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Setting ﬂ(“.

Let T¢ = ¢=2T and consider ¢ : [0, T¢] x Q — R such that

02U (t, x) = Oy (&°(X)xUE(t, X)) in (0, T¥] x Q,
X — U°(t, x) Q-periodic in [0, T¢],
uf(0,x) = g°%(x), 9:F(0,x) = g'(x) in O,

where for Y C R, &¢(x) = a (%) = a(y) is Y-periodic in y and ¢g°,g" are
given initial conditions.
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Effective model for short time ﬂ(“'

Karlsruhe Institute of

02u0(t, x) = a%921°(t, x)

where the effective coefficient a = (a(y)(1 +9x))y and x is the
periodic solution of an elliptic boundary value problem.
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Effective model for time up to e 2T A

Karlsruhe Institute of Technology

02U(t, x) = a°92u(t, x) + €2b°9292T(t, x)

where the effective coefficient a8 = (a(y)(1 +9x)), and x is the
periodic solution of an elliptic boundary value problem.
bP is obtained by a cascade of cell problems.

Agnes Lamacz, Dispersive effective models for waves in heterogeneous media,
Math. Models Methods Appl. Sci., 21 (2011), pp. 1871-1899.
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General effective model A

Karlsruhe Institute of Technology

The solution U of
920 = a%920 — ¢2 (aza‘x‘a - Boaiafa)

approximates the true solution with error O(¢) up to time O(¢~2).

Tomas Dohnal, Agnes Lamacz, and Ben Schweizer, Bloch-wave homogenization on
large time scales and dispersive effective wave equations, Multiscale Model. Simul.,
12 (2014), pp. 488-513.

Tomas Dohnal, Agnes Lamacz, and Ben Schweizer, Dispersive homogenized models
and coefficient formulas for waves in general periodic media, ArXiv e-prints, (2014).
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Outline
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A family of effective equations for the wave equation over long time

The FE-HMM-L

Analysis of the finite element heterogeneous multiscale method
over long times

Numerical experiments
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A family of effective equations for the wave equation over long time
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Equivalence class of correctors ﬂ(“'

Let x € Wher (Y) be the unique (equivalence class of) solution of the cell
problem

(a(y)ox,ow) z(yy = —(a(y),ow) z(y) forallw e Wper (V)

a = (a(y)(1+9x))y
Let b%,32 > 0 be non-negative. Find @ : [0, T¥] x O — R such that
020 = %930 - ¢ (Fotu - B°93070) in (0, T¢] x Q,

x — u(t, x) Q-periodic in [0, T¥],
(0, x) = ¢°(x), 9:u(0,x) = g'(x) in Q.
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Theorem
Assume that the tensor a°(x) = a (%) = a(y) is uniformly Y-periodic and a(y) € W' (Y). Furthermore,
assume that the solution U of the homogeneous equation and the initial conditions satisfy the regularity

Tel®(0, TSHS(Q)), oie L0, TS HY(Q)), 970 e L®(0, TS H3(Q))
¢ e H*(Q), ¢' e H3(Q).

Let x be the solution of the cell problem and assume that for a x € x, the coefficients b°,22 satisfy the
relation

Then the following error estimate holds

l[v° = Ull (0, 7e;12(0)) < Ce (Hg1 ‘

way T HQOHHA(m + 18l o, rems o) + Ha?ﬁHLw(o,T&HS(m))

where C depends only on Q,T,Y,a,A and A.
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Set of solutions ﬂ(“'
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="+ 007, b°=((x—y)?), &#=207
The set

F = {E<x> solution of homogeneous equation with b°, 2 defined above}

constitutes a family of effective solutions for u®.

10.10.2019  Philip Freese - Long time wave propagation in heterogeneous media Time integration workshop



8

Outline

The FE-HMM-L
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Locally periodic media ﬂ(“'

Now let f € L2(0, T%,1L2(Q)). Find ¢ : [0, T¢] x Q — R such that

02UE(t, x) — 9y (a°(x)0xUE(t, X)) = f(t, X) in (0, T¥] x O,
x — U(t, x) Q-periodic in [0, T¢,
uf(0,x) = g%(x), (0, x) = g'(x) in Q,

Here we allow a*(x) = a(x, ¥) where a(x, y) is Q-periodic in x and
Y-periodic in y.

Among the family of effective equations F we pick (x), = 0 which yields
2% = 0 and denote the effective solution corresponding to this choice by
u.
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Zero mean cell correctors and parameters ﬂ(“'

For each x € Q) define x(x,-) € Wper (Y) as the unique solution of
(a(x, )9y x(x, -),ayw)Lz(Y) = —(a(x, -),ayw)Lz(Y) for all w € Wper (Y)

For x € O) define

2 (x) = (alx. ) (1 +ayx(x. )y, b°(x) = ((x(x.))?)

Y

The equation for Uis: Find U : [0, T¢] x 3 — R such that
92T — By (ao(x)BXU> €29, (bo(x)axa$a) —f  in(0, T xQ,
x — U(t, x) Q-periodic in [0, T¢],
(0, x) = ¢°%x), 9:m(0,x) =g'(x) in Q.
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Weak formulation ﬂ(“.

