys |

Fe]-'fl

+ Co Z [—(nXE,¢h)L2(F)3]. (3.12)
Fe]—'ﬁ

We will see later where the name 'centered fluxes’ stems from. Now, we can state the discretization of
(3.4): We search for @y, = [Hp,, E,]T € C1(0,T;V},) such that

g (Ortin, on) + 75, (s n) = (T en)r2ys Vn € Vi (3.13)
The next lemma collects properties of @ .

Lemma 3.4 (Consistency and skew-adjointness). The discrete bilinear form ?fhf satisfies the following
properties:

i) Consistency, i. e. for the exact solutionw € V, it holds
a5 (W, on) =0T, n) Yo € Vi (3.14)
Indeed, this holds true for every v € V,.
ii) Skew-adjointness on Vj,, i. e.
@ (vn,Tn) = =ay (Th,vn)  Vou, Ty € Vi (3.15)
We see that despite having constructed zz;;f only to satisfy a';f(vh, vy ) = 0, we get a stronger property,
namely the skew-adjointness property.
Proof: i) By construction.
i) Let vy, = [Hp, Ep )T, O = [Hp, Ep]" € V. We integrate by parts the curl terms in (3.12)
(Vi x En, Hy) 120)5=(Vn % Hi, En) 12y
=(En, Vi x Hp)12(0) = (Ha, Vi x Ep) 120y

+ Z Z [(TLKXEK,FIK)Lz(F)s—(nKXHK,EK)Lz(F)S].
KeTy, FeFi

Using (3.11) we can write the last sum as

> [~np < [Bul e, KHR Y F) 12 rys + (np < [Hil e, KER} P) L2 ()]

Fe]—'}l

+ 3 [ x [Hilp LB} P) r2rys — (e < [En]p, {H Y F) 122 ]
Fe]—',il

+ Z [(n X Eh,ﬁh)LQ(F)ﬁ} - (n X Hh,Eh)LQ(F):s] .
Ke]—'g

Employing this in (3.12) then yields
@5 (vn, Bh) =co(En, Vi x Hy) r2(0ys — co(Hp, Vi % Ep) 203

+eo ), [(npx [Hur, CE Y F) r2eys = (np x [ER]p AHR Y 7) 12053 ]
FeFy

+ Cop Z [_(nXHmEh)L?(F)?’]-
Ke]—'}i

=~ @5 (Th, vp) (3.16)
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Fluxes

Starting from (3.16) we have the following equivalent representation of a’ff where we use the convention
np x [Yn]F = —n x ¢y, for boundary faces F € Fp.

Lemma 3.5 (Flux form) The discrete bilinear form Eff can be equivalently written as: Forv = [H, E]T €
Vin and oy, = [¢n, Yn]" € Vi,

@5 (v, 0n) =co(E, Vi x é1) r2(0y — co(H, Vi x p) 12()s

+ Co Z [(f:;f(HaE)vnF x H¢hHF)L2(F)3 - (ﬁzf(HvE)7nF x H¢hHF)L2(F)3]a (3.17)
FeFy

with centered fluxes F<f, f:jf defined as

. oo FeF
ff(H,E)::{{{Eg}F’ ?Eﬂ-‘% f;f(H,E)::{{{fﬁF’ Fesk

Owing to the discontinuous ansatz the first two terms in (3.17) do not admit a transfer of information
between the mesh elements. This task is accomplished by the flux functions. We see that in the current
case we couple two neighboring elements by their meanvalue on the shared interface. This explains
the name ’centered fluxes’ for this scheme. The advantage of the flux notation is that we gain the
freedom of choosing different fluxes in order to obtain an enhanced discretization. An indicator of the
quality of the discretization is the residual of the discrete solution.

Local residuals

Recalling that the continuous problem (3.2) is set in the space V, and that we are working with a
non-comforming method with V}, ¢ V., we realize that we cannot define a global residual. However, if
we consider the continuous problem on a single mesh-element K this incompatibility vanishes since
the discrete solution is locally smooth, namely in V;,(K) := P5(K)3 x P5(K)3. This motivates the
introduction of local residuals.

Definition 3.6 (Local residuals). Let @;, = [Hy, E,]" € V3, be the discrete solution obtained from (3.13).
Furthermore, let K € T;, be a mesh element. We define the local residual 7 = [73¢,7%.] € Vi, (K) on
the mesh element K as

?gfé ::atﬁh’[( +coV x gh,K7 (3.188.)
"Ff;“‘{ ::6tgh7[(—c()v Xﬁh,K‘*‘jK- (3.18b)

Using the characteristic function x x on the mesh element K, defined by

() |1 Haek,
XKW =10 e ¢ K,

we can connect the local residual to the continuous bilinear forms m and @: For all ¢y, = [P, wh]T eV
it holds

(i, Xicon) L2y =(0cHn Xk bn) 120y + c0(V % Eny XKk ) 12(1¢)3
+ (0h Xk ¥n) 120y — co(V % Hp XKt 12 (562
+ (T, XKWn) 12103
=M (O, X1cn) + @(Tn, XK Pn) = (G XKPR) L2(0)6 - (3.19)

This representation enables us to draw a link between the local residual and the discrete problem (3.13)
and reveal that the local residual is closely connected to the tangential jumps of the discrete solution.
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Lemma 3.7 (Local residuals and tangential jumps). For the local residual 7y = [ﬁ'{‘,?f{] € Vi(K)
there holds

1 ~ ~
ﬁ{(:—iq) Z npx[[gh]]p+60 Z nxgh,
FeFi FeF?,
1 ~
7 =50 >, npx[Hp]r,
Fe]:}(

where Fi; := Fi 0 Fi and Fo := Fre 0 FY.

Proof: Since the broken curl coincides with the usual curl on every mesh element K we have for all
on = [on,1bn]" € Vi,

a5 (Wh, XK on) =00(V x En XK h) 12(x)8 — Co(V % Hpp, Xk ¥n) L2 (k)3

—Co > [(np x [Enlr, oK) 12(rys = (np x [HR P, YK ) 12 (53]
Fe]-'l

+ Co Z [—(nxgh,¢K)L2(F)3].
Fe]-'%

The first two terms are just @(@y,, Xk ¢r ). Now we can conlcude from (3.19), (3.13) and 7, = im that
for all ¢, € V3, it holds

- 1 ~ -
(Trc, XKPR) L2 (k)6 = = €0 > [(np < [ERlF ¢x) r2(rys — (np % [Hilp ¥r) 12(r)2]
FeFi,
+co Yo (nxEn dK) 2 (k)
Fe}'}’{
The assertion follows by choosing consecutively ¢, = [¢n,0]T and ¢j, = [0, wh]T. |

Due to Lemma 3.7 small tangential jumps imply that the residuals are small, too, and therefore indicate
a good approximate solution. In the next section we construct a discrete bilinear form with this property.

The upwind bilinear form @,

Motivated by the considerations above we want to improve the discrete bilinear form a’chf by penalizing
tangential jumps over interfaces. This can be achieved be replacing the centered fluxes f<f, ff;f
(3.17) by the so called upwind fluxes,

Tlupw . {{E}}F + %TLF X [[H]]Fv F EF}iL’
fo " (H, E) "{ 0, Fer,
Tupw . {{H}}F_ %nF X [[E]]F7 Fe‘f‘iiz’
f¢ (H7E)_{ H+nxFE, FEf}l:

Fupw _

Note that the upwind fluxes are just the centered fluxes plus some stabilization term, f Cf + f;
f’“pw = w fr 12 In[1]itis pointend out that this viewpoint, i. e. considering upwind fluxes as stablllzatlon
of the centered fluxes, is beneficial. In this spirit we directly define the improved form as sum of the

centered fluxes bilinearform and a stabiliziation bilinearform.
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Definition 3.8 (Upwind fluxes bilinear form). We define the discrete upwind bilinear form Ezpw : Vi ¥
Vh - R by: Forv = [H,E]T and Wh = [(bh,’l/Jh]T,

~Uupw

ap, (’0730) = ’d(;lf(v7(p) +’§h(v780h)a (320)

where the stabiliziation bilinear formsy, : Vi, x Vi, - R is given as,

Sn(von) =co ), [%(nF x [H]psnp x [¢n]F)r2(rys + %(HF x [E]lr,nF x [WhHF)LQ(F)if]
Fe]-';b

+co ), (nx E,¢p)r2(pys- (3.21)
Fe]—'}’b

The next lemma uncovers the properties of @,""".

~Upw

Lemma 3.9 (Consistency and dissipation). The upwind bilinear form'a, "™ satisfies the following prop-
erties:

i) Consistency, i. e. for the exact solution w € V, there holds
@, (U, pn) =a(T, 0n)  Yon € Vi (3.22)
In fact, this property holds true for allv € V,.
i) Dissipation, i. e. for the bilinear form —a,"™ it holds

—Ezpw(vh,vh) = —’§h(vh,vh) <0 Yoy € V. (3.23)

We see that consistency is kept while skew-adjointness is replaced by the dissipative property (3.23).
Indeed, this property turns out to be crucial for the better convergence of the upwind fluxes discretiza-
tion.

Proof: i) Consistency of @’ implies that for all ¢}, € V;, there holds
h

@ (W, on) =as, (U, on) + 30 (T, on) = AT, on) +30,(T, on).-
Applying (3.6) and (3.7) to the stabilization form reveals
Sh(t,on) =0 Vop €V,
and thus we infer (3.22). The same arguments are valid for all functions v € V.

i) Let vy, = [Hy,, Ej]" € V3. Then, using the skew-adjointness of EZ‘;Lf, we have

~ _ 1
@,"" (vn, vn) =8 (vn, vn) = 500 ) [HnF x [Hu] 72y + [0 x [[Eh]]F”%Q(FP]
Fe]—';;

+C0 2 ”’I’LXEhH%Q(F)g,ZO
FeF?

O

This ends the construction of the discrete bilinear forms. Next, we will show how this ideas can be
carried over to the case of non-constant coefficients € and p.
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3.2 Inhomogeneous Medium

In this section we consider inhomogeneous media, in particular we consider the case of composite
media, i. e. the material coefficients € and p are piecewise constant. We make the assumption that
the mesh is matched to the coefficients in the sense that on every mesh element the coefficients are
constant

eli, plg =const VK €Ty

Clearly, we cannot use the normalized Maxwell's equations (3.2) anymore but have to work with the
standard equations
OH+pu v xE=0 in (0,7) x Q, (3.24a)
OE-c'WxH=-c1T in (0,7) x . (3.24b)
Analogously to the homogeneous case the starting point of the discretization is the equivalent formu-
lation of (3.24) with bilinear forms.
Definition 3.10 (Continuous bilinear forms). We define the bilinear forms m, a : D(A) xV - R as
follows: Forv = [H, E]T and ¢ = [¢,v]7,
m(v, ) =(uH, ) r2()3 + (€E, %) 12(0)3,
a(v, ) =(V x E,¢) 20y — (V x H, 1) 12(q)s-
Note that in this section we work with the V-inner product and consequently the bilinear forms stem
from taking the V-inner product from (3.24) with test functions ¢ € V. We emphasize that the bilinear-
forms @ and a coincide except for the (constant) factor ¢y and thus the calculations carried out for ’dff
can be used in the construction of the discretization of a.
Furthermore, we can equivalently state Maxwell’s equations (3.24) with the bilinear forms as: We
search for u = [H,E]T € C*(0,T;V) nC(0,T;D(A)) such that
m(atu> SO) + a‘(”? 90) = (97 SO)V VQD € V? (325)

where the source termis g = [0, - J]7.

3.2.1 Discrete Bilinear Forms

Let Assumption 3.2 hold for the exact solution u of (3.25). We can yet define the discrete bilinear form
my, : Vip x Viy > R: Forv =[H, E]" and @y = [¢p, ¥n]”,

mp (v, on) = (WH, ¢n) 12()3 + (EE,¥n) 12(0)3- (3.26)

Centered fluxes

As explained above we can use the calculations proven for the case of homogeneous media. In
particular, we can use the flux form derived in Lemma 3.5 by just dropping the factor cy. We use this
form as starting point for the construction of the centered flux bilinear form: For v = [H, E]T e V,p and
©p = [d)ha wh]T € Vh we define

ast (v, on) =(E, Vi x ¢n) p2(0)ys — (H, Vi X Y1) r2(0)3

+ > [(FSH(H E)np x [¢n]p) 12y = (F5 (H, E),np x [Ya]p) p2eys] - (3.27)
FeFy,
Recall that in the case of homogeneous media we chose the fluxes on the interface F' as the average
of the two-valued trace of the functions H and E stemming from the two neighboring mesh elements
K and K composing this inferface. In the current case of composite media we want to reflect the
fact that every mesh element can posses different material coefficients € and p by using weighted
averages.
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Definition 3.11 (Weighted averages). Let wx and wg . be positive weights associated with the element
K and K, respectively. Let v be a piecewise smooth function on K u Ky which admits a trace on F'.
Then, we define the weighted average w. r. t. to w = {wk,wk, } as

WKVK + WK VK
{vl = —.
WK + WK

Further, we define the adjoint average as

= WK VK + WKVK
{olr=—= =
WK + WK

Now let us make the following ansatz for the flux functions

: EYg, FeFy HY}, FeF,
f§'(H,E) :={ 4 0};}F FEfZ f§ (H,E) ::{ { H}} Fi}"ﬁ, (3.28)

where the weights a = {ak,ak, } and 8 = {Bk, Bk, } are to be determined. Recalling the construc-
tion of the discrete bilinear form @! in the former section we check if our ansatz satisfies the two basic
features, consistency and azf(vh,vh) = 0 for all v, € V},. We begin with consistency. Therefore, we
integrate by parts the two curl terms in (3.27), which yields

a5l (v, on) =(Vi x B, ) r2(0ys = (Vi x H, 1) r2(ays
+ 2 [ S e % [0n]9) 20y — (CH BT e % [0 F) r2(ry2

Fe]—'}L

+ Z (I’I7 n x wh)LQ(Q)3
Fe]—'}’;

+ Z Z [(EK,nde)K)L?(F)?v_(HKanKXwK)L2(F)3]- (3.29)
KeTy, FeFi

The last sum can be written as

Z [(EKa ng % ¢K)L2(F)3 - (EvanF X ¢KF)L2(F)3]

Fe]—',i

- Z [(HKanF X wK)L2(F)3 = (Hkp,np x ¢KF)L2(F)3]
Fe]—'}b

+ [(E,n x o) r2(pys — (H,n x wh)La(F)s] )
FeF?

Inserting this equality into (3.29) yields

a5t (v,0n) =(Vn x B, ép) 1200y = (Vi % H, 1) p2(0ys
+ Y [{EYE - Exponr x 0k ) r2(rys — ({EYE - Ex,np x ¢x ) r2(ry3 |

Fe]—'};

- [({{H}}ﬁ ~ Hi e X Pice ) r2(rys — ({H g — Hic,np % ¢K)L2(F)3]
FeFy

+ Z (E,n X ¢h)L2(Q)3
FeF?

For the two summands in the first sum we have

{ERF-Exp,nr x dxp)r2rys — ({EYF - Ex,ne x 9k ) p2(r)s
_(OéK(EK—EKF) ) (aKF(EKF - Exk)
= yp X ¢KF -

oK + Qg L2(F)3 o + K

7”F><¢K) ,

L2(F)3
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and for the two summands in the second sum

({H Y ~Hrp,np x VKp)L2(F)3 — ({HY - Hi,np x VK ) L2 (F)3
:(BK(HK_HKF) n Xw ) _(BKF(HKF_HK)
BK +ﬁKF o R L2(F)3 BK +5KF

7nFXwK)

L2(F)3 .
Using the adjoint weights we can write this as
({EYE - Exponr x ¢x)12ry: — ({ERE - Exynp x 6x) r2(rys = —([E]p,np x {03 5) 12(my3

and

({{H}}ﬁ ~Hgp,np X YK, )2(r)s = ({{H}}ﬁ - Hg,np x YK )r2pys = ~([H]p,nE {{wh}}g)p(p)&

Alltogether, we have
as! (v, on) =(Vi x B, én) p2(0ys = (Vi < H, 1) p2(0y3
+ 3 | or < [ (0D 2y = o x L, n ) sy |

FE]-',"1
+ 3 [~ x E ) r2(ry3 ] (3.30)
FeF?

whence consistency follows by (3.6) and (3.7) without any constraint on the weights «, 5. Next, we
analyze if ' satisfies a§' (v, vy) = 0 for all v, € Vj,. Integrating by parts only in the first term in (3.27)
and performing the same computations as above yields

aj! (vn, v) = > [(nF < [En]r, K HWYE) 12(mys — (LHR Y 3o [[Eh]]F)L2(F)3]-
FeFy

In order to ensure that this sum vanishes we have to demand the conditions

ak  Pkp akp, Pk
ak + ok, B+ By ax +oag,  PBr +Bky

(3.31)

on the weights. An adequate choice introduced in [8] satisfying the upper conditions, is to take the
local conductance and the local impedance, respectively,

1/2 1/2

£ K

oK = (—K ) = CKEK, Br = (—M ) = CKUK, (3.32)
MK EK

where ci = (sKuK)‘l/2 is the local speed of light. With this choice we can construct the centered

fluxes bilinear form.

Definition 3.12 (Centered fluxes bilinear form). We define the discrete centered fluxes bilinear form
aff : Vin x Vi, = R as follows: For v = [H, E]" and ¢, = [¢n, ¥n]7,

as; (v, n) =(V x B, ¢n) 12002 — (Vi x H,¥p) 12(0)s
+ 2 (e < [ELe €en}F) 2y = (e x [H] e a3 ) 22y

Fe]—'ﬁ
+ > [~(nx B ¢n)r2rys] - (3.33)
Fe]:,bl

Revisiting the construction of the centered fluxes bilinear form, we see that we can equivalently state it
in the following form.
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Lemma 3.13 (Integration by parts form of a$!). Forv = [H, E|T € V,j, and ¢y, = [¢n,¥n]T €V}, there
holds

as! (v, @) =(E, Vi x én) r2ys = (H, Vi % ¥n) 12(0)
+ > [{EYE nr x [on]r) 20pys — (RHY P ne x [Un]F) 2(rys]

Fe]—';il

+ > (Hnx ) 2y (3.34)
Fe]-',l:

Proof: This follows by construction, see equations (3.27), (3.28) with the choice of the weights (3.32).
O

Let us collect the properties of a;’f . Again, despite of constructing a;’f only to satisfy azf(vh, vp) =0 for
all vy, € V}, we have that aff is even skew-adjoint.

