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Dirac Systems ﬂ( T

Karlsruhe Institute of Technology

a physical description of relativistic particles (e. g. electrons) in time and space

> Vp velocity of the particle
» Cp speed of light
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a physical description of relativistic particles (e. g. electrons) in time and space
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Re ¢(t,x)
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z € [—7, 7] z € [-m, 7]
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Nonlinear Dirac Equation ﬂ(“'

Consider for given initial data ¥ (0, x) € C* on (¢, x) € [0, T] x [, n]¢

d d
0/ = (ic2a,6,+c25> ¥ + <¢ Za,A,-) Y + A(Y-8Y)BY
. =

j=1

with periodic boundary conditions in space, d = 1, 2, 3, parameter A > 0 fixed

m Dirac solution ¥ (¢, x) = (¢1(t, x), ..., Pa(t,x))" et ("four-spinor”)
® scalar potential ¢(x) € R ("electric potential”)
m vector potential A(x) = (A1(x), ..., Ag(x))" e RY ("magnetic potential")

w Dirac matrices 3, o; € C**4,j=1,2,3

Note: can be reduced for d = 1,2 to system for two-spinor ¥ = (1, 14) "
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AT

Nonlinear Dirac Equation - the Dirac matrices
d d

i0/¥ = (—ic Y ajo;+ 025> Y+ <¢ -y a,-A,-) Y+ A(Y-8Y)BY
j=1 J=1

= Dirac matrices (defined via Pauli matrices o; € C2*2, j =1,2,3)

I, 0 0 o 4x4  :

a Hermite property: o = a]’-" =)' = a/'T =q

a Important anti-commuting properties for j, k = 1,2, 3:

a],B—l—,Ba/ = 0, ajak+akaj = 25!',;(24, ﬁz = I4 = 01/2.

= commutator [aj, 8] = a;8 — Bo; = 203
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Splitting Methods — a short recap ﬂ(“'

Consider ODE
Y =Fy) =) +by), y0)=yech
with "nice" functions fy, £, and corresponding subproblems
w = fi(w), w(0)=wy, (S1),
m exact flows ¢! and ¢}, , i.e. w(t) = ¢} (wp),

a Lie splitting (with step size T attime t, =nt, n=0,1,2,3,...)

(@l)" (Yo) = (970 92)" (yo) = y(tn) + O (7)

a Strang splitting

(q%trang> " (Yo) = ((/)17/2 o¢y0 ‘P1T/2>n Vo) =y(th) + O <T2>
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Splitting Methods — Commutators

Now consider the linear case f(y) = Ay, , A
Dependency of the error constant in case of

a Lie splitting on norm of commutator
[A Blyo = (AB = BA)yo
m Strang splitting on norm of double commutators

[A[ABllyo  and  [B [5 Allyo

ST

arlsruhe Institute of Technology

€ RVxN,

Generalization to evolution equations: A(v), nonlinear operators
(cf. [Lubich 2008], [Descombes 2013], ...)

[A Bl(v)w = A'(v) w— A(v)w
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Splitting Methods — Example of NLS AT

Classical splitting for NLS with p.b.c.

e = —Dy + [y, YO)=yo, (t,x)€[0,T]x [~ n]?

into

iotw = —Aw, w(0)=wy (S1),

m solve (S1) exactly in Fourier space

gi(wo) =exp(ith)wo  ~  exp(it(— |k[*))(wo), Vk €29

a in exploit that

2P =0;(z-2) =0, e |z(tx)]? =]|z(x)]

= = exp(—it|zo(x)|?)zo(x)  Vx € [-m, )9,
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Time Splitting Fourier Pseudospectral Scheme ~ {|T

d d
0¥ = (—ic Y ajoj+ 02ﬁ> Y+ (cp -y a/-Aj) Y+A(Y-8Y)BY
j=1 =1

= HY=: H(¥) = V(¥)
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Time Splitting Fourier Pseudospectral Scheme ~ {|T

J=1

d d
/8,‘1’ = <iC Z O‘/a/ =+ 02ﬂ> Y + ((P — Z a/'A/) b4
) =

= HY=: H(¥) = V()
for A = 0:

m exponential 2-term Strang splitting successfull (TSFP scheme in [Ba02017])
m exact flows (Dy, Dy € R**4 diagonal)

9} (Yo) = e ¥y ~ Qe ™ Qff (¥o), Vkez?
9} (Yo) = e 0 Tlieh) g o pe ™ pH (W), Vx e [—m, ]
a cp?H isometry in H" ~ stability of scheme

m second order global error involves commutators

[H, [H, V)] ( —c4ZA +O( )
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Splitting Methods for Nonlinear Dirac AT

d
/a,‘I’ = <iC Z aj-a/- + 02,6> Y +
j=1

j N——
N(¥)
H(p) V()
for A # O:
® ¢}, (¥o) as before, but
a Complication: within subproblem
o d
% (¥Y-BY) =Y - BY+Y - B0 ¥ = =¥ (/ZA/ (@B ,Ba/)> ¥4 0
=1
= no explicit expression for exact flow of if A= (A1 ..., Aq)T #£0