Define bilinear forms

A%(v, w) = (ao(x)axv, axw) B(v,w) = (bo(x)axv, axw>

L2(Q)’ L2(Q)
and the Hilbert space S(Q) = {v € L?(Q) : oxv € L?(Q) } equipped
with

(V. W) sy = (V. W)i2() +€2B%(v, w)
U satisfies

(B?U(t), v) sy ™ A(T(t), v) = (f(t), V)ie), YV EWper (Q), ace. t
u(0) =¢° 9rm(0) =
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FE-HMM-L AT
Find uy : [0, T¢] — V(Q) such that
(a?UH(t)v VH>O + An(un(t), vig) =(f(1), Vi)12() . YVH € VH(Q), ae. t
up(0) = gy, 9rup(0) = g,

where

J
AH(VHY WH) = Z Zija?((ij)ava(x,@)awa(ij)

KeTy j=1
(Vi WH) g = (VH, WH) g + (Vi WH)
J/
(Ve Wi)py = Y, Zw;(jVH(X;(j)WH(X;l(j).
KeTy j=1

J
(Vi W)y = €8 ) ) bR (Xi)9x Vi (X ) 0x Wiy (X))
KeTy j=1
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FE-HMM-L

Let i € Vh(K(;j) the solution of

(ag(x)axwh,Kj:ath>L2 = _(ae(x)vaxzh)Lz(ij) . Vzp € Vh(Ko‘,)

(Ks;)

and define approximated parameters at quadrature points as

a?((XK]) = <a€<X)(1 +aX¢h,K/)>K& , b?((XKj) — 2 <(¢th)2>K
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Analysis of the finite element heterogeneous multiscale method
over long times
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A priori L*(H') error
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Theorem

Assume that é satisfies % € N+, that the micro mesh size is h < € and that the degree of
the micro finite element space is q = 1. Furthermore, assume that the tensor

a € W' (Q) is collocated in the slow variable, i.e. for all (K,j) € Ty x {1,...,J},

&(x)=a <ij, §> for a.e. x € K. Finally, assume that 8°,b° € W' (Q) and

KT e L®(0, TS HAT(Q)) for0 < k < 4,
Then the error e = U — uy satisfies the estimate

2
9t€llL (0, 7eiL2(0)) + ll€llL (o, 7ot () < Ct (h/€2> +eff,

where eff is the standard FEM error estimate,

off < o [}o" - a3

o) Hg1 _9’1*‘ o) * Hgo —gﬁ,Hm o Hl) '

Ci=CiLi Ha;(UHL‘”(HH‘ () @nd G2 = Co Yo 05T .4 (| (o)) With Ci,C
independent of H,h,e and é.
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A priori L*(L?) error

Karlsruhe Institute of Technology

Theorem
As before assume thath <e,g=1and &(x) = a (xK]., %) for a.e. x € Ky;. Furthermore,

assume thatd¥u € L°(0, T5; H1(Q)) for0 < k < 3, g}, = Iyg' and & € WH=(Q).
Then e = U — uy satisfies the estimate

2
llelli=(0,7e12(00)) < Ci (h/£2) +efz,

FE

where €2

is the standard FEM error estimate,

FE 0 0 0_ 0 041 ¢
ez <G (Hg fo)e) L2(0)+£Hg gH‘H1<Q)+H +eH),
Ci=Cixi, Haé(U”L“’(HH‘ () @nd G2 = CaX5 o 0§ T .4 (1 (o)) With C1.Ce

independent of H,h,e and ¢.
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Corollary
Assume that the tensor & (x) = a (%) is periodic with a € W' (Q) and f = 0. Also,

assume that g%, = I4g°, g}, = Ing" and let the settings of the FE-HMM-L be such that
6/e € Nso, h<e qg=1and? = 1. Finally assume that the following regularity holds

L cHYQ), ¢'eB3Q), of eL*H>K(Q) 0<k<3
Then we have the following estimate

2
||U€ — UH”L”(O,TE;LZ(Q)) < C1 (F,Jr (h/ﬁz) > + Cg <H2 +€H>

where C1 = C1 Y3 _, |\a¢17||LN(H5,k(Q)> and Co = Co Y3, |05 1 (12 (o)) Independent of
H,h,e and é.
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Numerical experiments
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Appendix ﬂ(".

BEU(t, x) = T(t, )+gx( )axu(tx)+£29( )32 (t, X)+£K( )33 (t, X)+sp( ) T(t, x)
a2 (a(%)au0)
Now we compute (9% + A¢) BU
02 (BU) = a%020 + ea®x 03U + €2 <a°(9+5°) —52) o4u+ O(e3)
~ox (a (g) 3x (BU(x)) ) =" (=3y(aly) (1 +3yx))) 0T
& (—dy(a(y)(x +9y0)) — a(y)(1 +dyx)) 95U

)(
e < dy(aly) (8 +dyx)) — a(y) (x +3y0)) 230
e (—9y(aly)(x +3yp)) — a(y) (0 + dyx)) 94T + O ()
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Lemma
Under the assumptions of Theorem, BEU satisfies

(Q) fora.e. te0, T,

(a? + Af) BEU(t) = REG(1)  in Wier

where the right hand side R¢Ti € 12(0, T¢; Wier (Q0)) satisfies the estimate

o > (1~ o~
IR*Gllr2 (0, 7,50 00)) < CE (HUHLw(o,re;HS(Q)) + HatUHLw(OVTg;Ha(Q)))
for a constant C that only depends on T,Y,a,A and A.

Lemma
Under the assumptions of Theorem, ¢ = B°U — [u*] satisfies

19617 [t (Wee () + 177 0 c2)
<C (Hat’f(o)”vv* ) F IOl +¢7" HReEHLZ(Wger(D))) :

per

where C depends only on A,A and T and R¢U is given above.
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Lemma

e = sup|a®(xx) — ak (xk;)
K.j K.j
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