Lemma 3.14 (Consistency and skew-adjointness). The centered fluxes bilinear form satisfies the fol-
lowing properties:

i) Consistency, i. e. for the exact solution u € V, it holds
asl (u,n) = a(u,0n)  Ven € Vi, (3.35)
In fact, this property holds true for allv € V,.
ii) Skew-adjointness on Vj, i. e.
st (vn, T = —aS (Th,vn)  Yon, Th € Vi (3.36)
Proof: i) By construction.
i) We insert vy, = [Hy,, E 17, O, = [ﬁh, Eh]T € V}, in the partial integration form (3.34),
asi (v, ) =(En, Vi x Hp) p2ys = (Hp, Vi x Ep) p2(q)s

+ > (KB} E np x [HilF) r2(rys = KHR B np < [En]F) r2(rys]
FeF;

+ Z (Hh,n X Eh)LZ(Q)S.
FeFb

Using the condition for the weights (3.31), we see
(B 3% =B, (H )Y = (H )T,
and thus
af) (vn, 1) == (Vi x By, Hy) 209y + (Vi % Hy, En) 20y

= % [ < (B r AHA YT 2y — (e x [ KBRS 2y |
FeFy

- Z [—(nXEh,Hh)Lz(Q)3]
Fe}',bl

=— aff('z?h, vp).-
Oa

This lemma ensures that we have constructed a meaningful discrete bilinearform a;“f and thus we can
discretize (3.25) as follows: We search for uy, € 01(0, T; V3,) such that

mp(Byun, on) + a5 (un,on) = (9. 00)v  Vion € Vi (3.37)

We proceed by computing the local residuals of the approximate solution of this discretization.
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Local residuals

First we adapt the definition from the previous section.

Definition 3.15 (Local residual). Let u = [Hh,Eh]T € V}, be the solution of the discrete problem
(3.37) and let K ¢ T;, be a mesh element. We define the local residual ri = [r7, 1517 € V;,(K) on
the element K as

rit =0 Hn Kk + UV % En ks (3.382)
15 =0k — eV x Hn i + e Tk - (3.38b)

Now let us connect the local residual to the continuous problem (3.25). For oy, = [¢n, @bh]T e V4, there
holds

(ric, Xk en)v (i) =0 Hn, XK On) r2(xys + (V X Eny XK OR) 12(10)3
+ (€0, XK Un) 12k ys = (V % My XKn) 2 (k)3 + (T s XKWUR) 12Ky
=m(un, Xk Pn) +a(un, Xxpn) = (9, XK Pr)V- (3.39)
Again, we can prove the link between local residuals and tangential jumps.

Lemma 3.16 (Local residual and tangential jumps). For the local residual vy = [r%, & ] € Vi(K)
there holds

o2 [2{@}} ”Fxﬂgh”f’]”f( % [

Fe]f-'Z Fe]—'b

e 2 [ bl

FeFi,
Proof: Let pp, = [¢n, wh] € V. Inserting uy, and x iy, into aj; f yields

af! (un, Xk en) =(V % Ens XK On) 12010y — (V % Hiy Xk Wn) 1213

CKp€Kp e x CKrMKp
F;}{ !(HF [[gh]]F’ 2{{05}}F¢K)L2(F)3 ( r [[/Hh]]F’ 2{{0M}}FwK)L2(F)‘S]

+ Z [—(n X 5h7¢h)L2(F)3] .

Fe]—'}’(

The first two terms are equal to a(un, xx¥p). Using (3.39) and (3.37) we get

C &g c
(ri Xxen)viey == 2, [(nF x [En]r, qum) - (nF x [Hp]r, KelKe ) ]
L2(F)3 L2(F)3

FeFi 2{{cehr 2{cupr
- > [~(nxEn dn)r2(rye]- (3.40)
FeF?,

Using the condition (3.31) on the weights yields
CKrfKp  CKUK CKpMKr  CKEK

2{cehr 2{endr’  2{endr 2fcchr

Thus, we can write

(rié XK OR) L2(r0y + (Pies ERXKUR) 12Ky

-ck Y, (2{{C e nFX[[gh]]F7MK¢K) +ex Y, (EnxghaﬂKﬁbK)

FeFi L2(F)3 FeFb L2(F)3

o & sy bals.ovin)

FeFi L2(F)3
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Choosing consecutively oy, = [¢n,,0]7 and ¢, = [0,43,]7 yields the assertion. m

Upwind fluxes

Following the idea of reducing the local residuals we modify the centered fluxes f<f, fif and obtain the
following upwind fluxes

{EVYE + sran—np x [H]F, F e F},
[PV (H,E) = { P ekr

0, FeF?,

C 1 z

fuPV(H, E) = THYY - o e < [Elr, F e F,
w ’ H+ in X _E7 F E]:}I;

Definition 3.17 (Upwind bilinear form and stabilization bilinear form). We define the discrete upwind
bilinear form a;*" : V., x V;, - R as follows: For v = [H, E]" and ¢y, = [¢, ¥5]",

upw

a™ (v, o) = afi (v, 1) + s (v, 1), (3.41)

where the stabilization bilinear form sy, : V., x Vi, > R is given as

1
sn(v, pn) = FEZJ:—‘; [@

" FGZ,;;L [m(nF x [E]r,nF x [[¢h]]F)L2(F)3:|

1
+ [—(an,nxwh)Lz(F)s]. (3.42)
s Le
FeFy

(np > [H]p,np x WhﬂF)Lz(F)zs]

The discretization of (3.25) by the upwind bilinear form then reads: We search for u;, € C1(0,T;V},)
such that

mp(Owun, n) + ap” (un, on) = (g, 0n)v Von € V. (3.43)

For the further analysis the stabilization bilinear form is important. Clearly, it is symmetric on V}, x V},
and can be extended to a sysmmetric bilinear form on V,j, x V,;,. Furthermore, we can easily see that
it is positive semi-definite on V,,: For v = [H, E]T € V,}, it holds

1 1
)= 5 | st * U1 e+ ot < LB ey

1
- 3 [ Bl 20
Fe]—'g cr

Consequently, we can use sy to build a seminorm.
Definition 3.18 (S-seminorm). We define the S-seminorm on V,;, by
[vls = (sn(v, o) Yo eVip. (3.44)
Clearly, this is not a norm, e.g. from (3.6) and (3.7) we see that for all functions v € V, there holds
lv]g = 0. (3.45)

We finish this section by stating two lemmas immediately arising from the construction of azpw.



3.3. BOUNDEDNESS OF DISCRETE BILINEARFORMS 39

Lemma 3.19 (Integration by parts form of a,*"). Forv = [H,E]" € V.;, and ¢y, = [¢p, ¢n]" € Vj
there holds

ay” (v, n) =(E, Vi % ¢n) 1203 = (H, Vi x ¥n) 12(0)3

+ > ( {eYF 2{{;}}FTLF x [H]p,np x [[éf)h]]F)

FeF} L2(F)3
1
v 3 (- s e < e < Tl
Fezj; ( T L2(F)3
+ Z(H+—annx¢h) .
FeFb CH L2(F)3
Proof: This follows immediately with the integration by parts form of a , see Lemma 3.13. a

Lemma 3.20 (Consistency and dissipation). The upwind bilinear form satisfies following properties:
i) Consistency, i. e. for the exact solution u € V, there holds
ay”" (u,0n) = a(u,on)  You € Vi (3.46)
This property stays true for allv € V.
i) Dissipation, i. e. the bilinear form —a," satisfies

—ay™ (vp,vp) = —[oplE <0 Yoy € V. (3.47)

Proof: i) This is a consequence of the consistency of the centered flux bilinear form, see Lemma 3.14,
and the fact that the S-seminorm vanishes for all functions in V., see (3.45).
ii) This follows directly from the skew-adjointness of a , see Lemma 3.14. a

The first step in proving the convergence of the constructed discretizations is to show the boundedness
of the derived discrete bilinear forms.

3.3 Boundedness of Discrete Bilinearforms

We begin by an additional assumption on the mesh sequence.

Assumption 3.21 (Quasi-uniform mesh sequence). We assume that the mesh sequence Ty, is quasi-
uniform, meaning that there is a constant C, such that for all h € H there holds

max hg < Cqy min hg.
KeT,, M KeTs,

Furthermore, we introduce some abbreviations. We set €, [t and c to be the maximal values of
the coefficients ¢, p and ¢, i. e.

€oo = MAX = MaX g, Coo = MAXCK.
KeT,, » Moo KT'u’ T KeT,

For a weight w = {wg, wk . } we set
{wir=wk +wi, =2{whr.

In addition, for a function v = [H, E]* we use the convention

VxH
va_[vxE]’

and analogously for Vj, x v, {v}} r and [v] r. Our first result is the boundedness of the centered fluxes
bilinear form.
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Theorem 3.22 (Boundedness of a,cf ). For the centered fluxes bilinear form we have for all v € V,;, and
for all oy, € Vy,

a5 (v, 0n)] < (Coo [T x ][y + Conac2h™2Jols) gnlv (3.48)
. 1/2 -1/2 .
With Choma = (V2N,/" +1)CyCau’” independet of h.

Proof: Letv = [H, E]T € V,;, and ¢y, = [¢n,¢¥n]T € Vj,. The proof proceeds in three steps. First, we
bound the two curl terms appearing in azf(v, ©n). We have

(Vi x E,¢n) 2y = (Vo x H,bn) 12 ()3

ARSI
_KeTh VxH || ~n L2(K)S
-3 81;(1/2%(1/2([ e%szE] [ 11//22¢h ])
KeTy, H VxH €K wh
Tl ] ]
VxH EK 1/Jh

KeTy,

= Y ex|Vxvlvaolenlv i,
KeTn

where the inequality is obtained by the Cauchy-Schwarz inequality. Applying the Cauchy-Schwarz

inequality for sequences, see (A.2), it follows

LQ(K)G LQ(K)G

1/2 1/2
> cx |V x vy iy lenlvix) SCoo( > ”VXU‘%/(K)) ( > “90}1”%/([())
KeTy, KeTy, KeTy,

=Coo |V x V| v [|on ]V

Next we bound the sum over the interfaces in a$ (v, ¢3,), i. e. the terms

> [ x [ELe, An}F) 12ys = (o x [HLe An ) 12y

Fe]—"

Recall that owing to condition (3.31) on the weights it holds

{onB5 = on )i =

! (CKUKOK + CKp K e PK )
{ M}F
and
(YT = {n ) = ——(cxerthne + cxepercninc,).
{CE}F

Thus, a single summand can be written as

(nr < [E]r, {on} # ) e rys - (nF < [H]r, {n} 5 ) L2 (r)s
( }1/2nF x [[E]]F (@ }

{}1/2”F [H]rF |’ {}1/2(0K€K¢K+CKF€KF¢KF)
L2(F)6

— L (Ck K DK + CKp K PRy
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Let us denote this summand with Sr. The Cauchy-Schwarz inequality reveals

_ 2 1/2
Z Z ( }1/2 ngx [E]r
Sp < X
. . nr x [H
FeF} Ferp ||| {5}1/2 Fx[H]r Ly
_ 2 1/2
5 © }1/2 (CKUKOK + CKp K p PK )
. CKE + CK €
FeFi | T }1/2( KEKVEK KF KFwKF) LRy
The first factor on the RHS is equal to
1/2
1 1
Z' { } ”nF X [[E]]F||L2(F)3 + { } HnF x [[H]]F||L2(F)3 )
FeFy

which clearly can be bounded by |v|s. For the second factor we first notice that

CKMEK CKrMUK
K <(expr)'?, —ELEE < (ereppreg)
{en}f? {en} il
ja F
CKE CK-EK
—KER 1KQ _(CK6K)1/2, —F—F 1; < (CKFeKF)l/Q.
/ /
{estp {estp

Then, using the triangle inequality and Young’s inequality, we infer that the second factor can be esti-
mated by

2 1/2
5 e }1/2( CKUKPK + CKp UK p OK )
; +
Feri || e }1/2 (ckeRYK + CRpEK VK ) oy
1/2 1/2 2
< Z 2ck [ 1/2 oK :| +2CKp [ M{7§¢ g ] (3.49)
FeF} VK L2(F)6 wKF L2(F)6

Since ux and e are constant on the mesh element K the discrete trace inequality (2.14) retains the
same for the V-norm. So, we continue by applying it to (3.49), which yields the following upper bound

1/2¢K 12 i
\/gc'trcc{é2 > hi [ 1/2 ] +hf<lp 1172F "
FeFi ex UK dl 200 KeVKr L2(K)®
1/2
= V20| ¥ [hilex i + Mt lore Fem ] | (3.50)
FeFy

By Assumption 3.21 we infer that there holds for all K € Tp,
hi < Cguh™.
Thus, we can further estimate (3.50) by
1/2
VICCPellPh P S [loxl? ey + lorce 12 iy

Fe]—';i

1/2
S\/ﬁC’trC;&/%g%—l/?( 3 card(fK)||<pK||%/(K)) . (3.51)
KeTy,
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Recall that we have defined Ny as the maximal number of faces composing a mesh element and that
Ny is uniformly bounded w. r. t. the meshsize h, see Lemma 2.16. Thus, we have the following upper
bound for (3.51)

1/2
Jarﬂmmu%m(xsw%m) = V20 CP N2l h P v
KeTy,

Alltogether, we have shown the following bound for the sum over the interfaces
> [ % [ELe Aon3F) 2y — (or x [ o E) 2y ] < Ch 7 Pllslonl v, (3.52)
Fe]-'Z

with C' = /2C,.C, &/2 ¥2N$/2

Finally, we bound the last term in aj, (v ©n), i. e. the sum over the boundary faces. With the same
arguments as for the interfaces we deduce

1
T (Bl < 2 [(Wnananma) (2 ol )|

Fe]-'b
1/2 1/2
1
<l 2 —H”XEH%%F)S > C|’H1/2¢h||%2(}r)3
Fe]—',bL CH Fe]—'ﬁ
1/2

1/2 2
<ols| X cluonl3agmys
Fe]-'z

KeTy,
<CuCqa el Pllslonlv, (3.53)

1/2
gctrc*;&/?cig2h-1/2|v|s( > ||u1/2¢h||iQ(K)3)

and the proof is finisched. ]

Next we show a similar result for the stabilization bilinear form.

Theorem 3.23 (Boundedness of s;,). Letv € V., and ¢y, € Vi,. Then, for the stabilization bilinear form
there holds
I58.(v, 1)| < Chnactl2h™ 2 uls]onll v, (3.54)

where the constant is Cy g = (\/_Nl/2 +1)C:Cq &/2.

Proof: It holds

(o= 3 . }1/2nF [E]F . }1/2HFX[[¢hﬂF
s g\ G e || et |
1
+ F% (Wn x B, Wn x wh)LQ(F)3
< e < £l » o\ e ol > \"
_ Fgﬁ {}1/2nFX[[H]]F L2(F)S Fg’i {}l/anXMh]]F L2(F)S
X ) 1/2 ' : 1/2
" FeF? (CM)1/2nXE L2(F)3 Fer? WﬂF o L2(F)3 ’




3.3. BOUNDEDNESS OF DISCRETE BILINEARFORMS 43

where we used the Cauchy-Schwarz inequality. We see that the respective first factors can be esti-
mated by |v|g and further using [nr| = 1 we get

1/2
1/2 [[wh]]F 2
sp(v,on) <lv|s Z [64] +v|s Z 1/21/1h (3.55)
FeFi 1/2 hllF L2(FYS FeFp {CN}F L2(F)3
Clearly, there holds

1 < 1 1 1

< =CKEK, < = CKr€Kp»

{epwtr ~erpx {eptr = cxppiry e
1 1 1 < 1

= CK UK, < = CKplKp

{CS}F CKEK {ee}r ™ ckpeKy FERE

and (cu)™! = ce. Using this property in (3.55) together with Young’s inequality yields

[ 1/2¢K:| 1/QUJKF
1/2¢K 1/5

MKF¢KF
+lols| Y H 1/2%‘
FeFb

1/2

Sh(v,goh) S|U|5 Z 20[( +2(3KF

Fe]—',iL

L2(F)6
1/2

LQ(F)G

L2(F)3

Using the same arguments as in the deduction from (3.49) to (3.53) in the previous proof we infer

sn(vyon) < (V2N + 1) CuCr Pl 2h P pols | on v

We can easily draw the following corollary.

Corollary 3.24 (Bound for S-seminorm). For all v € V,}, there holds the following estimate
[vls < Csh™2|v]lv, (3.56)
with Cg = Cbndcf.

Proof: Let v € V,j, and let v, € Vi, vy, € V3, such that v = v, + vy,. In (3.45) we have shown that it holds
|vs|s = 0. Furthermore, using Theorem 3.23, we infer

onl% = 81.(vn, 1) < Chnacoah ™ ?|ops]vn] v,
whence by dividing through |vy,|s we see
[onls < Conacooh ™ up v
The assertion then follows by the triangle inequality. a
Theorems 3.22 and 3.23 immediately ensure the boundedness of the upwind bilinear form.

upw

Theorem 3.25 (Boundedness ofa,"" ). For allv € V.n and for all py, € Vy, there holds

1A (v, 01)] < (oo |V x 0]y + 2Cpnacl2h™ 2 0]s) | on v - (3.57)

This concludes the section on the boundedness of the discrete bilinear forms. The next step is to derive
an operator based approach.
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3.4 Discrete Operators

We begin this section by recalling that we have formulated Maxwell’s equations as the abstract evolution
problem (see (1.35)): Search for u € C(0,7;€ V,) n C(0,T;D(A)) such that u(0) = ug and
Ou+ Au=g.

For the convergence analysis it is beneficial to write the centered fluxes and the upwind fluxes dis-
cretizations (3.37), (3.43) also in an operator based notation.

Definition 3.26 (Discrete operators). We define the operators Aff, AZPW, Sy i Vi, = V3, by
(Ao, on)v =a (v, o) Vion € Vi,

(AP0, on)v =0, (v, 01) Yoo € Vi,
(Shv, on)v =sn(v, ¢n) Vop € Vi,

Obviously, there holds A,*" = AST + S),. Furthermore, we introduce the projection onto Vj, w. r. t. to
the V-inner product.

Definition 3.27 (V -projection). We define the V -projection onto V;, as w,‘L/ : V' -V}, such that
(my v, on)v = (v, on)v Voo € Vi, (3.98)

We work throughout the following sections with the V-inner product and thus ommit the index V' and
always assume that 7, denotes the V' -projection 77;‘{- Note that we have for all v e V'

[mhvlv = sup (mpv,@n)v = sup (v,en)v < sup  |lv|v]enlv = |vlv. (3.59)
oneVy PreVh PreV,
lonlv=1 lonlv=1 lonlv=1

Naturally, the consistency and boundedness results gained in the previous section transfer from the
discrete bilinear forms to the discrete operators.

Proposition 3.28 (Properties of discrete operators). The discrete operators A‘;lf, A}ipw and Sy, satisfy
the following properties:

i) Consistency, i. e. for the exact solution u € V, of (1.35) it holds
A5ty =y Au, AyPVu = Au. (3.60)

Indeed, equation (3.60) holds true for all functions v € V.. In addition, the stabilization operator
S}, satisfies Sp,v =0 forallv e V..

ii) Boundedness, i. e. for all v € V., it holds

| A5 0]y <coo| Vh x v][y + Csh™|u]s, (3.61)
| AP 0]y <coo| V1 x 0]y + CERTY 0], (3.62)
|Shvllv <Csh™?Ju]s, (3.63)

with Cs = Chpacsl’ and C% = 2Cnqcsl’.
iii) Skew-adjointness of the operator Aff onVy, i. e. for all v, Uy, € V3, it holds
(A5Ton, Bh)v = — (A5 T, o) v (3.64)
iv) Dissipativity of the operator —A;P™ on'V},, i. e. for all vy, € V}, it holds

(AP vp, vp)v = =|valz < 0. (3.65)
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Proof: i) We have proven in Lemmata 3.14 and 3.20 that there holds

(A5Tu,on)v = aff (u,0n) = a(u, on) = (Au,op)v - Vo € Vi,
and
(A u, on)v = ™ (us on) = alu, ) = (Au,on)v - Vop € Vi
Hence, (3.60) follows with (3.58). The same arguments apply for all v € V. The assertion S,v = 0 for

all v € V, is seen with (3.6) and (3.7).
ii) For v € V,p, it holds

1A oy = sup  [(ASTu, on)v] = sup  af (v, 0n)]

PheVh, eV
\|80h||v:1 ”gOhHVZI
< sup [(cool W x vl + Conacd 2B ul) I onl v
PreVh
lonv=1
_ -1/2
=Coo|| Vi x | v + Csh™/%|v]s,

where we used the boundedness of ah , see (3.48). The boundedness for A}llpw and .S}, are proven
analogously.

iii) The skew-adjointness of A;f follows directly by Lemma 3.14.

iv) The dissipative property of —A,"" is seen by Lemma 3.20. o

The discretizations in operator form read: We search for uh , uzpw € C1(0,T;V},) such that there holds

st + AS S = g, (3.66)
and
AP + APV = 7 g (3.67)
We use the projection of u as initial value, i. e. we require u$' (0) = uy”" (0) = Thuo.

3.5 Stability

The following theorem reveals that the discrete schemes (3.66) and (3.67) are stable in the same sense
as the continuous problem, see Theorem 1.19.

Theorem 3.29 (Stability of discrete schemes). Letu € V3, be the solution of (3.66) and u“pw eV, be
the solution of (3.67). Then, for allt € [0,T'] the fo//owmg stability results hold:

i) In the homogeneous case, i. e. for g = 0, we have

lui (D)l = |mnuo]v, (3.68)

and

P (1 +2 f ™ () ds = o - (3.69)

i) In the inhomogeneous case, we have

t
Jusf (£)[3 < Co IIuo||2v+Tng(s)ll2vds : (3.70)
0
and
t
[P (1} +2 / ™ (s ds < Co{ Juol} +T [ g(s)IPas |, @7
0

with Cy := e.



46  CHAPTER 3. SPATIAL DISCRETIZATION II: DISCRETIZATION OF MAXWELLS EQUATIONS

Let us state an important remark before proving this theorem.

Remark 3.30 (Energy conservation versus dissipation). Recall that the V-norm can be associ-
ated with the energy of the Maxwell system and that the continuous solution is conservative, i. e.
|u(t)|v = |uolly for all t > 0. We conclude from (3.68) that the centered fluxes discretization pre-
serves this property whereas the upwind fluxes discretization decreases the energy, see (3.69), and
thus is dissipative. Indeed, revisiting the definition of the S-seminorm, we see that the amount of dis-
sipation is related to the norm of the tangential jumps of the solution. We have already commented
that this quantity is related to the quality of the discrete solution. Thus, we expect that a high-order
solutions, i. e. solutions obtained with high polynomial degree k£ and small meshsize h, admit less
dissipation than low-order solutions. Furthermore, we will see that the appearance of the S-seminorm
on the LHS of (3.71) allows us to prove a better convergence result rather than in the centered fluxes
case. O

Proof: We multiply (3.66) by ¢ and (3.67) by u,™" which yields

(8tuh »Uh )V + (Affu?f,uh v = (Whgyuh W,

and

(O™ P )y + (A, u, P )y = (g, u,™ )y
Using the identity (J;v,v)y = §d_tHUHV together with the skew-adjointness of A in the first equation

and the dissipative property of —Azpw in the second equation yields

d
a”uﬁf\ﬁ/ = 2(mng,uf v, (3.72)

and
upw

— || up | Pl

)y (3.73)

v+ 2w G = 2(mhg, up

i) Obviously, for g = 0, assertions (3.68) and (3.69) follow by integrating (3.72) and (3.73) from 0 to ¢.
i) In the inhomogeneous case we proceed by applying the weighted Young’s inequality A.3 with v =T
to (3.72) yielding

d 1
S O < Tla®IR + =l 01}

where we further used (3.59). Integrating from 0 to ¢ gives the inequality
¢ t
{2 < Lt O +T [ g()ds+ = [ Ju(s)I} ds,
0 0
which is of a form to which the continuous Gronwall lemma A.4 applies. Thus, we infer
t
us (05 < T [ s O)[13- + Tf lg(s)I7 ds
0

Clearly, there holds e!/T < e for t € [0,7] and by (3.59) we see |[us (0)|y < |uo|v. Hence, (3.70) is
proven. It remains to prove (3.71). Therefore, we apply the weighted Young’s inequality A.3 with v =T
to (3.73) and integrate from 0 to 7. This gives

™ ()1 +2 [ ()3 ds < Juol} + T f los) 1} ds + f [ ()IFds. (374
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Furthermore, from the continuous Gronwall lemma A.4 we conclude
t
up™ O < T | uol + T [ g()I ds
0
Plugging this into (3.74) yields

t t
[ O +2 [ W ) ds <luol} +T [ lg(s)I} ds
0 0

t s
1
v [ eS/T(nuon%T / g(r)M%dr)ds. (3.75)
0 0

Since | g(r)|?, is non-negative and s € (0,t) we can estimate the last integral by

t 5 ¢ !
1 1
=/ eS/T(nuOn%T / ||g<r)%dr)dssf [ e ol + 7 [ oG ds | ds
0 0 0 0

t
1 t
~ | lwol? +T [ g ar | 7el"|

0

t
(1) [ Huol + 7 [ gl dr |.
0
Inserting this into (3.75) proves the assertion. a

3.6 Convergence

In the following we use the notation
Vi ka1 = D(A) n H*1(T3)5.
We begin the convergence analysis by investigating the types of errors appearing in the discretizations

(3.66) and (3.67).

3.6.1 Error Analysis

cf , upw

Definition 3.31 (Error types). Let u € V, denote the exact solution of (1.35) and u;,, u;,~ € V}, denote
the discrete solutions of (3.66) and (3.67), respectively. We define the spatial discretization errors

eT(t) = u(t) —uf (1),  e"™V(t) = u(t) - uP"(t).
Furthermore, we split the errors into two parts
(1) =ex(t) =€/ (1), €™(1) = ex(t) - ™ (1),

where e (t) is the projection error
e (t) = u(t) - mu(t),

and e§f(t), e, (¢) are given as

e (t) = uft (1) —mpu(t), P (t) = upPv (t) - mhult).
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We recall that by Definition 3.27 of the V' -projection there holds

(ex(t),on)v =0  Von eV (3.76)

The projection error e, arises from replacing the continuous space V., by the finite space V},. Indeed,
mru is the best-approximation to u in V3, and thus the projection error e is the minimal error we can
obtain. The splitting of the error provides two advantages. First, from Section 2.2.3 we already have
bounds for the projection error. They are stated in the following Lemma 3.32. Secondly, the errors eh
and e“pw measure the error between the discrete solutions u‘;f, uzpw and the best-approximation 7 u.
All three terms are elements of V}, and consequently the errors are in V},, too. This allows us to state

discrete error equations in V;, which are given in Lemma 3.33.

Lemma 3.32 (Bounds for the projection error). Let v € H*'(T,)5. Then, the projection error is
bounded by
o= mrolly < Ceh* ol gaen 0

and its broken curl by
[V x (v=mpv)|y < thk|'U|Hk+1(7'h)6.

The constant is given by C; C;pp max{ u}f, 5%2} and is independent of the meshsize h.

Proof: Let v = [H, E]T e H**1(T},)% and set &, = v — w0, i. e.

[l [H-mH
&r = EENT| E-mE |

1/2¢H
e - || 42 |

Applying Lemma 2.23 on each mesh element K yields

Then, there holds

<max{uel’, el énl L2 (ye-
L2(0)6

Jéxlv < Cpp max{utl2, 230 ol s 7 30

Hence, the first assertion follows. For the second assertion note that |V x &xllr2(qys < [§xlm (7,8
and thus

[Vh x &xllv < max{pll?, €2} x| g (75 y6-

Lemma 2.23 then yields the result. a
Clearly, if the exact solution satisfies v € V, j..1, Lemma 3.32 provides the bounds
lexllv < Corh* Yl gass (7 y6, (3.77)

and
HVh X €x HV < Cﬂhk|u|H1@+1(7~h)6. (3.78)

Lemma 3.33 (Error equations). For the errors €' and e,*" there hold following discrete evolution
equations,

st + AStest = Ate . e$5(0) = 0, (3.79)
and

upw +Aupw upw Aup

dre! o ePv(0) = 0. (3.80)
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Proof: Projecting the continuous problem (1.35) onto V, gives
Oympu + R Au = mhg, mru(0) = Thuo,

where we used that the projection operator is independet of the time ¢ and therefore it holds 0y, =
0. Owing to the consistency of the operator Aff, see Proposition 3.28, this is equivalent to

Oympu + A‘flfu = Thy. (3.81)
For the discrete solution uS there holds S (0) = m,ug as well as
dust + AT ST = . (3.82)
Clearly, there holds eff(o) =0 and by substracting (3.81) from (3.82) we see
dest — Aste = 0.

Hence, (3.79) follows by the splitting of the error, i. e. by e = e; — e‘;lf. Assertion (3.80) is proven

analogously. 0

Combining the error equation (3.79) with the stability result we can prove the convergence of the
centered fluxes discretization.

Theorem 3.34 (Convergence for centered fluxes). Letu € C1(0,T;V)nC(0,T; V. x+1) be the exact
solution of (1.35) and u,‘f e C1(0,T;V},) be the discrete solution of (3.66). Then, for the error there
holds

t
e ()1 < CaTh®™ [ us)guos 7o s + Cleh™2u(t) By 70 (3.89
0

with Cet = 2CoC2(coo + C3)? and C!; = 2C2 both independent of h.

Proof: We apply the stability result for the centered flux scheme (3.70) to the error equation (3.79) and
obtain

t
leif (D1 < CoT [ |Afen(s)I} ds.
0

The boundedness of the operator A,Cf (3.61) and the bound of the S-seminorm (3.56) yield

t
IesE () <CoT [ (ceall T x ex(s) 1y + Csh™ Plen(s)]s)? ds
0

t
<CoT [ (cua|Vn ¥ x()llv + CEN en(s) )7 ds
0
Next, we use the bounds on the projection errors (3.77) and (3.78) to infer
t
IeE (D1} <CoC2(cos + CH NPT [ uls) i 70 ds. (3.84)
0

Young’s inequality yields for the full error
£y )12 £ )2 2 f 2 27 2k+2 2
[ < 2lei Oy + 2lex (@) < 2]e, ()7 + 2C7 " [u®) e (7, 36 (3.85)

where we used (3.77) in the second inequality. Combining (3.84) and (3.85) yields the assertion. O
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This theorem establishes convergence of the suboptimal order h* for the centered fluxes scheme.
Clearly, this result also holds true for the upwind case since the three ingredients, i. e. stability of
the scheme, an error equation in form of the evolution problem and the bounds for the projection
errors, apply analogously in this case. The crucial difference in the upwind case is that we can do
better. Therefore, we essentially need the following property. For completeness we state it also for the
centered fluxes operator but we will see that this does not improve the convergence result in this case.

Lemma 3.35 For the projection error there holds
(A5 ex, on)v] < CLh ™ Plgnlsllenly  Yoon € Vi, (3.86)
in the centered fluxes case and

(A er, on)v| < CER P gplslexly  Yon eV (3.87)

in the upwind fluxes case. The constants are given as C’. = (/2N 61/ 25 1)C’trC’;&/ 2cM? and cl =

C;T+Cs.

Proof: Let e, = [et, e£]T denote the projection error. We begin with the centered fluxes result. Using
™ ™

the partial integration form (3.34) we have for all ¢y, = ¢, z/;h]T € Vi,

(Affer, on)v =a5 (ex, 1)
=(e5, Vi x dn) 1200y — (€2, Vi % ) p2(ays

+ 3 [(KERE np = [on]F) 2(rys — (e B e np x [n]F) 123 ]

Fe]-";'L

+ Z (6?, n x wh)L2(Q)3~
Fe]-'z

Since Vj, x ¢y, Vi x ¢y, are elements of V}, the first to terms vanish due to (3.76). In order to bound
the remaining terms we can use the same computations as in the proof of Theorem 3.22. Indeed we
get by (3.31) and (3.52)

> [(Hesy & nr x [ondr) p2crys = (Rl B ne x [nl#) 12 ()0

Fe]—'fl

= % [r < [onle ENT) 2y — (i x 0], K2 DT 2y

Fe]-'fb
< Ch™'"Plonlslexlv,

with C = \/iCtrC;&/ZcifNam. Furthermore, by (3.53) we have

> (€ nxn) ragays < RV onlsllexlv,
Fe]—'Z

where C" = CtrC(]&/Qcif. This proves (3.86). For the upwind case we use the symmetry of the
stabilization bilinear form on V,;, together with the stability result (3.54) to infer

|(Shers en)v] = Isn(ns ex)| < Csh™ Plonlslex| v

Assertion (3.87) then follows from (3.86) and the just shown bound. m]
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Theorem 3.36 (Convergence for upwind fluxes). Letu € C1(0,T;V) n C(0,T;V. r+1) be the exact
solution of (1.35) and u,*™ € C*(0,T; V;,) be the discrete solution of the upwind discretization (3.67).
Then, for the error there holds

t
e @1 + [ un(s)ds
0
t
< Cpwh® f () [3et (75, y6 @5 + Cripueh™ 2 1u() [ Fpnr (7 36
0

with constants Cypy := 2((C2)? + C3) and C}, := 2C2.

up

Proof: We begin by multiplying the upwind error equation (3.80) by e;"",
—|| upW(t)HV + 2(14upw UPW, eZpW)V = 2(Azpwe7r, ezpw)v.

Employing the dissipative property (3.65) of the operator A‘,‘pr and integrating from 0 to ¢ yields

e ()1} +2 f e () ds =2 f (AP ex(5), el (9))v ds, (3.80)

upw

since e, (0) = 0. By applying (3.87) from the previous lemma we get

ey ()3 +2 f e (s) [ ds <2 f CrR e (5)sllex(s) v ds. (3.89)

Using Young’s inequality we can estimate the RHS by

t

2f O I @slex(lvds < [ [(CEn 2 len(s)v)? + 167 (5)13] ds

0

Inserting this into (3.89) and canceling the integral over |e“pw(s)|§ with its counterpart on the LHS we
get

lep ()1} + [ e (s)[ ds < (€)™ f lex(s)I ds. (390)

In order to bound the full error recall that by (3.45) it holds |u|s = 0. Thus, we have
lunls < [u—upls + |uls = €"7]s < lexls + ;™" |-

Consequently, we see by Young’s inequality and the splitting of the error that there holds

"™ ()5 + / [un(s)[% ds < 2]ex(£) [ + 2] e™ (£) 5 + 2 f lex (5)[3 + len™ (s)[2] ds

Inserting (3.90) yields

t t
e ()5 + f Jun (s)[§ ds < 2]ex () [} +2 f [lex(s)[§ + (C)?*n " ex(5) 7] ds
0 0
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Corollary 3.24 further provides |e, (s)[% < C3h™! e, | whence we infer with Lemma 3.32

t
o™ 1+ [ () ds <2022 7
0

t

+2(C§+ (C’T'F')Q)h%Hf |u(s)|?{k+1(7’h)6 ds,
0

and the proof is finished. m|

Remark 3.37 Reuvisiting the current proof we observe that we cannot transfer it to the centered fluxes
case. In particular, notice that the crucial deduction is from (3.88) to (3.90). Thereby, we needed two
results. The first is the estimate (A}™"er, e;”" ) < Ch™2|e;”"|s|lex | which is provided by Lemma
3.35 and which holds also true for the centered fluxes operator. Secondly, we canceled the error
term |e;""| s on the RHS with its counterpart on the LHS which is provided by the dissipative property
of the upwind operator, (4;""e,™, e,P")y = |e;P"[%. It is exactly the absence of this property which
disables this proof for the centered fluxes case. We could continue by estimating the term \e?ﬂs instead
of balancing it, but this would give the same (suboptimal) convergence rate as already provided by
Theorem 3.34. In fact, our later numeircal results show that we cannot do better than this convergence

rate. O



Chapter 4

Full Discretization

In Chapter 3 we have discretized Maxwell’s equations (1.35) in space using dG methods. This led to a
discrete evolution equation of the form

atuh(t) = —Ahuh(t) + gh(t), te (O,T), (4.18.)
up(0) = ThuQ. (4.1

posed in the finite dimensional space V},. Here A;, « {ACf,Asz} is the discrete centered fluxes
operator or the discrete upwind fluxes operator, see Definition 3.26, and we set g, = m,9. We have
proven that the discrete scheme (4.1) is consistent and stable and furtheron that its solution wuy(t)
converges to the exact solution «(t) as the meshsize tends to zero with convergence rate k¥ in the
centered fluxes case and with rate 2**1/2 in the upwind fluxes case.

In this chapter we discretize the semi-discrete problem (4.1) in time with explicit RK methods. We
point out that Burman, Ern and Fernandez have proven in [2] the convergence for two- and three-stage
RK methods for first-order differential equations of Friedrich’s type and that this framework covers
Maxwell’s equations (1.35) and the associated dG semi-discretization (4.1). Our analysis is strongly
motivated by this paper with the difference that we start with the forward Euler method rather than
with two-stage RK methods. It is instructive to consider the forward Euler method, too, since the
used techniques and the gained results resemble those for two-stage RK methods. Furthermore, we
incorporate a stability analysis for the RK approximation of (4.1) for the case with no source term, i. e.
gn = 0, and for the general case with source term.

This chapter is organised as follows: First we show that the discretized Maxwell operator Ay, is be
bounded on the discrete space V}, by C’)(h‘l). Then, we introduce (explicit) RK methods and after-
wards head towards proving the so called energy identities for the RK approximations. This identities
enable us to prove stability. Next, we show that the error satisfies the same recursion as the RK ap-
proximation and deduce the convergence of order hE + 78 by the stability result, where s is the stage
number of the RK method. Last, we improve this result to 2**/2 + 7% for the upwind fluxes case. This
proof cannot be done relying on the stability results but we need to start from the energy identities.

4.1 Boundedness of 4, on V},

The following result is crucial for the subsequent convergence analyis.

Theorem 4.1 (Boundedness of Aj, on'Vy,). Let A, € {ASE, APV}, Then, for all vy, € V}, there holds,
| Apvnllv < Cheooh™ unlly, (4.2)

with the associated constant Cy, € {C5!, C;P"} given as C§! = Ciny + CF, 4 and C}P" = Ciyy +2C2 .

53
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Proof: In Proposition 3.28 and Corollary 3.24 we have shown that for all v;, € V}, there holds
| AT on v < ool Vi % va v + C3R o v, (4.3)

and
|APY v |y < coo| Vi x vp v + CECsh™ up v (4.4)

Recalling that we defined Cg = Cbndciég and C% = QCbndc},éQ we see that the second terms in (4.3) and
S

(4.4) meet the bound (4.2). Consequently, it remains to estimate the curl term |V}, x v, |y . According
to the definition of the broken curl and the V-norm we have for all v, = [Hy,, E;]7 € Vj,,

2
[

E%2V x By,

[V xonlf = 2 1V xonlfy = 2

KeTy, KeTy, L2(K)8

= 3 [uwlV < Hulfa oy + x| % Enl ey (45)
KeTy,

Furthermore, there holds
|V x Hyll 2 (xys < [Halmieys = [V Hnll p2(rysx < CongBid | Hall 203,

where we applied the inverse inequality (2.13) componentwise in the last estimate. Analogously, we
have

|V x Eh”%2(K)3 < Cﬁwhfg HEhH%Q(K)‘""

Inserting this estimates in (4.5) gives

1Vh < vnll} <Cy 3 032 [nach Hal3aieys + <k 1BnI 32y ]

KeTy,
2 -2 2 ) 2 2 -2 2
:Cinv Z h’K ”vhHV(K) < Cinvh’ Z th”V(K) = C’invh th”V7
KeTy, KeTy,
where we used Assumption 3.21 in the last inequality. a

Now, we construct the time discretization of (4.1) with RK methods.

4.2 Runge-Kutta Methods

We begin by discretizing the time interval [0, 7] by a discrete set {t,}2, on which we want to ap-
proximate the semi-discrete solution u} ~ uy(t,). For simplicity we assume that the points {t,,} are
equidistant, i. e. t,+1 —t, =7 foralln =1,..., N. We call T the step size and we assume that the
finaltime T is a multiple of the step size, i. e. there is an integer N € N such that 7' = NT.

RK methods start with a given intial value u% = uy(0) and compute consecutively a sequence
of approximations {UZ}n using the approximation from the previous step only to compute the current
approximation: uj ~ uZ”l. This characterizes RK methods as single step methods.

4.2.1 Construction of Runge-Kutta Methods

Let us at first notice that we construct RK methods in this thesis for linear equations (4.1) only. However,
the construction stays exactly the same for a general equation y'(t) = g(t,y(t)), but we skip it since
we do not need this case.
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The construction of RK methods relies on the following integral representation of the solution of the
evolution equation (4.1)

tn+1

up(tne1) = up(tn) + f (—Apup(s) + gn(s))ds.

The main idea is to approximate the integral by a quadrature rule. Usually, quadrature is performed in
the refernce interval [0, 1] and thus we transform the integral from above to this interval,

1

up(tne1) =up(tn) + 7 f(—Ahuh(tn +78) + gn(tn +75))ds.
0

Now let c1,...,cs € [0,1] be the quadrature nodes and by, ..., bs the associated weights. Then, the
quadrature rule reads

[( Ahuh(tn+73)+gh(tn+7's))dsNTZb —Apup(tn + 1) + gp(tn +¢7)] .
=1

In order to construct a numerical method we have to approximate uy, (¢, + ¢;7), too. Clearly, it holds
(b + &7 = up(tn) + 7 /(—Ahuh(tn +78) + gn(tn +75)) ds,
0

which leads to the idea of approximating u (¢, + ¢;7) by a quadrature rule again. It is meaningful to
use the same quadrature nodes c; as above. Furthermore, we choose weights a;;,7,j = 1,..., s, such
that the quadrature reads:
Cj s

T ](—Ahuh(tn +78) + gn(tn +78))ds~ T Z aij [Apun(tn +¢;7) + gn(tn + ¢;7)].

0 j=1
Denoting with ugi the approximations to the inner stages uy(t, + ¢;7) we can state a general RK
method compacily as,

up =l + T Z [ Apul? + gt ] i=1,...,s, (4.6a)
n+1 _uh+ ; [ Ahuh +gh] (4.6b)

where we used the notation g,’f = gp(tn + ¢;7). The number s is called the stage number of the
method. Usually, the coefficients of a RK scheme are collected in a so-called Butcher tableau

We make the following assumption on the coefficients a;;, b; and c;.

Assumption 4.2 (Simplifying assumptions). We assume that the coefficients of the RK method satisfy
the following conditions:

s i—1
Z bl‘ = 1, Z Qi5 = Cj. (4.7)
i=1 j=1

This assumption ensures that in the simple case of an ODE with constant right-hand side a RK method
provides the exact solution at every time point ¢,, and at every inner stage t,, + ¢;7, i. . uy = up(ty)
and up’ = up(tn, + 7).
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4.2.2 Explicit Runge-Kutta Methods

We see from (4.6a) that in general the inner stage uZZ can depend on all inner stages uzl, e ups
The constituting property of an explicit Runge-Kutta method is that we choose a;; = 0 for i > j. Thus,
every inner stage u;" only depends on the stages u;, uZ(Z D which allows to compute the inner

stages recursively.

Definition 4.3 (Explicit Runge-Kutta method). A general explicit s-stage Runge-Kutta approximation of
the evolution equation (4.1) is given by

i—1

upt =ul + T > ag [_Ahuzj + gﬁj] »oi=1.s, (4.82)
j=1
S . .
up™t =up + 7Y b [~ Apup + git]. (4.80)

i=1

Henceforth, we consider only explicit RK methods with one, two or three stages and often refer to them
as RK1, RK2 and RK3 methods. We begin by giving some examples for these methods.

4.2.3 Examples

Let us at first state the well-known forward or explicit Euler method which is a one-stage RK method
given by

0100 upl = u;;,
1/2|1/2 0 up? = up - 3TAut + Sl
01 ul™t = ul - T Apup? +TgZ+1/2,
where we used the notation g””/2 =gn(tn + 5 7’) and the two-stage Heun method defined by
000 0 uZl = uh,
111 0 22 = h TAhuh +Tgh,
1/2 1/2 uptt = ult - LrApupt + 1rgn - Tr AR + gt
Finally, an example for a RK3 scheme is the three-stage Heun method given by
0/o o0 o UZ; = u,
1/3|1/3 0 0 up” = Uh—gTAhuh + Tgh7
2/31 0 2/3 0 Z3= Uh—-TA uh +2 TQZH/?)?
‘1/4 0 3/4 u’ﬁ“ = uh——TAhuh + 2 Tgh ——TAhuh + 7g2+2/3,

with the same notation for the source-term as above.

4.2.4 Order Conditions

An important quantity in the analysis of RK methods is the order of the method (see e.g. the textbook
[7]). In order to define it we consider the case of a general ODE v/ (¢) = G(¢,y(t)). We say that a RK
method is of order p if the approximation after one step, 3!, satisfies

ly(t) =y < O™,
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given the exact initial value as a starting point, y° = y(to), and that the RHS is smooth enough, i. e.
G € CP*1. The order of a RK method can be examined systematically using rooted trees which yield
certain order conditions on the coefficients (cf. [9, Section 8.6-8.7], [7, Section 11.2]). Furthermore, it is
shown in [9, Theorem 8.13] that an explicit s-stage RK method has at most order s. From now on, we
restrict our consideration to explicit RK methods having this maximal order. This is guaranteed by the
simplifying assumption (4.7) together with the following order conditions ([7, Theorem 2.13]).

Assumption 4.4 (Order conditions). We assume that the coefficients of the RK2 methods satisfy
b ! (4.9)
c =, .
20255
and the coefficients of the RK3 methods satisfy

1 1
b262 + b363 = —, bzcg + bgcg =—, b3a3202 = —. (4.10)
2 3 6
Remark 4.5 All examples presented in Section 4.2.3 satisfy the Assumptions 4.2 and 4.4. Furthermore,
the forward Euler method is the only explicit one-stage RK method satisfying the simplifying assumption
(4.7). &

Due to Assumptions 4.2 and 4.4 we know that for an s-stage RK approximation (with s € {1,2,3}) of
the evolution equation (4.1) we have

lun(ty) = up |y < C(h)T5H, (4.11)

if the source term satisfies g, € C**1(0,T;V},). From the local bound (4.11) we get a global error
estimate of the form
lun (tns1) —upt |y < C(h)T5, (4.12)

see therefore [9, Theorem 8.5], [7, Theorem 3.6]. But, we point out that constants in this estimates
depend on the operator norm | Ay, v, v, which is proportional to h~!. Therefore, the bound (4.12) is
only applicable if we consider the evolution equation for a fixed meshsize. Since we are interested in
the convergence of the fully discrete scheme, i. e. convergence when 7 and h both tend to zero, we
have to use a different approach. Furthermore, this means that we deal with a problem which gets
more and more ill-posed when the meshsize tends to zero making the analysis more complicated. We
will therefore introduce an energy technique which is suitable for such problems.
We begin by stating the considered RK methods with eliminated stages.

Lemma 4.6 (Explicit RK form without inner stages). Let s € {1,2,3} and let {u}.} be an s-stage RK
approximation of the evolution equation (4.1). Then, we have the following recursions:

i) For RK1 methods:

ult =Wl — T AUl + g (4.13)
i) For RK2 methods:
1 1
uptt =ul - T Apul + 572A%u2‘ +Thigl + Thog? - ETQAhg;L‘, (4.14)

iii) For RK3 methods:

1 1
+1 2 42 343 2 3
up” T =up - TApup + 57’ Apup — 67‘ Ajpup + Thigy + Tbagy” + Tbagy

1
— 72bgag Apgp — T2bzaz1 Angp — T2bzaz Angh® + ETSAigZ‘ (4.15)
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Proof: This follows by straightforward elimination of the inner stages and by using the simplifying
assumption (4.7) and the order conditions (4.9) and (4.10). a

We observe that in the absence of a source term all s-stage methods produce the same approximation,
namely
uptt = Po(-TAp)ul,  s=1,2,3, (4.16)

where P; is the so-called stability polynomial given by
1 S
Py(2) =l+z4. =20 (4.17)
S.
Clearly, in the case without source term the solution to (4.1) is given by

up(tns) = € "M (ty), (4.18)

and the RK solution (4.16) can be seen as the approximation of (4.18) obtainded by replacing the
exponential function by its (s, 0)-Padé approximation.

Furhtermore, we have proven in Section 3.5 that the semi-discrete solution uy, of (4.1) is conserva-
tive or dissipative depending on the choice of the fluxes,

[uff (v =0, ;™ ®)]v <0,

which are properties we would like to mimic in the time discrete case. Obviously, there holds

1 0

lup™ v < IPs(=mAR) lvi,vi lun v < [Ps(=m AR, v, | v,
indicating that the stability polynomial is essential for investigating the stability properties of the RK
approximation. Clearly, the condition | Ps(—7Ap)|v, v, < 1 suffices to guarantee stability. One might
therefore be attempted to consider the classical spectral stability, i. e. demanding that the eigenvalues
of —7 Ay, lie in the stability region S given by

S:={zeC||P(2)|<1}.

But, it is pointed out in [13] that this stability analysis can be misleading for ill-conditioned problems
such as we are dealing with. In particular, the upwind fluxes case cannot be covered by the spectral
analysis since it can be shown that the operator Azpw is non-normal. In contrary, the case of centered
fluxes seems to be accessible to this analysis since the operator Aff clearly is normal. However, the
energy method applies in both cases yielding a full stability analysis and we therefore rely on this
method. The stability regions for RK1, RK2 and RK3 are given in Figure 4.1.

4.3 Energy Ildentities

4.3.1 Homogeneous Energy ldentities

In this section we assume that the source term in (4.1) is zero. Then, we have following result for the
forward Euler method.

Forward Euler method

Lemma 4.7 (Homogeneous energy identity for RK1). Let {UZ}n be the forward Euler approximation
of (4.1). Then, there holds

luh™ % + 27 (uy, Apui)v = [up |3 + [ Anug; 5 (4.19)
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Figure 4.1: Stability regions

Remark 4.8 We see by the appearance of the term |7 A ul|?. on the RHS of (4.19) that the forward
Euler method is anti-dissipative, i. e. it produces energy at each time step. In the upwind fluxes case
this can be compensated to some extent by the dissipative property (3.65) of the operator A}‘pr. In
fact, in the upwind fluxes case we have the following energy identity,

1 2
Huh+ ||V + 27'|Uh|s | ||V + HTAHPWUZ Iy

In contrary, owing to the skew-symmetry of AS', see (3.64), the energy identity in the centered fluxes
case reads
1 2
lui % = lui | + |7 AR uh |

Proof: We calculate the norm of u"+1 using the recursion (4.13),

1
H W ||V Huh TAhUhHV Huh”V 2(uh7TAhuh)V+||TAhuh||V

RK2 methods We proceed with RK2 methods. We first observe that we can write the RK2 approxi-
mation as a corrected forward Euler step. Let therefore U;"* denote the forward Euler step, . e.

U,?l =uy - TApup. (4.20)
Then, the RK2 approximation (4.14) can be written as
1 ~
U”1 + T2Ahuh = U}?I + §TAh(UZ - U,?l). (4.21)

We use this identity to state the RK2 energy identity.
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Lemma 4.9 (Homogeneous energy identity for RK2). Let {uj} be a RK2 approximation to (4.1).
Then, there holds

n+1 ”

lah™ % + 7y, Apui)v + (O3, AROR v = b ]lf + H Ay (4.22)

Remark 4.10 Again, we observe an anti-dissipative behaviour but this time induced by the term
1|72 AZu}|?.. Furthermore, comparing (4.22) with (4.19) we see that in the upwind fluxes case the

RK2 approximation additionaly yields the dissipative term ](7};1@. Indeed, there holds
lah 1% + Tl g + 7107 = Nap 5+ —IIT (A2 upy-
In the case of centered fluxes we have

1 £
lup ™% = lupli + ZHTQ(AE “up -

&
Proof: We compute the norm of u”+1 using the recursion (4.21),
~ ~ ~ 1 ~
lai % = 1TF 5 + (O3t mAnug )y = (O, T AT v + 717 An(un - I
Applying the RK1 energy identity (4.19) to |TU!|? yields
a1+ Caly T Anuy)v + (O T ART )y
~ 1 —~
=[uplli + (U = up, 7 Apu v + [T Apup|[§ + 217 An(un - I
Using (4.20) we see _
(Ut = up, TApup)v = =T Apug |3,
and 1 1
717 An(u, - Ui = ZHTQA%uZIIQv,
which proves the claim. m|

RK3 methods For RK3 methods we define U,’.}Q as the approximation given by a RK2 scheme, i. e.
~ 1
U2 = ul — T Apull + 57'214,211/,? =M+ 2 TzAhuh (4.23)
Revisiting the recursion for RK3 methods (4.15) we see that we can write the RK3 approximation as

1 1 o~
up™ = Uy = 2 Ajupy = U+ or An(UR = U5%). (4.24)

Lemma 4.11 (Homogeneous energy identity for RK3). Let {uﬁ}n be a RK3 approximation to (4.1).
Then, there holds

1 ~ ~ 2~ ~ 1
i 3 + g Awupy + 5T ATy + S r( T ATy + S| A1

1 1
=i + gf(TAhUZﬁAiUZ)v + %HT‘Q’A?LUZHQV-
(4.25)
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Remark 4.12 We see that RK3 schemes essentially differ from RK1 and RK2 schemes. Even in the
centered fluxes case we have a dissipative term. Indeed, there holds

1 1
12 20 gcf\2, n 2 2 3¢ Acf\3, |2
lui™ v + 517" (AR “uh v = lunly + g6 l7°(AR) uh v

We will see later that this significantly improves the stability behaviour. For the upwind fluxes case the
energy identity (4.25) reads as

1~ 2~ 1
[ab ™I+ s + S TIOR S + SOl + I (AR Rl
1 1
=luplly + Srir AR il + e 17 (AR g -

Compared to the centered fluxes case we benefit on the one hand from the additional dissipation
provided from space discretization in form of the S-seminorm terms on the LHS but on the other hand
suffer from the non-negative term %T|7-Ahu2|§ on the RHS. &

Proof: We use the recursion (4.24) to infer
e 13 = IT21 + 2 (2 r ATy - S (O, 7Ty + g I An(T - TR
Applying the RK2 energy identity (4.22) to the |U2|?, we get
b+ Culy T Apugy v + %(fj}?laTAhﬁf?l)V + ;((7,’}2,7Ah(7}’}2)v
= g1 + SO - T e ATy + LI A+ Sl AT - TR @.28)
Let us consider the second term on the RHS. From (4.23) we have U2 - U = $72A2u}! and thus
we deduce

2 ~ ~ ~ 2 1
g(U,?2 —Opt ATy = g(TQAiUZ,TAhUZ)V - §HTQAi2zUZH%/7

as well as . 1
§HTAh(U;’Zl U = %HT?’AMH%-

Inserting this equalities in (4.26) yields (4.25). m|

4.3.2 Inhomogeneous Energy ldentities

We extend the ideas from the previous section to the general case with g, # 0. In the case of the
forward Euler method this can be done straightforward.

Forward Euler method

Lemma 4.13 (Energy identity for RK1). Let {uZ}n be the forward Euler discretization of (4.1). Then,
there holds

lug % + 27 (up, Apup)v = [ [ + 27 (upy, gi)v + [T Anuy, = TgR [ (4.27)
Proof: Using the recursion (4.13) we see

lah ™ =lupy = 7 Apug +7gh 5 = lup | = 2(uh, T Apug, = Tgi)v + [T Apug, — Tgr [y
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RK2 methods Reviewing the homogeneous RK2 energy identity (4.22) we realize that it was impor-
tant to write the RK2 scheme as a corrected forward Euler method. From the RK2 recursion (4.14) it
is not clear if this is possible if the source term is non-zero. We show that this can indeed be done.
First, we introduce Peano kernels, which provide a uniform notation of the remainder terms of Taylor
expansions.

Definition 4.14 (Peano kernel). We define the Peano kernel with parameters « and p as

ﬁ(x—t)p, t<ux,

1
o (4P _
Kap(t) = o (z-1)% { 0. tra (4.28)
Now, let U*! denote the forward Euler step, i. e.
UM = uf — 7 Apul! + Tgh. (4.29)

Then, we can prove the following RK2 recursion.

Lemma 4.15 (RK2 recursion). Let g, € C?(0,T;V},). Then, we can write the RK2 approximation
(4.14) as

1 1
u;L”l = liﬁl + —QTAh(uZ - U;}l) + —27'20th +TRY, (4.30)
where the remainder term R’ is given as

tnt1
n _ /
R2 = —TbQ f ﬁcz,Q(

tn

s—1y

) Ougn(s)ds.

Proof: Recall that we have shown in Lemma 4.6 the RK2 recursion

n+1 _

1 1
uy up — TApup + 572A%u2 +Thigl + Thogh? — iTzAth. (4.31)

Employing Taylor expansion to 922 yields

tn+1

s—1
9}?2 =g +caTOgy — T f "522,2 (Tn) O gn(s) ds.
tn

Inserting this in (4.31) gives

1 1
uptt =l - T Apul + 572Aiu2 +7(by +b2) gy + T2bacaOgy - 572Ahgﬁ +TRY.

Using the simplifying assumption (4.7) and the RK2 order condition (4.9) it follows

1 1
™t =l - T AUl + T + §TAh(7'AhUZ -Tgp) + 5728tgz +TRY,

whence we infer (4.30) by (4.29). m|

This lemma enables us to prove the RK2 energy identity for the inhomogeneous case.
Lemma 4.16 (Energy identity for RK2). Let {uZ}n be a RK2 approximation of (4.1). Then, there holds
lup ™3 + 7 (b, Ay + (UL AlUR v
=|uplV +7(uh, gi)v + (UL, gh + Oy + 2R3y

1
+ 1 HT2A,2luZ - T2Ahgﬁ + 7'28th +27RY ||%/ (4.32)
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Proof: We abbreviate the last two terms in the recursion (4.30) with R, i. e.
A= %TAh(uz _UMY+ R
Taking the inner-product of the above equation with itself we get
lah ™5 =10 + (U T Apul)v = (U, T ARUR v +2(U Y, R)y
+ S lr (g - UFY) + 2R3,
Using the RK1 identity (4.27) for the term |U |2, yields

i 5+ (i T Anuy)v + (U 7 An U v

=[|u} 2 +2 u",Tg" v+2 Unl,R v + Unl—un,TAhun V4
hIlV h h h h h

1
+||TApuy, - gy H%/ + Z”TA]T(UZ - U;?l) + 2RH%/.

By (4.29) we see U™ — u? = —7 Apu?? + 7¢7 and thus that it holds
h h h h
(U = uhy, 7 Apuy)v = = Apuy = 7gi |3 + (U =y, mgi)v,

whence we conclude (4.32). m|

RK3 methods We proceed with RK3 schemes by the same steps as for RK2 methods. First we
introduce

1 1
UR? = Uy + 57 An(up - UR') + 7701}, (4.33)

which is the RK2 step without the remainder term R%. This allows to prove the following RK3 recursion.

Lemma 4.17 (RK3 recursion). Let g, € C3(0,T;V},). Then, we can write the RK3 approximation
(4.15) as

1 1
up ™t U+ ST AU - URR) + 57Ol + TR, (4:34)

where the remainder term Ry is given as

tn+1 tn+1

3 s—tn s—t,
R? = —12 Z |:bZ f /%“3 ( - ) 8tttgh(s) ds] — T2b3a32 f /i;;,g ( = ) Ah(Bttgh(s)) ds.
=2

n

Note that for RK3 methods the remainder term includes the term Ay (0y:gr ). This will later force us to
demand higher regularity assumptions than g;, € C3(0,T;V},).

Proof: Recall that the RK3 recursion (4.15) reads

1 1
uptt =ul - T Apul + 57'214%’&2 - ETSA?LUZ +Thigl + Thogl? + Th3gl®
1
— 72bgas Apgy — T bsas1 Apgh — T bsasa Angh” + 67314%92- (4.35)

We expand g,%” and gi" in the above equation into a second order Taylor series,

tn+1

) 1 s—t .
g’ = gp + TCiOgy + 57'26128#9% - 72 f Fe, 3 ( - i ) Ouegn(s)ds, i=2,3,
tn
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and g2" stemming from A ¢?? into a first order Taylor series,

tn+1

-t
g}%n =gy +TC20kgy + T f /12’25 (S - n ) O gn(s) ds.
tn

Then, the source terms in (4.35) can be written as

1 n
T(b1 +bo + bg)gg + 7’2(5202 + bgcg)c')tgﬁ + 57'3(()26% + bgcg)aﬁgh
n 1 n n
- 7'2(b2a21 + b3a31 + bgagz)Ahgg - stgagzchh(atgh) + 67'314}219}1 + TR3 . (4.36)

Inserting (4.36) together with the simplifying assumption (4.7) and the RK3 order conditions (4.10) into
(4.35) gives

1 1 1
UZ +1 _Uh TAhuh + 27—2Ahuh - ETSAhuh + Tgh + 27_ atgh + 67— attgh

_ _7—2Ahgh — 67— Ah(atgh) + T A gh + TR3

Inserting (4.29) in (4.33) yields

1 1 1
UM = uft — 7 Apull + 572A2u2 + TG+ 572@93 - §T2Ah92>

whence we deduce

n+1 n2 _

up =0 - = Ah“h - —T Ah(f)tgh) + 7'3A L+ 67’ (9ttgh +TRY.
We can write this equation as

1 1 1 1
uptt =Up? - —37'Ah (uz - TApup + 5 AZul + T+ —27'28th - —27'2Ahgﬁ)
1 1
+ —37‘Ah (uy, = TApup +7g5) + —6738ttg,’;° +TR3

1 1 1
=Up* = g AU + 7 AWUR + 7 ugy, + TRS.

We end this section with the energy identity for RK3 schemes.

Lemma 4.18 (Energy identity for RK3). Let {UZ}n be a RK3 approximation of (4.1). Then, there holds

1
R s Anry + §T<U"1,Ahvnl>v

|,
2 . n
+ gT(U 2 AWUR? )y T ||72Ahuh T Angp + T2 Ough Y
1
=[up ¥ + 57((TAWZ - TQZ), An(rApuy —7g1)),
n o n 1 n 1 nl n 2 n2 n n 1 2 n n
+ T(Uhagh + 3Tatgh)v + T(Uh 79h)V + T(Uh 7gh + Tatgh + 27' attgh + 3R3 )V

+ _”TSAhU/h A gh + 7 Ah(atgh) Tgattgh 6TR ”V (437)
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Proof: By denoting R := %7‘38ttg,’} + 37 Ry we can write the RK3 recursion (4.34) as
uptt = U +3¢Ah( )+3R
By taking the inner-product of the above equation with itself we get
o 1 =NUR2IR + S (UR, T AUR v = S(UR T AUy + S (U2, Ry
+ %HTAh(UZL” _UP) + RJ2. (4.38)
We can use the RK2 energy identity (4.32) for |U;2||3, by dropping the remainder term R%. This yields
|UR2 5 + 7 (i, Apug)v + (UL, AU v _Huh I3+ (i, gi)v + (U, gh + 70gh v
< HT?Ahuh T2 Angh + T2 01V
Plugging this into (4.38) gives
||Un+1Hv+(uhaTAhuh)V + 3(Uh 77—AhUszll)V + 3(Uh 77—Ath7LLQ)V
=lup ¥ + (uir, Tai)v + (U mgi + T20ig3 v + g(U;’LLz’ R)v
+ 2 (U2 - URL, rAUR )y + 5 Ir2 A = w2 Avgh + ORI}
+ %\\TAh(Ugl _U) + RJ2. (4.39)
Let us consider the term 2 (U2 - U, TAhU,?Zl)V. It holds
U;Zﬂ - U;;l 2Ahuh - —TQAhgh + 7' atgh, (4.40)

2
and

TAhUh =7Ap(up - TApup + TGy ) = (TAhthrTQ@tgh) (TQAh’U,h 2Ath+72<‘3th).

Consequently we have
;(Uﬁﬂ - U T AUy :1(72Aiu2 — 72 Apgyy + T Ohgh, T Apu, + T20ig1 v
-3 H T Ajug, = 7 Angly + T Oy |- (4.41)
The first term is yet unpleasant and we rewrite it as
%(T2Aiu2—72Ath + 7'28159,?, TApup + 7'23th)\/
:g(mumhuz g, (rAw =g, + 5 (PO (r A~ 7)),
+= (72Ahuh T2 Apgt + 720,g, Tgl + T20:g7 ) v, (4.42)

which ensure that we can at least apply the skew-adjointness of Aff or the dissipative property of Azpw
to the first term. Furthermore, from u}! - UM = 7 Apuf — g7 and (4.40) we see that the last two terms
in (4.42) can be written as

1
5(72@9;’;‘, (TApuy, - Tgﬁ)) + = (T2Ahuh 2Ahg,7f + TZBth, Tgy + 72&9}?)\/

1 n n n n
=§(uh,7 ogn v — (U a§9h+7'28t9h)v+ 3(U S\ TYh +7'28tgh)v.
(4.43)
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Inserting (4.41) with (4.42) and (4.43) in (4.39) yields
1 2
i [+ Ay + (U 7 AWUR v + S (U AUy

1 1 2
“Jif + ufrgh + 570y + 5 (U 7o)y + S (U 7l + T2 0g) + R)y

1
+ (TAh(TAth -7195), (TApuy — Tg;f))v "1 ||T2Aiuz - T2Ahgﬁ + 7281592 ||%/
1 n
+ 5l An (U - UR®) + 7RI

Employing the identity (4.40) in the last term concludes the proof. a

4.4 Stability

Using the energy identities we can prove the stability of the RK discretizations. We will see that each
method is stable only if the time step size is bounded w. r. t. the meshsize h. This condition is called
the CFL condition. Furthermore, we will see that higher order methods admit better stability properties
in the sense of more relaxed CFL conditions. From now on, we assume without loss of generality that
T<1.

Definition 4.19 (CFL-conditions). Let o, o’ and o” be positive numbers. We say that the step size 7
satisfies the usual CFL condition if it holds

r<ot. (4.44)

Coo
Furthermore, the step size satisfies the 4/3-CFL condition if
h 4/3
T<o (—) , (4.45)

Coo
and it satisfies the 2-CFL condition if )
h
T<o" (—) . (4.46)
Coo
The hierachy of the CFL conditions is as follows: The 2-CFL is the strongest assumption and implies
the 4/3-CFL condition and the usual CFL condition. Furthermore, the 4/3-CFL condition implies the
usual CFL condition.
Our first stability result is for the forward Euler scheme which requires the strongest 2-CFL condi-
tion.

Forward Euler method

Lemma 4.20 (Stability for RK1). Let {u}}}n be the forward Euler approximation of (4.1). Then, under
the 2-CFL condition (4.46), the following results hold:

i) In the case of centered fluxes,

n-1
2 2
g1 <y (U2||v+37 > gz"nv). (.47
m=0
i) In the case of upwind fluxes,
2 = 2 02 = 2
!
luplly +27 ) |up'lé < Cf (Huth +37 ), Hgmlv) : (4.48)
m=0 m=0

The constants are Cy = exp ((1+2(C5H)20")t,,) and Cf = exp ((1+2(C,"")?0")ty).
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Remark 4.21 Note that ¢,, < T guarantees that the constants C'; and C{ are uniformly bounded w. r. t.
7 (and clearly also w. r. t. h). Furthermore, recall that by the boundedness of the projection operator
(3.59) we have |ul [y < |luolv and |g"|v < |g(tm)|v. In summary, the inequalities (4.47) and
(4.48) guarantee the continuous dependency of the fully discrete solution on the initial value ug and
the source term g independent of both h and 7. However, the stability constants depend exponentially
on the 2-CFL condition constant ¢” and on the constants C' and C,"". &

Proof: We recall the energy identity (4.27) for the forward Euler method:

n+1

lah™ 1% + 27 Cupy, Apup)v = [uh I3 + 27 (uip, i )v + |7 Ay = 7gi |5

We apply the Cauchy-Schwarz inequality and Young’s inequality to the second term of the RHS and
the triangle inequality and Young’s inequality to the last term,

n+1

2 2 2 2 2
lui ™ + 27 (uly, Anup)v < g |3+ Tlq I3+ Tlgn |5 + 207 Anup 1§ + 2075 |17
The term |7 A,u?||? can be estimated with the bound (4.2) of the discrete operator Ay,
nlv
luh ™ + 27 (uly, Apup)v < Jup |3 + Tl |3 + (L 20) 7 gh [ + 2CResm°h 2 [ub |-
Applying the 2-CFL condition and using (1 + 27) < 3 then yields
[ M % = lup |3 + 27 (uy, Apui)v < 37lgn 3 + (1 +2C3 0" up |3 (4.49)

Let us denote Cp := 1 + 203", Summing (4.49) from 0 to n — 1 gives

|up ]} +27 Z (up, Apup? )y < up 3 + 37 Z lgi |3 + Cor Z lui I, (4.50)
m=0 m=0 m=0
which obviously implies
2 02 = 2 = 2
lunlls, < lupli+37 > lgn'lir + Cor Y up'lly-
m=0 m=0

This inequality meets the assumptions of the discrete Gronwall Lemma A.5 and its application provides
the estimate

n—1
lup |3 < e (||u22’v +37 ), ||ghm2v) :

m=0

Inserting this bound in the RHS of (4.50) shows

n—1 n—-1 n-1 m—1
C
il 20 5 Gt A < P 37 5 Uit or 35 [ (il o0 5 1okl ).
m=0 m=0 m=0 =0

which can be estimated by

n—1 n—1
W2+ 20 S (s A )y < (1 S eCO””) (nuzu?v . ||g?||%).

m=0 m=0 m=0

Note that the sum 737"~ L e€o™T is a lower sum of the monotonically increasing function e“°* and thus
we can deduce

n—-1 tn
Ty, eComT < fo 9% ds = Oyt (ecot” -1).

m=0

Combining the last two inequalities yields

n-1 n-1
W2 + 27 S, Ay < ot (nu‘zr% s S ||gm?v),
m=0 m=0

whence (4.47) follows from the skew-adjointness of Aﬁf and (4.48) from the dissipative property of
APV, see (3.64) and (3.65). m]
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RK2 and RK3 methods We proceed with the higher order methods. For RK2 schemes we can prove
the stability analogously to RK1 schemes except that we can weaken the 2-CFL condition to the 4/3-
CFL condition. The stability proof of RK3 schemes requires more attention but this is paid off with the
necessity of only the usual CFL condition. For the sake of clarity we omit from now writing out the
constants and use a generic constant C' which is independet of 7 and h but can depend on g, u, the
constants in Lemmata 3.28, 3.32, 3.35, the RK coefficients and the CFL constants. The value of C can
change at each occurance.
We begin by a short technical lemma.

Lemma 4.22 (Bounds for U™, UT?, Ry, RY and the Peano kernels).
i) ForUp and U} the following bounds hold,
ORI <C(lui 1% + g7 13), (4.51)
IUR23 <C(lui | + [gr 17 + [70gh ). (4.52)

ii) Forz € [0, 1] the Peano kernels are bounded by

_t 1
k) (8 ”) < 2 Yg<p. (4.53)
AT (p-q)!

sup
Se[tnytn+1]

i) Let g, € C*(0,T;V},) in the RK2 case and g, € C3(0,T;V},) in the RK3 case. Then, the
remainder terms can be estimated by

tn+1
1851 <7 [ [ougn(s)1} ds, (4.54)
in

and

tr+1 tn+1

1751 <07 [ g} ds+Cr [ |4 Gugn(s)IFds. @59
tn

in

Remark 4.23 Note that the estimate (4.54) together with the boundedness of 7, imply

trn+1
1853 <7 [ Joug(s)Ii: ds.
tn

In contrast, we need to apply the boundedness of A, (4.2) and the usual CFL condition to the second
term in the estimate (4.55) in order to get

tn+l trn+1
18513 <7 [ omg()|}ds+ 7 [ Joug(s)I: ds.

tn tn

We observe the reduction by a factor 72 in the second term. This does not spoil a stability result but
causes problems for the convergence, cf. Section 4.5. &
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Proof: i) Using the triangle inequality and Young’s inequality in (4.29) we infer
ORI < CUuhllY + ImAnub ]l + Irgn ).

Furthermore, we apply the boundedness of A, (4.2) and the usual CFL condition to the second term
and 72 < 1 to the third,
TR < Cup I+ 1gh 1)

This proves (4.51). The bound (4.52) is shown analogously.
i) Let 2 € [0,1]. It holds
-t
4(5")

T

9

B 1 (tn+7'a:—s)p_q
(p—q)!

which is a monotonically decreasing function on [¢,,t,+1] and thus takes its maximum for s = ,,.

iii) We use the bound on the Peano kernels (4.53) to infer

T +

2

tn+l tn+l
1751 <07 [ Nougn(s)lvds | <cr [ 10ugn(s)Iids,
tn tn

where the second estimate is obtained with the Cauchy-Schwarz inequality. The bound for Rz is proven
analogously. 0

Now, we state the stability results for RK2 and RK3 methods.

Lemma 4.24 (Stability for RK2). Let {u}!} be a RK2 discretization of (4.1) and let
g5 = lgn i + Imowgn 3 + | B3 |3

Then, under the 4/3-CFL condition (4.45), the following results hold:

i) In the centered fluxes case,

n—1
Mz%scﬁwma+fzg?) (@.56)
m=0
i) In the upwind fluxes case,
2 = 2 112 02 =
lup 3 +7 > [lupls + U] < C(Iluhv +7 Y 95”)- (4.57)
m=0 m=0

Proof: We apply the Cauchy-Schwarz inequality and Young’s inequality to the RK2 energy identity
(4.32), which yields

lui ™ 5+ Cui, Anuy)v + (UL, AU v

<Juplyr + Ol 5 + 10T + C(lgn Iy + [7egr |5 + 1RZ )

1
+ 1 HTQA}%UZ - TQAhgﬁ + 7'28,59}: + 27’R§L||%/. (4.58)

For the last term we use the triangle inequality, Young’s inequality and the boundedness of A, (4.2) to
infer

1 -
1 |72 Afuly = 72 Angh + T2 0eghy + 27 R3|[§, < O W™ [} + Crederh ™ mgp |

2 2 2
+ 70wy [ + 27 B3 [y
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We see that the first term requires the 4/3-CFL condition whereas for the second term we can use the
usual CFL condition. Then, we have

—H T2 Ajuy, — T2 Angpy + 20y + 2 RE Y < CTlup 3 + Cllrgnlly + 72 0ugi |13 + 127 R [-

Inserting this inequality together with 72 < 7 and (4.51) into (4.58) yields

i [+7 (i, Anup)v + (UL, AU v
<Nl + Crllup s + Cr(lgn 5 + |70gn 1V + 1 RS 1T).-

The rest of the proof proceeds analogously to the proof of Lemma 4.20 for the forward Euler method,
i. e. by summing from 0 to n — 1 and applying the discrete Gronwall lemma. This gives

n-1
lup [3+7 3 [(uiy, Anup)v + (U, AU v ]
m=0

n-1
<eOnT (nu%n% +Cr Y [Igi 13 + Irowgi? 13 + ||R5‘||2v])-

m=0

Then, (4.56) follows by the skew-adjointness of A;if and (4.57) follows by the dissipative property of
APV, O
h

Lemma 4.25 (Stability for RK3). Let {u]'} be a RK3 discretization of (4.1) and let
n

a5 = lgn ¥ + I70gh |V + |7 Ougr |5 + | RS-

i) In the centered fluxes case assume that the usual CFL condition (4.44) is satisfied with
3 -1
<y [3(cr)

n—1
gl < c(||u2||2v - gg"). (4.59)

m=0

Then, there holds

i) In the upwind fluxes case assume that the usual CFL condition (4.44) is satisfied with

Qupw<m1n(\/7(cupw)_ 154 l;r?d)

Then, there holds

n-1
ity 7 5 [l o 30 e o] <o (1l - S 0p). woo

m=0

Remark 4.26 We observe that the upwind case requires a stronger assumption on the parameter
o to infer stability. Revisiting the RK3 energy identity (4.37) this manifests in the term %((TAth -
79y ), TAR(TApuy — 7g5 ) )v which vanishes in the centered fluxes case but is a non-negative quantity
which needs to be balanced in the upwind fluxes case . &
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Proof: We apply the Cauchy-Schwarz inequality and Young’s inequality to the RK3 energy identity
(4.37), which yields

e v (, Ay + 57 (U, AU )y
+ (U, AU + s AR - A+ 0
SVl + 37((rAned = 70R), An(r A~ ),
+ OT([up [ + WU + 1R ) + Cr(lan | + 170 |1 + |7°0ugi I + | RE17)
b 7 A~ 7 ARgh + S Andugl - 7 Ougf - SRR (4.61)
We split the last term using the triangle inequality and Young’s inequality into
11—8 |7 43D — TP AZGE + TP Andgl I + % 7300l + 67 RL| (4.62)
Furthermore, we use the boundedness property (4.2) of A;, and the usual CFL condition to infer
SIr Ak - AR+ AR < CRP I AR - Al + PO IE. (469
The triangle inequality and Young’s inequality together with (4.63) show that (4.62) can be bounded by

1
1—80292 |72 ARy = 72 Angiy + T2 0ugh I3 + CT(I7°0ugh I + | REIT)- (4.64)

Inserting (4.64) into (4.61) and using the bounds (4.51) and (4.52) on |U™ |2 and |U?|% in (4.61)
give
e B+ s Ay + 57 (U, AUy
+ gr(U’ﬂ, AUy + 1—12||T2A,21u2 — T2 Apglt + 20,97 |
<l + <7 ((rAwh = 708, An(r Ak — 7)),
+ Orlupll + Cr(lgn ¥ + [ mougn [ + | 7°0ugi |1 + | RE[T)
¢ P Afup - 7 Augi + 0ugh (4.65)

i) Centered fluxes case: Owing to the skew-ajointness of the centered fluxes operator A, see (3.64),
we can considerably simplify (4.65). In fact, there holds

1
o 5 7242 - 72 A5+ T2 0ugi
<[lap 3 + Crlai} + CrCUgp % + Iraugi + 170ugil + 1R 1})
1
+ (O (A ap - 72 A5l g+ P20 -

Requiring o < \/g(Cfo)‘l enables us to balance the last term with its counterpart on the LHS. Then,
we have

lui ™ % = lun 5 < Crllup |V + C(lghly + IO |5 + |7°0ugh ]IV + | REIT)-

Summing this inequality from 0 to n—1 and subsequently applying the discrete Gronwall lemma implies
assertion (4.59).
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ii) Upwind fluxes case: We consider again equation (4.65) but this time we use the dissipative property
(3.65) of the upwind fluxes operator A;”". This yields

1 2 1
i T+ rlui 5 + §T|U;?1I§ + §T|U,§‘2|§ 12 |72 (AR )2 — 2 PP gp + T 0ugh
< H n|2 C n|2 1 AupW n _ n|2
<up v+ 7'||uth+37'|T h Up = TYhls
2 2 2 2 2
+Ct(lgn v + |T0gn v + [ 7°0ngn |y + | R V)

1
b (ORI AT s - AR g+ R (4.66)

In contrast to the centered fluxes case we now have to additionally balance the term %T|7Ahu2—fg}j|§.
We have T Apup — 795 = ujp — U,’}1 and thus could estimate it by the weighted Young’s inequality as

1

=T

3
for a positive number ~. But, by revisiting (4.66) we realize that we cannot cancel £7(1 +~~ 1)U %
for any choice of v. Thus, we additionally incorporate the term U[LLQ by

up — U =(up = UR?) + (U - UY)

1
=(uf - U + 5 (TQ(AZPW)ZuZ - TQAprgZ + 7'28,59,’}) )

1 1
[r Apup, — 75 < 37 +7)|upl§ + it YOI,

Consequently, we get with the weighted Young’s inequality
1
-7
3

1
7 A, = 7Rl <3m(1+)lah - U213

1
+ ET(l +~7h) ‘7'2(A}ipw)2uz — 7'2Azpwg,’zL + 728,592‘2,

for a positive number ;. Applying the weighted Young’s inequality once more on the first term with
~9 > 0 and using the bound (3.24) on the S-seminorm in the second term eventually gives

1 1 1 _
§T|7Ahuz AR 337(1 + 1) (L +72) [upl3 + 57(1 +y1) (1 + ) URIE

1 . _
+ Ecgndcooh (L )T (AP g - T2 A gl + T2 Ougr T (4.67)

In view of the LHS of (4.66) we choose 71 = = and v = X so that (1 +v1)(1 +72) = & and
3(1+71)(1+13") = 5. Furthermore, we apply the usual CFL condition to the last term of (4.67) and
get

1 11 7 7 " "
37T Anuy - Tonl% SETIU% + EIUZZQI% + @Cﬁndg\\fz(z‘l‘ﬁp )2up - T2 AP gt + T2 0,5 |
(4.68)

Finally we insert (4.68) into (4.66), which unfolds
Jup b sl + iR + o r U2 + (AR = r2 A g+ w20y
<[uply + Crlup¥ + CT (|gi I + 170gr [T + |72 0ugi |3 + | REF)
+ (S0 + L Chune) I (AT Vo = A g1+ 70ugh
By choosing o < min (\/g((?,fpw)‘l, %ngd) we get rid of the last term and obtain

1 1 1
2 2 1 22
[ab™ I+ 5 rubls + 508 s + 507

<Nup |V + Crluply + Cr(lgnly + Irowgi Iy + 17°0ugh IV + | RE17,)-

The assertion now follows by summing from 0 to n — 1 and applying the discrete Gronwall lemma. O
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4.5 Convergence

In this section we prove that an s-stage RK method applied to the semi-discrete evolution equation (4.1)
yields a convergent approximation of Maxwell’s equations (1.35). In Chapter 3 we have already proven
the convergence of the semi-discretization (4.1) with order h* and h"*1/2 for centered and upwind
fluxes, respectively. So far, we have shown the stability of the full-discretization and we recall that for
the semi-discrete case stability already ensured convergence of suboptimal order 2. We prove that
this stays true for the fully discrete case. In fact, we show that we can directly deduce the convergence
of order h* + 7% from the stability results. Last, we improve this bound to the order RFH12 4 75 for the
upwind case.

4.5.1 Error Analysis

We recall that in Section 3.6.1 we have introduced the spatial discretization errors e () = u(t) —uSt (t)
and e"P"(t) = u(t) — u,;™" (t), where u is the exact solution of Maxwell’s equations (1.35) and !,
u,ulpw are the solutions of the semi-discretizations (3.66) and (3.67). In addition, we recall that we
splitted the errors into a projection error and a dG error, e(t) = e, (t) — e, (t) with e € {e, """V} and
e, € {ef,e,?"}. In the following definition we transfer this quantities to the fully discrete case. We
refer to the general semi-discrete evolution problem (4.1) and only distinguish the cases Aj, = Aff and

Ap, = A;P" when necessary.

Definition 4.27 (Error types). Let u(t) € V. denote the exact solution of (1.35) and {uZ}n denote the
RK approximation of (4.1). We define the full discretization error

e’ = u(ty) —up.
Furthermore, we split the error into two parts
=l —ef,
where el is the projection error at time t,,,
ex = u(tn) — mpu(tn),

and ¢;, is given as
ey, = up — mpu(ty).

In Lemma 3.32 we have proven the bound e[y < Chk+1|u(tn)|Hk+1(7’h)6 for the projection error
provided the exact solution satisfies u € H**!(7,)®. We define By := |u(ty)|gr+1(7; s for later pur-
pose. Obviously, this error does not depend on the time discretization nor on the spatial discretization
scheme. It only depends on the choice of the discrete space V},. Both time and spatial discretization
errors are containded in ej. Thus, our aim is to bound e;. We recall our approach for the spatial dis-
cretization error. We showed that the error e, (t) is governed by the same discrete evolution equation
as up(t) but with the defect Ape,(t) instead of a source term. This enabled us to use the stability
result to infer convergence.

The error recusions for the full-discretization rely on Taylor expansions of the projection of the
exact solution 7, u(t) and the consistency property A,u(t) = 7, Au(t) of the discrete operators, see
Proposition 3.28. Indeed, we see by the consistency property that the projection of the exact solution
satisfies following evolution equation, cf. Lemma 3.33,

Ompu(t) = —Apu(t) + gn(t). (4.69)

Clearly, this yields
8tt7ThU(t) = _Ah(atu(t)) + 8tgh(t),
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or equivlanetly,
Onmpu(t) = —Ap(Orex(t) + Oympu(t)) + Orgn(t).

Using (4.69) in the above equation we get
Bumnu(t) = Aju(t) = Ap(dren () = Apgn(t) + Ougn(t). (4.70)
Differentiating (4.69) twice w. r. t. ¢ gives
Opempu(t) = —Ap(Ouer(t) + Opu(t)) + Ougn(t),
and applying (4.70) yields
Ortrmnu(t) = —Aju(t) + AR (dren(t)) = An(Ouer (1)) + Angn(t) = An(Oegn(t)) + Oregn(t).  (4.71)

We will need this identities to derive error recursions for the RK methods. We begin with the forward
Euler method.

Forward Euler method

Lemma 4.28 (Error recursion for RK1). Letu € C?(0,T;V) n C(0,T;V,) denote the exact solution
of (1.35) and {uj} } = denote the forward Euler approximation of the semi-discrete problem (4.1). Then,
the following error recursion holds

ertl = el —rApel + TApe + 7DV, (4.72)
where the defect D7 is given as
tn+1 t
D?f = - [ Hl’l(s n)ﬁh(ﬁttu(s))ds.
tn

We see that the error satisfies the RK1 recursion (4.13) where the source term is substituted by
TApel + TDY.

Proof: We write the exact solution as first order Taylor expansion,

tn+1

Wltnar) = ulty) + T0pu(ty) + 7 f m(

s—tn

)(%tu(s) ds.

Projecting onto V}, then gives
Thu(tne1) = mpu(ty) + 7O mRu(t,) — TDY.
Using the consistency equation (4.69) we see that this is equivalent to
Tpt(tns1) = mpu(ty) — TApu(t) + Tg; — TDY. (4.73)
Subtracting (4.73) from the RK1 recursion (4.13) yields
et = el + TApe™ + 7DV, (4.74)

whence the assertion follows by splitting the error in Ape™ = Ap (e —€}}). ]
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RK2 methods We introduce errors similar to Definition 4.27 associated with U7*!.
Definition 4.29 Let u(t) € V. denote the exact solution of (1.35). We define

UM = mpu(ty) + T0mpu(ty).
Furthermore, we define the error E™! as

E™ = u(ty) + mou(t,) - UM,

and split it into two parts
1. 1 1
E":=FE' -Ep

The first error E™! is given as
E™ = u(ty) + m0pu(t,) - UM,

and the second error EJ'! is given as
L=yt Ut
Using (4.29) and (4.69) we see that there holds
EM =ul - Apull + gt — mhu(ty) — TOmpu(ty) = uft — mhu(ty) + TApu(t,) - TAR UL,
Thus, we have
EM = el + TApe" = et — T Apell + TApel. (4.75)

We see that E}jl is the error of the forward Euler approximation without the defect D'. Now, we state
the RK2 error recursion.

Lemma 4.30 (Error recursion for RK2). Letu € C3(0,T;V)nC(0,T;V.) denote the exact solution of
(1.35) and {uj.} denote a RK2 approximation of the semi-discrete problem (4.1). Then, the following
error recursion holds

1 1
entl = prl oy T An(er - EM) + 572Ah(ate;:) +7DY + 7RY, (4.76)

where the defect Dy is given as

tn+1

Dg:—TfHI’Q(

in

s —

fn ) o (Ouru(s)) ds.

Proof: We apply second order Taylor expansion to the exact solution,

tnt1

1 —ty
w(tne1) = u(ty) + 7Owu(ty) + 5728ttu(tn) +72 f K1,2 (S )8tttu(s) ds.
T
tn
Projecting onto V}, and subsequently applying (4.70) yields
1
Tru(tne1) :U,?l + 57'2/1 u(ty) — 2Ahgh + 27'28tgh - 57’ Ah(ate )-71D5. (4.77)

Recall that we have shown in (4.30) that the RK2 approximations satisfies the following recursion
uptt = Ut *5 QAhuh - —TZAhgh + T@tgh +TRY. (4.78)
Using Definition 4.29 we conclude that the difference between (4.78) and (4.77) is

ept = Bt %#A%Le" + %TQAh(ate:) +7Dy + TR,

From (4.75) we see TApe” = E,fl - ey, whence we infer the claim. O
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RK3 methods Similar to RK2 methods we define errors associated with U2
Definition 4.31 Let u(t) € V. denote the exact solution of (1.35). We define
n2 nl 1 2
Ure:=U0"+ 57’ Oumpu(ty).
In addition, we introduce the error E™2 as
n2 1 2 n2
E™ = u(ty) + 70wu(ty) + 57 Opu(ty) — Up~,

and split it into two parts
2 2 2
E™ =FE" - E;~.

The first error E7% is given as
n2 1 2 n2
Eﬂ. = U(tn) + TatU(tn) + 57’ 6ttU(tn) - Uﬂ. s
and the second error E}*? is given as
EP?=Up? - U
Recalling the definition of U;}Z given in (4.33) we see that there holds
n2 nl 1 n nl 1 2 n nl 1 2
Eye = Uh + ETAh(uh - Uh ) + 57’ ﬁtgh - Uﬂ. - §T attﬂ'h'LL(tn).
Plugging the definition of U, i. e. (4.29), and the identity (4.70) into the above equation we get
n2 nl nl 1 242 n 1 2 1 2 n
Eh =Up, —Uﬂ. + 57' Ahuh — 57’ Ahu(tn) + 57’ Ah(ateﬂ.)
1 1
Sy i 572A%Len + 572Ah(6t62)
1 1
= ,71‘1 + §TAh(eZ -EM)+ 572Ah(0t62), (4.79)

where the third equality is obtained by (4.75). We observe that E,’ZQ is the error of the RK2 approxima-
tion without remainder term R5 and without defect D7, see (4.76).

Lemma 4.32 (Error recursion for RK3). Letwu € C*(0,T;V) n C(0,T;V,) denote the exact solution

of (1.35) and let {u}} ~denote a RK3 approximation of the semi-discrete problem (4.1). Then, the
following error recursion holds

1 1
GZH—I = E;Z’2 + gTAh(E;Lll - E}Tlﬂ) + 67'3Ah(att62) + TD; + TR?, (480)

where the defect D3 is given as

tn+1

D3 = -2 / K13 (S _Ttn ) Wh((?fu(s)) ds.

tn
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Proof: The third order Taylor approximation of u(¢,+1) is given by

tn+1

1 1
ultnin) = ultn) + 70u(ta) + 37 0u(tn) + <750t +7° | w1 (

tn

s—t

= ) dtu(s)ds.

We project onto V}, and afterwards apply (4.71),

1 1
TRu(tne1) :U;LZ - 67'3143 u(t n) + 673Ahgh - ETBAh((?tgh) + ’7' &,tgh
1
+ 673A (Ore) - —T 3 Ap(Oye) - DY,
We know from Lemma 4.17 that the RK3 recursion can be stated as
n+1 1 3 n 1 3 n n
U Ahuh + — 7' Ahgh — 67- Ah(atgh) + 67- 8ttgh + TR3.
Subtracting the last two equations and using Definition 4.31 gives
1
B+ 673145 e" = ST AL (Drer) - —T An(Ouel) + DY + TRY.
The above equation can be rewritten as
n+1 n2 1 1 2 42 n 2 n n n
ey =B} + gTAh 57 Aje” - —7' Ap(Oer) | - —T Ah(atte )+7D5 +TRY.
Hence, the claim is obtained by (4.79). a
We end this section by giving a bound for the defects.

Lemma 4.33 (Bound on defects). Under the respective assumptions in Lemmata 4.28, 4.30 and 4.32
the defects DY, Dy and D3 can be bounded by

tn+1
D21} <ot [ g (o)l s, s=1,2.3 (4.81)
tn

Proof: Let s € {1,2,3} and note that we can write the defects as

tn+1

D?:Tsflfmﬁ(sT) n (05 u(s)) ds.

tn

According to (4.53) the Peano kernels are bounded by

(S - tn)
R1,s
-

Thus, we can deduce with (3.59) and the Cauchy-Schwarz inequality that it holds

sup
Se(tn:tn+1)

2

tn+l o+l
D13 <07 | [ ot u()lvds | <o [ 10 () R ds.
tn tn
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4.5.2 Centered Fluxes Case

In the previous section we have proven that the error eZ” satisfies the same type of recurion as the RK
approximation UZ+1- This enables us to apply the stability results obtained in Section 4.4 to the error
and allows to prove convergence of order h¥ + 5. Therefore, we consider only the centered fluxes
case here. Thus, by writing A;, we mean throughout this section A?f.

We begin by stating the stability results for the error.

Lemma 4.34 (Stability for error). Let {eZ}n be the error sequence of an s-stage RK approximation of
the semi-discrete problem (4.1).

i) For the forward Euler method let the 2-CFL condition (4.46) be satisfied. Then, there holds

n-1

lehll < O 3 [ Aner + DY (4.82)
m=

ii) For a RK2 method let the 4/3-CFL condition (4.45) be satisfied. Then, there holds

n—1
lenl < C7 Y [IAned I3 + 1T An(dre) 3 + | D5 + R3] (4.83)

m=0

iii) For a RK3 method let the usual CFL condition (4.44) with o < \/g (Cff)‘l be satisfied. Then,

there holds
n—1
lerly < C7 % [IAnel 15 + 1T An (D) 5 + |72 An(Ouel) 3 + | DY + R3] (4.84)
m=0

Proof: This immediately follows from the error recursions and the stability results, see Lemmata 4.28-
4.32 and Lemmata 4.20, 4.24, 4.25, and the fact that e = 0. O

Now, we prove convergence starting with the forward Euler method.

Forward Euler method

Theorem 4.35 (Convergence for RK1). Letu € C*(0,T;V) n C(0,T; V. x+1) denote the exact solu-
tion of (1.35) and {uZ}n denote the forward Euler approximation of the semi-discrete problem (4.1).
Then, under the 2-CFL condition (4.46), there holds

le” [} < C(7*By + h** Bf + h****B,,),
with
tn ) n—-1 9
B = f [Oru(s)| ds, Bl =1 Z |U(tm)|Hk+1('Th)6'
0 m=0

Proof: We use the triangle inequality and Young’s inequality in the stability estimate (4.82) ton infer

n—1 n-1

lerl < C 3 [l Aner |3 + 1 DT ] < C(T > I Ane I +72B1).
m=0 m=0

Thereby, the second inequality is obtained with Lemma 4.33. Furthermore, the boundedness of A,

and the bounds for the projection errors, see Theorem 4.1 and Lemma 3.32, imply

| Ane I3 < Ch2 e 13 < CR*fult) [ (7, o (4.85)
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and we deduce
ler|?, < C(72By + h**BY). (4.86)

Last, we split the full error using Young’s inequality,
le" % < CUerlli + Iexl) < Clely + Ch* By,
where the second inequality is obtained from Lemma 3.32. Inserting (4.86) yields the claim. a

Convergence of RK2 methods is shown analogously.

RK2 methods

Theorem 4.36 (Convergence for RK2). Letu € C3(0,T; V) n C*(0,T; H*(7,)%) n C(0,T;V, gi1)
denote the exact solution of (1.35) with source term g € C’?(O, T; V). Furthermore, let {“Z}n denote a
RK2 approximation of the semi-discrete problem (4.1). Then, under the 4/3-CFL condition (4.45), there
holds

le™|? < C(7* By + h** By + h***2B;,),
where .

Br= [ 10ug()I} + |Ouu()[} ds,

0

and

n—-1
Bé =T z [lu(tm)|§{k+1(7-h)6 + |8tu(tm)|§{k(7’h)6:| )
m=0

Proof: We bound the three terms on the RHS of the stability result (4.83). In (4.85) we already derived
a bound for the first term and Lemmata 4.33 and 4.22 provide bounds for the terms D5 and R7. This
yields

n—1

ler(2 < C (7’432 +7 Z [h2k|u(tm)|Hk+1(7’h)6 + ||TAh(8te?)%/]) .

m=0
The remaining term is bounded using the boundedness property (4.2) of A;, together with the CFL
condition and Lemma 3.32,

[T ARG [} < Clover B < CHMDyu(tn) e - (4.87)
We conclude
lei|?3 < C(v'By + h** BY).
The bound for the full error is obtained analogously to the previous theorem. m|

RK3 methods We revisit the stability result for the error of RK3 methods given in Lemma 4.34 and
observe with Lemma 4.17 that the remainder 7R% contains a term involving Ay (9ugp). In Lemma
4.22 we have shown the bound

tn+l o+l
IR513 <07 [ Jouan() ds+ O [ [ 4n(@uon(s))I3 ds,
tn tn

and pointed out that requiring solely g € C3(0, T; V') admits only the bound

tn+1 tn+1

1851 < C7° [ 1owmg()fds+C7* [ Joug(s) ds.
tn tn

This would lead to an order reduction from 72 to 72. It is possible to avoid this reduction but we have
to require more regularity from the source term.
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Proposition 4.37 (Regularity and bound for the source term). Let g € C3(0,T;V) n C%(0,T;V.).
Then, there holds

tn+1 tn+1
|RE[} < C7° f |0ueg(s)[7 ds + C7° / 1019 (5)[H1 (75,5 s (4.88)
fn in

Remark 4.38 We recall that V, = D(A) n H'(7,)® and that a function v = [H, E]? € D(A) has
zero tangential component on the boundary, i. e. n x E|gg = 0. Thus, the regularity assumption in
Proposition 4.37 does not only concern the smoothness of the source term but also requires a (weak)
boundary condition from. '

Proof: The bound on the first term is clear. For the second term we use a result proven in [16, Theorem
6.2], namely that there holds for all v € V,

||Ah7rhv - 7ThAU||V < C|U|H1 (T1)6> (4.89)
with a constant independent of h. This enables the following estimate

| AR (Oegn(s))llv = An(mn0ug(s)) v
<|An(mr0kg(s)) = ThA(Oug(s))|lv + [T A(Og(s)) v
<ClOug(s)|mr (7, )6 + [A(Oug(s))|v-

For the second term we can use the bounds obtained in Proposition 3.28, namely

| A(Big(s)) v < C(|Va % Breg(s) v + B~ ?|0ug(5)]s).-

From Oug € V. it follows |04g(s)|s = 0, see (3.45), and clearly we have |V} x Oug(s)|y <
|04¢9(8)| 1 (7,6 » which concludes the proof. i

Now we can prove convergence.

Theorem 4.39 (Convergence for RK3). Let u e C*0,T;V) n C?(0,T;H*'(7,)%) n
CY(0,T; H*(T)%) n C(0,T;V, 1) denote the exact solution of (1.35) with source term g e
C*(0,T;V)nC*(0,T; V). Furthermore, let {uj } denote a RK3 approximation of the semi-discrete
problem (4.1). Assume that the step size satisies the usual CFL condition (4.44) with

3 bl
o< \@chf) g

le" |3 < € (7°Bs + h** By + h***?B,)

Then, there holds

where

ln
By= [ 10u9() 0+ 19u9() [} + 107 u(s) I} ds,
0

and

n-1

By =7 3 [[ultm) e (70 + 100t e 7550 + Ouctuton) pas 7390

m=0
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Proof: We bound the four terms in the stability result (4.84). Therefore, we apply (4.85) to the first term,
(4.87) to the second term and Propostion 4.37 and Lemma 4.22 to the last. This yields

n—1
leply <C{m°Bs+ 7 X [[ultim)[Fper (7 6 + [0cu(tm) 3 6 + |72 AR Qe 7| ] -
o (Tn) (Tn)

For the remaining term we apply the boundedness property (4.2) of A;, together with the usual CFL
condition and subsequently Lemma 3.32 to bound the projection error. This gives

HTQAh(attG?)H%/ < 07'2 ||8tte?||%/ < OTQth_Q|8ttU(tm)|qu71(7—h)6 < Ch2k|attu(tm)|?{k—l(7’h)6a

whence
ler|?, < C(75Bs + h**BY).

The result for the full error is obtained similar to Theorem 4.35. O

4.5.3 Upwind Fluxes Case

Now, we turn to the upwind fluxes case. So, let throughout this section denote A;, = Azpw. Qur aim is
to prove convergence of order RF*+1/2 4 7% which is not possible using the stability results from Lemma
4.34. Instead, we begin by the following energy identities for the errors.

Lemma 4.40 (Energy identities for errors). Let {e} },, denote the error sequence of an s-stage RK
approximation of the semi-discrete problem (4.1). Then, following energy identities hold:

i) For the forward Euler method:

leh ™ 1V = len i +27lenls = 27 (e, AnEy' + DY)y + |7 Aney, = TAper = 7DV} (4.90)

i) For RK2 methods:
e 3 — el + rlehlE + B =r(efh AuE2 )y + P, A2 +2(Dj + B)y
1
+ 1 ||T2A%62 - T2Aieﬁ + T2Ah(8teﬁ) +27(Dy + RS)H%/

(4.91)

iii) For RK3 methods:

1 2 1
2 2 2 22 2 42 2 42 2 2
len™ i=llenl + Tlenls + STIER s+ 3TIB Ts + 7> Afeq, - 7 Ajer + 7 An(Gren) I

1
=§T|TAhBZ - TAhem%
1 2
+7(er, AR E3Y )y + §T(E;;1, ARE3)y + gT(E}?Q, ARE® +3(DY + RY))y

1
+ 3% \\7’314262 - TSAie;L + TgAi(ateﬁ) - T3Ah(8tteﬁ) -67(Dy + RQ)H%/ (4.92)

Thereby, the projection errors are given as

i) Exti=ell

td)

i) B2!:=en, E2%:= e + 10,

i) E3!:=en + %Tateﬁ, E3%:=en, E33 = e + 10l + %T28tt€;.l.
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Proof: This follows by applying the RK energy identities obtained in Lemmata 4.13, 4.16 and 4.18 to
their respective error recursion stated in Lemmata 4.28, 4.30 and 4.32. a

We observe that all three methods are featured by a certain structure of errors. Each type needs a
different handling.

Lemmad4.41 Let ¢ € {0,1,2} and assume that the exact solution of (1.35) satisfies u ¢
C4(0,T; H*179(T)5). Then, under the usual CFL condition (4.44), we have for every ~, > 0 the
bound

7'(62, Ah(Tqaer))V < ’qu|eZ|% + CTth’”l|8§u(tn)|2k+1,q(7—h)6. (4.93)

Remark 4.42 The proof of this lemma is based on Lemma 3.35 from Section 3.6. It was exactly
this lemma which enabled us to prove the better convergence rate R¥*1/2 for the upwind case in the
semi-discrete case. &

Proof: From Lemma 3.35 we get
7(eh, An(r0fen)),, < CTh™ Plep|s[T90fer |y < Or'Plep|s|T90er] v,

where the second estimate is gained with the usual CFL condition. We continue by applying the
weighted Young's inequality with v, > 0 and Lemma 3.32,

7(eh, An(T907eR))y, < YgTleqls + CITIOfer Iy < vqrlenls + CT* 27200 u(tn) [fn-agr, o
The assertion now follows by applying the usual CFL condition. a

Lemma 4.43 Letse {1,2,3},q€{0,...,s—1} and assume that the exact solution of (1.35) satisfies
we CU0,T; H*'=9(T;,)8). Then, under the usual CFL condition (4.44), it holds

|7° A5 (Fem) 5 < CTh* M 0fu(tn) Fkesa 7 yo- (4.94)

Proof: We use the boundedness of A (4.2) and the bounds on the projection errors provided by
Lemma 3.32 to infer

”TsAz—q(atqu)“%/ < T2sh_28+2qh2k+2_2q|atqu(tn)|§_]k+1—q(7—h)6 _ T2Sh2k+2_2s|atqu(tn)|§_]k+l—q(7’h)67
whence the assertion follows with the usual CFL condition. O

This two Lemmata allow us to prove convergence for the forward Euler method and the RK2 methods.

Forward Euler method

Theorem 4.44 (Convergence for RK1). Letu € C*(0,T;V) n C(0,T; V. x+1) denote the exact solu-
tion of (1.35) and {“Z}n denote the forward Euler approximation of the semi-discrete problem (4.1).
Then, under the 2-CFL condition (4.46), there holds

n—1
le"[3 +7 > [e™E < O(r2 By + BBy + h***2B,), (4.95)

m=0

where By, B{ are defined in Theorem 4.35.
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Proof: We bound the two terms on the RHS of the forward Euler energy identity (4.90). For the first
term we use Lemma 4.41 with 7 = 1/2 to get

21 (e, ALEX + DY)y <7lell|% + CTh2k+1|U(tn)|§_Ik+l(7—h)6 +27(ep, DY)v
<rlenls + rlen |y + TIDYIY + Crh ultn) e 750 (4.96)

where the second inequality is obtained by the Cauchy-Schwarz inequality and Young’s inequality. The
second term can be splitted with the triangle inequality and Young’s inequality into

|7 Anepy = TAner = TDY[T < Ol Aneh |y + [T Anex [V + [TDY ).

Now, we apply the boundedness property (4.2) of A;, together with the 2-CFL condition to the first
term, Lemma 4.43 to the second term and use 7 < 72 in the third term. Alltogether, this gives

|7 Aneh = T Apes = TDY|Y < Crlep |t + O DY [T + CTh*  Hu(tn) [feen 7, yo- (4.97)
Inserting (4.96) and (4.97) in the energy identity (4.90) yields
leh 1% = len 3 +7leqls < Crlleql + O DYIF + CTh*  Hu(tu)l s (7, yo-

Summing this iequality from 0 to n — 1 and using 62 = 0 and the bound on the defect (4.81) give
2 = 2 = 2 2 2k+1 por
lerlv +7 2 len'ls <C7 ) el + C(r" By + k™" By).
m=0 m=0

Hence, we infer by using the discrete Gronwall lemma analogously as in the proof of Lemma 4.20 that
there holds

n—1
lep |3 +7 > lef|s < C(7° By + h***1BY). (4.98)
m=0

This concludes the estimate for the error part ej;. For the projection error ey we use Lemmata 3.32 and
3.24 together with the usual CFL condition to infer

n-1 n-1
€22+ 3l <CRP2u(tn) B o0 + OB Y [ultn) By (750

m=0 m=0

=C(h**?B, + K21 B!). (4.99)

The estimate (4.95) now follows with Young'’s inequality and the bounds (4.98) and (4.99). a

RK2 methods

Theorem 4.45 (Convergence for RK2). Letu € C3(0,T;V) n CY(0,T; H*(71,)%) n C(0,T;V, gi1)
denote the exact solution of (1.35) with source term g € CQ(O,T; V). Further let {uZ}n denote a
RK2 approximation of the semi-discrete problem (4.1). Then, under the 4/3-CFL condition (4.45), there
holds

n-1
le* 3 +7 > [le™[z + [E™%] < C(r* By + h***' By + h***By), (4.100)

m=0

where By and BY, are defined in Theorem 4.36.
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Proof: We bound the three terms in the RK2 energy identity (4.91). The first two terms are bounded
by Lemma 4.41 with g = v1 = 1/2,

1 1
T(eh, AREZ v + (B} Ay B + 2(D5 + Ry))y < §TIeZ|§ + §T|EZ”I§ +27(E}, Dy + Ry)y
k
+ TR (Ju () 3y (750 + 100 (tn) B 70 )
Applying further the Cauchy-Schwarz inequality and Young’s inequality show
n 21 22 nl|2 2
(e, AR ES )y + T(E AR EY + 2(Dy + Ry))y < = T|€h|s + TIER &+ O ER Y

+CT(IID2 I+ IR31)

+ Crh+1 (|U(tn)|§{k+1(7~h)6 + |atu(tn)|%1k(frh)6) -
Furthermore, the third term in (4.91) is splitted using Young’s inequality,
= HTQAheh —r2AZel + T2 Ay (9he™) + 27(DY + RY)||3
<O([T*Ajenll¥ + T2 Arer | + 172 An(Orer) I3 + |7 D5 [ + |7 RS [3).-

Now, the first term is bounded using (4.2) together with the 4/3-CFL condition, the second and third
term are bounded by Lemma 4.43 and for the last two terms 72 < 7 is used. This yields the bound

- ||72Aheh 2AZe™ + 72 Ay (el + 27(DY + RY) |3
<Crle3 + O (ID5 [ + |RE13) + Crh* ! (Jult) s o7 yo + Ot s 70 ) -
In addition, using the triangle inequality, Young’s inequality, the CFL condition and Lemma 4.43 we infer
T B < Orllenlld + Crh* * ultn) e (7, y6-

Alltogether, we obtain

e 3 -1l + Srlehly + SrlER
<Crlepld + &(HDQ 3+ LRI + ol (JuCt) e e + 10t a o) -

Summing from 0 to n — 1 and applying the discrete Gronwall lemma yields
[eR |2 +7 Z [ 2 + |E;71 ?g] <O(+*By + W2\ BY). (4.101)

The projection error part is bounded as in (4.99). Indeed, there holds

1
[+ S [-|em|5 + 2|Em1 ] < C(h*F2B, + K21 BY). (4.102)
m=0
Combining (4.101) and (4.102) concludes the proof. m|

RK3 methods We end this chapter by proving the convergence for RK3 methods.

Theorem 4.46 (Convergence for RK3). Let w e C*0,T;V) n C?(0,T; H*'(7,)%) n
CY(0,T; H*(T)®) n C(0,T;V, x11) denote the exact solution of (1.35) with source term g e
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C3(0,T;V)nC?(0,T; V). Furthermore, let {uZ}n denote a RK3 approximation of the semi-discrete
problem (4.1). Assume that the step size satisies the usual CFL condition (4.44) with

: 3 upw \ — 5 -
ngm(\/;(chp ) 1’ﬁcb3d).

Sy 1 1
e+ 7 3 [ alem s+ GBS BT | < OG0B+ h B 4 KB, @09
m=0

Then, there holds

where Bz and By are given in Theorem 4.39.

Proof: We bound the terms on the RHS of the RK3 energy identity (4.92). Therefore, we proceed in
two steps.
i) The first step is motivated by the stability proof of Lemma 4.25. We write the first term in (4.92) as

1 1 1
§T|7Ahez - TAhem% = §T|(€Z - EZQ) + 5(7'214}%62 - TQA}%GZ + TQAh(ateZ))Eq.

Applying the triangle inequality and weighted Young’s inequalities with 7; = 5/72 and 7, = 11/7 we can
draw the following estimate,

1 1 _ _ 1 _ —
gT’TAhéﬁ —TApep|s 557(1 +31) (1 + ) ep] e + 57(1 +71)(1+ 7, )| E
1
+ ET(l + 71_1)|72A%ez - TQA?Le;L + TQAh(atez)%
11

7
=TIl + TIER S + Tl ARl — 7 AR + 7 AR (i) s

The bound for the S-seminorm (3.56) combined with the usual CFL condition with ¢ < t2;C},2,; show
that the last term is bounded by

77 1
@TlTQA%GZ - TQA}%GZ + TQAh(ateﬁ)@ < 21 HTQA,%eZ - T2A}2l62 + TQAh(ﬁteZ)H%/.
Hence, we deduce
1 n _ n|2 11 n|2 7 n2|2 1 2A2 n_ 2A2n 2A 871 2
§T|7'Ah€h TApeq|s < ET|€h|s + ET|Eh s+ ﬂHT wen — T Apen + 7 Ap(Oer) |-

Next, we use Young’s inequality to split the last term in the energy identity (4.92) into
1, 4 - a 1. -
T |7° Ajer =7 Aper + T A (Duer) [ + s |7° A (Ouey) + 67(D5 + R)|7-

For the first term we use the boundedness property (4.2) of A;, together with the usual CFL condition
with 0 < \/3(C™) " to infer
SlrAbeq - oAbl + P AR @} < o lr P ARel - T2 ARl + 2 An(@e)
In summary, we obtain
S I T R T R SR T R n22
len™ [v—lerlly + ETleh|S + §T|Eh 5+ ET|Eh s
=7(ef, Ay E3 )y + %T(Egl,Ath’f)V + gT (ER?, AWEP +3(D3 + RY)),,

1 " . .
+ 1_8||7—3Ah(8tt67r) + GT(D3 + R3)H%/ (4104)
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ii) The second part is similar to the proof of Theorem 4.45. We apply Lemma 4.41 to the first three
terms on the RHS of (4.104) with vy = 1/24, v, = 1/2 and -y, = 1/16. This yields

1 2
(e, AhEil)w—T(E"l, ARE2)y + —T(E;j?, AREZ +3(DY + RY))yv
1 1
<yl + LB ST+ 27 (BR2, DS + Ry
+ O (|u(tm)|Hk+1(7—h o 10t g 7 yo + 100t (tn) ia 73y ) - (4:108)

Plugging (4.105) into (4.104) unfolds

1 1
24T|eh|s + = T|E”1|2 * o1 |E"2 2

<2r(Ep%, DY + RY)v T ”’7’ Ah(ﬁtte") +67(Dy + RY)|%

leh* 1V =len ] +

+ Crh+ (|u(tm)|12qk+1(7h o+ 0t i 7oyo + 10wt (bn) 700 ) - (4108)

Next, we split the first two terms on the RHS of (4.106). For the first term we use the Cauchy-Schwarz
inequality and Young'’s inequality, whereas for second term we apply the triangle inequality and Young’s
inequality. This yields
2’7’(E , D3 + Ry )V+—HT Ap(Ouer) +67(Dy + Ry )||V
<OT|BR? 5 + Cr(ID5 1% + | REF) + Cllm> An(Oner) I3
<OT|E2% + Cr(ID5 T + | RS 1%) + Ch* M owu(tm) Fxor (), (4:107)

where we used Lemma 4.43 in the second inequality. We continue by using the boundedness property
(4.2) of Ay, together with the usual CFL condition and Lemma 4.43 to infer

7'HE/T¢12 ||%/ < CTHGZH%/ + CTh*M (|U(tm)|§{k+1(7'h)6 + |(")tu(tm)|§{k(7-h)6) : (4.108)

Finally, inserting (4.107) and (4.108) into (4.106) gives

1 1
e 13-l + gorleh + £rlBR R + |2
<Crlep |y + CT(| D[ + | RE1F)
+ Crh?k+! (|u(tm)|12qk+1(7’h)6 + |atu(tm)|§qk(7;b)6 + |attu(tm)|?{k—1(7’h)6) .

Summing from 0 to n — 1 gives
2 o I 12, 212 = 2 6 2%+1 17
+
gl +7 3 [lehlt + GIERE + oo BR2R ] < O 30 IR + OBy 4 121 ),
m=0 m=0
whence applying the discrete Gronwall lemma yields
n-1

chlf o7 3 | glehlh BB+ Gyl B ] < OBy ¢ H B,

The projection errors are bounded similar to (4.99) and (4.102). Indeed, there holds

1

e+ 5 [kt IR + 5 BB ] < COM2B, 124 B5).

Hence, the claim follows with Young’s inequality and the two above estimates. m|



Chapter 5

Implementation and Numerical Results

The last chapter is dedicated to numerical experiments which illustrate the theoretical results gained in
this thesis, in particular in Chapter 3 and 4. We begin by shortly giving an insight into aspects of im-
plementation. Then, we turn to numerical examples and confirm three main results of this thesis. First,
we confirm the energy identities. In fact, our numerical results demonstrate the conservative behaviour
of the centered fluxes discretization and the dissipative behaviour of the upwind fluxes discretization.
In addition, our results illustrate the anti-dissipative behaviour of RK2 methods and the dissipative be-
haviour of RK3 methods. Then, we turn to verifying the convergence results. Therefore, we first check
the convergence of the semi-discrete scheme and subsequently turn towards the convergence of the
full discretization. Our examples are based on the matlab code of Hesthaven and Warbuton, see [8,
Chapter 6], in a complemented version of Tomislav Pazur, see [16]. Additional examples with implicit
RK methods and TE Maxwell’s equations on a deformed domain can also be found in [16, Chapter 7].

5.1 Implementation of dG Methods

We start with the semi-discrete problem obtained in Chapter 3 by discretiziting Maxwell’s equations
with dG methods: We search uy,(t) € C*(0,T; V},) such that

mp(Opun(t), ¢n) + an(un(t), vn) = (9(t), on)v  Veon € Vi (5.1)
The bilinear form my, is given in (3.26) and accords with
mp(Opun(t), on) = (Oeun(t), on)v- (5.2)

Furthermore, we have aj, € {a§’, a,”"} depending on the choice of the flux; thereby, a5’ is given in

(8.33) and azpw in (3.41).

The problem (5.1) is accessible for computitional solving since it is set in the finite dimensional
space V},. Owing to this fact, we can choose a basis of V}, consisting of finitely many vectors. Let us
denote this basis with V}, = {¢1,...,pn}. The dimension N of the space V}, is given in Section 2.1.3
and depends on the number of mesh elements and on the polynomial degree we work with in the dG
discretization. Since the dG approximation u,(t) is an element of the space V}, we deduce that there
is a (unique) coefficient vector up(t) = [up1(t),...,unn(t)]" € RY such that

N
up(t) = 2—21 Up, i (1) Pm- (5.3)

Obviously, for equation (5.1) it is equivalent to hold for all ¢, € V}, or to hold for all basis functions
©m € V. Following this idea and further employing (5.2) and (5.3) we deduce that the problem

N N
Z (@magpl)v u;z,m(t) + Zl ap, (Somv(pl)uh,m(t) = (g(t)vwl)v Vi = 17"'>N7 (54)
m=1 m=

is equivalent to (5.1). This motivates the following definition.

87
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Definition 5.1 (Mass and stiffness matrix). We define the mass matrix M € RV by
N
M := [(@m, L)y ] et » (5.5)
and the stiffness matrix A ¢ RV*N py

A= [an (Pms ) e - (5.6)

Owing to the choice of the space V}, both matrices are sparse. Furthermore, the mass matrix is
block diagonal and symmetric positive definite and thus invertible. For a deeper insight we refer to [17,
Appendix A]. We continue by defining

N
gn(t) = [(9(t), om)v ey € RY,
and alltogether have derived the following equivalent formulation of (5.4)
Muy, (t) + Aup(t) = gn(t).

Let us shortly reveal the connection between the source term g, (t) in our discretizations and gy, (¢).
Recall that we have defined gy, (t) = m,9(t) and thus there holds

N N
gh(t) = 71—hg(t) = Z_l(g(t)v (Pm)V‘Pm = 2—1 gh,m(t)cpma

where gy, ,,, (t) denotes the m-th component of gy, (¢). As already commented, M is invertible and we
conclude
up, (t) + M Auy (1) = gn(t), (5.7)

with g, (1) := Mgy, (¢). Itis crucial to compare this problem to (3.66), (3.67), or alternatively to (4.1),
in order to realize that the matrix M "' A corresponds to the discrete operator Ay,.

5.2 Numerical Results

We consider TM polarized Maxwell’s equations (1.9) for our numerical experiments. We recall that in
this special case Maxwell’s equations read as

8t Hy + ATM Hy = 0 in (O,T) X Q, (58)
EZ Ez _JZ
where the TM-Maxwell operator is given as
0 0 9y
ATM = 0 0 —81 . (5.9)
Oy =0 O

We choose the domain as 2 = [-1, 1]? and the medium to be homogeneous, i. e. € = p = 1.
Discretizing (5.8) in space yields a semi-discrete system as (5.7), i. e.

Hllz,x Hh,x 0
Hy, |+ Anrm | Huy = 0 |, (5.10)
E}ILZ Eh,z ~Thd

where Ay, T\ corresponds to the discretization of the operator A7s. The eigenvalues of Ay, T for
k =3 and h = 0.25 are plotted in Figures 5.1(a) and 5.1(b). The first figure shows the eigenvalues when
cenetred fluxes are used whereas for the second figures upwind fluxes were considered. We see that
for upwind fluxes the eigenvalues lie in the left half-plan with a concentration towards to imaginary axis.
In contrast, the eigenvalues for centered fluxes are close to the imaginary axis. Despite the occuring
real parts are very small the eigenvalues with a positive real part can cause numerical instabilities.
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(a) h =0.25, k = 3, centered fluxes (b) h=0.25, k = 3, upwind fluxes

Figure 5.1: Eigenvalues of Ay, Tm

5.2.1 Energy

We begin our numerical experiments with verifying the theorical results concering the evolution of the
energy of a full discretization of (5.10) with explicit RK methods. We therefore consider an example of
TM Maxwell’s equations (5.8) given in [8, Chapter 6] without external forcing, J, = 0, and with initial
value

H,(0) 0
H,(0) |= 0 . (5.11)
E.(0) sin(7z) sin(7y)
The exact solution is given by
H,(t,z,y) ~Zsin(mw) cos(my) sin(wt)
Hy(t,z,y) |=| ZIcos(mr)sin(my)sin(wt) |, (5.12)
E.(t,x,y) sin(7x) sin(7y) cos(wt)

where w := \/27 is the resonance frequency. We can easily compute the norm of the solution as

Hx(t7 K )
Hy(t,-,") =1, Vit > 0.
Ez(ta'a') Vs

In Figure 5.2 the energy of the full discrete solution at time 7" = 10 is plotted. We used either centered or
upwind fluxes combined with the two- and three-stage Heun method as representant for RK2 and RK3
methods, respectively. For Figure 5.2(a) we used h = 1 and k = 3 and for Figure 5.2(b) we used h = 0.5
and k = 4 to illustrate the effect of a finer mesh and a higher polynomial degree on the energy. Owing
to Theorem 3.29 and Remark 3.30 we expect that for upwind fluxes the latter discretization yields less
dissipation which is clearly verified by our example. Furthermore, by the same theorem, we expect
that the centered fluxes discretization is conservative. This is also confirmed if we consider Figures
5.2(a), 5.2(b) for small step sizes 7. This ensures that we deal with a negligible time discretization error
and thus that the spatial discretization properties are dominant. Then, we see that the centered fluxes
approximation yields energy equal to 1 which is in accordance with the exact solution.
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In addition, Figure 5.2 approves the superior stability properties of the RK3 methods compared
to RK2 methods which were reflected in the necessity of the stronger 4/3-CFL condition for the RK2
methods in contrast to the usual CFL condition for RK3 methods. Indeed, we see that RK3 methods
allow a larger 7 than RK2 methods. Furthermore, we observe that RK2 methods benefit from stabiliza-
tion, i. e. upwind fluxes admit a larger limit for 7 than the centered fluxes. This is explained by recalling
the RK2 energy identity (4.22). For centered fluxes it reads as

2
||UZ+1HV = h”V + —H 2(A )2u Ry
whereas for upwind fluxes we have

1

1 2 112 2 2 2, m2

lub %+ TlublE + TIURE = g5 + 2T AT gy

We see that the appearance of the two S-seminorm terms in the upwind case allow to compensate to
some extent the anti-dissipative term 1 | 7%(A;"")2u! |3, which is not possible with centered fluxes. In
contrary to RK2 methods working with stabilization requires a smaller limit for 7 in the RK3 case. This
is seen with the RK3 energy identity (4.25) which yields in the centered fluxes case

1 1

12 2 f 3 13 2
lub™ v + 57 (A *upll¥ = Huhllv+%HT (Ay) up v,
and in the upwind case

nl|2

1 2 1
[b ™I+ s + STIUR S + SOl + I (AP Rl
3

1
=lup |y + TITA“"WUZ s+ g6 I (A g -

We have proven in Lemma 4.25 that we can estimate the anti-dissipative term %HT
term %C}%QQ |7 AZur|%. This enabled us to choose in the centered fluxes case o.f < \/;(C;;f)

which even yields a dissipative behaviour

pup|? by the

luh ™ v < ]y

In the upwind fluxes case we could not balance the additional anti- d|SS|pat|ve term 3T|TA“quh§

solely with the S-seminorm terms on the LHS but had to balance it with 7 [|72(A}™")2u |3, too.

This led to a larger CFL coeffiecient gy, < min (\/g(c}?%) 1.5 21 Cbnd) WhICh explains the smaller
limit for 7 compared to the centered fluxes case. However, if this limit is satisfied, RK3 methods in

combination with upwind fluxes are also dissipative, see Figure 5.2.
5.2.2 Convergence of the Semi-Discretization

Now, let us check the convergence of the dG semi-discretization proven in Theorems 3.34 and 3.36.
We adapt an example from [4] and use the following source term

J.=—e'[(1-2%)(1-y*) +2(1-2%) +2(1-y%)].
Then, the exact solution of (5.8) is given by

Hx(tax’y) 26t(1_x2)y
Hy(t,z,y) |= -2el2(1-y?) . (5.13)
E.(t,z,y) e'(1-2?)(1-y%)

Since we want to investigate the spatial convergence we have to ensure that the time discretization
error is small. Therefore, we choose a 3-stage Gauss collocation method for the time integration. This
method is of order 6 and choosing 7 = 0.01 guarantees that the time discretization error is negligible.
In Figure 5.3 the full error, i. e. €" = u(t,) — u}, of both the centered fluxes and the upwind fluxes
discretization is plotted. We observe convergence of order h” in the centered fluxes case and A**! in
the upwind fluxes case.
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(b) meshsize h = 0.5, polynomial order k = 4

Figure 5.2: Electromagnetic energy at time 7' = 10
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h

(a) centered fluxes

h

(b) upwind fluxes

Figure 5.3: Convergence of semi-discretization
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5.2.3 Convergence of the Full Discretization

Finally, we illustrate the fully discrete convergence results given in Theorems 4.35, 4.36, 4.39 for RK1,
RK2 and RK3 methods combined with centered fluxes and in Theorems 4.44, 4.45, 4.46 for RK1,
RK2 and RK3 methods combined with upwind fluxes. In the previous section we already verified the
convergence rate for the spatial discretization. Thus, we now check the time discretization results. We
give a homogeneous and an inhomogeneous example.

Example 1 We begin by considering (5.8) without source term and with the initial value (5.11). Ob-
serve that the semi-discretization of (5.8) is

H;L,a:(t) Hh,$(t) 0
Hy, () |+ AnoMm| Hiy(t) |=] 0 |,
E}'l’z(t) Ep (1) 0

and consequently the exact solution is given by

Hh,w(t) Hh,ac(o)
Hh,y(t) = eitAh’TM Hh,y(o)
Ep . (1) Ep,.(0)

The ODE error of the fully discrete approximation is defined as

HIT;,J: Hh,z(tn)
eope=| Hyy | = | Hny(tn)
E;Z’,Z Eh7z(tn)

For this example we use the ODE error to survey the time convergence of the discretizations. Figure
5.4 shows the ODE error for RK1, RK2 and RK3 methods combined with centered or upwind fluxes.
We choose a fixed polynomial degree k = 4 and use h € {0.5,0.25,0.125} as meshsizes. The slope
of the plotted errors confirm the proven order 7%, s = 1,2, 3, for all three RK schemes. In addition, we
observe the properties investigated in Section 5.2.1, namely the relaxed CFL conditions of RK1 and
RK2 methods when using upwind fluxes instead of centered fluxes and the tightend CFL condition for
RK3 in the contrary case.

Example 2 Next we consider the example given in Section 5.2.2 to check our results in the inho-
mogeneous case.We choose the polynomial order k = 4 for the spatial discretization. Revisiting the
exact solution given in (5.13) we realize that it is also a polynomial of degree 4 in the spatial variables.
Consequently, the fully discrete approximation contains no spatial error and the full error e™ is the time
discretization error. In Figure 5.5 the full error is plotted for h € {0.5,0.25,0.125} and we observe the
same behaviour as in the previous example.
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Figure 5.4: Convergence of full discretization
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Figure 5.5: Convergence of full discretization
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Summary and Outlook

We have provided the stability and the error analysis of dG discretizations of Maxwell’s equations in
space for both centered and upwind fluxes. Furthermore, we have proven the stability and the con-
vergence of schemes obtained when discretizing the resulting semi-discrete problem with the forward
Euler method, RK2 or RK3 methods. Clearly, the next step is to consider RK4 methods, in particular in
combination with upwind fluxes. We shortly point out the main problem appearing for the simpler case
without source term. Then, we get an energy identity similar to the one of RK3 methods, see (4.25). In
fact, we we get

n2|2 1|

1 1
b +uils + S TIUR s + 5 IUR = (A1

1
2 4 4 2
[l + eI AR+ AT U+ s (A

with Up? = U2 - ¢73(APY)?u). Even in this case it is not clear how the two S-seminorm terms
on the RHS side can be balanced with the terms on the LHS. Since this is the first step towards the
convergence our next goal is to solve this problem.
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Appendix A

Auxiliary Results

A.1 Stone’s Theorem

In Chapter 1 we use Stone’s theorem which is stated below.

Theorem A.1 (Stone’s theorem, [18, Theorem 1.36]). Let H be a Hilbert space and A : D(A) - H
be a linear operator with dense domain, i. e. D(A) = H. Then, A generates a Cy-group of unitary
operators if and only if A is skew-adjoint.

A.2 Useful Inequalities

Throughout the thesis the following two inequalities are frequently used.

Theorem A.2 (Cauchy Schwarz inequality, [19, Theorem 1.1.10]). Let (2,X, u) be a measure space
andlet f, g € L?(u1). Then, fg € L'(u) and there holds

I £gller <1 £12lgl L2

Note that this also applies to sequences a, b € I2. Then, ab € ' and it holds
labll;x <[]z [b] -

Theorem A.3 (Young'’s inequality). Let z, y > 0 be real numbers. Then, there holds for every v > 0
L oo 1 49
<= + = .
TY =y +57 Y

We call this inequality the weighted Young’s inequality. The (usual) Young’s inequality is obtained by
choosing v = 1.

A.3 Gronwall Lemmata

In Chapter 3 and 4 the continuous and discrete Gronwall lemma are used.

Theorem A.4 (Continuous Gronwall lemma, [6, Proposition 2.1]. LetT € R, u {oo}, f, g € L=(0,T)
and c > 0. Furthermore, let g be a monotonically increasing, continuous function and let f satisfy

f(t)gg(t)+cff(s)ds a e in[0,T].
0

Then, there holds
F(t) < ely(t).
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Theorem A.5 (Discrete Gronwall lemma, [6, Proposition 4.1]). Let {an}n, {bn}n ¢ R be two se-
quences, ¢ > 0 and 7 > 0 be two constants. Let {b,},, be monotonically increasing and let {ay,}
satisfy

n—-1
angbn+c7'2am, n=1,2,...,
m=0

with initial value ag < bg. Then, there holds

an < (1+c¢7)"by < 7hy,.
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