How to explicitly formulate a Strang splitting ???

n
<¢§[20 O@TH“) (Yo) ~ ¥(tn)
= ?2?2?
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Splitting Methods for Nonlinear Dirac AT

d
/B,‘I’ = (iC Z aj-a/- + 02,6> Y+

f:1 N——
N ()
H(yp) V()
Problem: (¥) =722
Idea: approximate by another Strang Splitting Scheme
(¥o) ~ 01\ (¥o) = (@32 f © 9}/?) (¥o)

Advantage: 9; (¥ - BY) = 0 within subproblem
¥ = A (¥-BY) BY, ¥(0) =Y,

= explicit and cheap evaluation of ¢!/ (¥o) = exp (—itA (Yo - B¥0) B) Yo

i0r¥ = H(p) + V() + N(y)
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3 Term Strang Splitting for Nonlinear Dirac AT

d d
J=1 J=1 _N.\(’w)_/

H(y) V(y)
3-term Strang splitting scheme

n
n
<q>§trang> (‘YO) = <9”7T-{,/2 © go/T\/{2 © q)lT/ ° (Pj\{z O(/)/;-{,m) (YO) ~ T(tn)

perturbation of the 2-term scheme
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Error Analysis of the 3 term Splitting AT

3-term Strang splitting scheme

n n
(8iarg) " (¥0) = (077 0 952 0 7 0 /2 001/% ) (¥o) = ¥t

w stability bounds for ¢!, ¢!, ¢} in H',r > d/2 (Juv]l, < K |ull, v,
m local error analysis: ¥(7) — DP&irang (Yo)

¥ = (932005 10 032) (20)
+ (@320 010 95/?) (Fo) = (97/2 0 932 0 9 0 952 0 97/?) (Yo)
r
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Error Analysis of the 3 term Splitting AT

3-term Strang splitting scheme

R —

n n
(8iarg) " (¥0) = (077 0 952 0 7 0 /2 001/% ) (¥o) = ¥t

w stability bounds for ¢!, ¢!, ¢} in H',r > d/2 (Juv]l, < K |ull, v,
m local error analysis: ¥(7) — DP&irang (Yo)

¥ = (o300 0 03/%) (o
il (ob v (o3l280)) = (o2 o 9b o 0k) (93°(¥0) ) |
< T(|[H, [H, N (¥Yo)ll,+-..) "local error 2-term Strang"
+1° (H V., [V.N]] (@5{/2(?’0)) Hr +.. ) "perturbation”
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Global Error of the 3 term Splitting

n
(®Eang ) (‘I’O):< 7120 920 00 9% Oq);{/z) (Yo) ~ ¥(t)

= global error = stability + local error in H', r > d/2

()~ (g ¥0)|

< 2K (I 1Y+ N ()|, N (03 2080) ) |-
w [H[H, 1] (¥o) = c* L0, A [B. (8, o ][¥0 + O (c®)

o V.V N (93/2(%0)) = O ()

d d
0¥ = <—/c Y oo+ 02,8> Y+ <<p -y a,A,> Y+A(Y-8Y)BY
J=1 J=1 _N\(r

H(p) V()
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Theorem
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mletr>d/2,c>1andA >0
m letinitial data ¥(0) € H™*2, potentials ¢, A € H'*2
® 0<7<1smallstepsize, t,=ntel0,T|

Then the 3-term Strang splitting scheme

YT = Oy ang (") = (w o giiPog ol WZ) (¥"), ¥°=1¥(0)
_,_

satisfies
¥ (tn) — ¥7||, < 72 (c“KA + c3K) ,

m K4, Kdependon T, r, ¥, ®, Abutnotonc, T
a Ky=0forA=0
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Extensions AT

d d
= j=1

J

m allow time dependent potentials ¢(t, x), A(t, x)
~» approximate exact flow in [t, t, + T] via exponential trapezoidal rule

ol = o T (9(8) -2 4 cyy(9)) ds o, o T5 (@) +9(tntr) L o (Aj(tn) +Aj(tn 7))
(cf. TSFP scheme in [Bao2017] for the linear case A = 0)
a Dirac-Poisson equation: combine Dirac (for ¥) with Poisson (for ¢)
—Ap = [¥[?

~ solve for ¢ within subproblem io;¥ = V()
~> within this subproblem ¢(t) = ¢(0)
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Numerical Framework for 3-term Strang AT

Simulation on 2D torus [, r(]z, periodic boundary conditions and on
finite time interval [0, T = 1], parameter A = 0.5

a consider reduced two-spinor system

@ initial data:
cos?(3xy) sin(2xq) cos(2xy)
‘T’(O X) = 2 —cos(xy) 2 —sin(x2)
' cos(2x1) sin(2xy)
2—cos(xq) 2—cos(x2)
a potentials:
$(x) = cos(2x1) +sin(3xz)

2 —sin(2xy) cos(x2)

sin(2xq ) + sin(3x2)
Alx) = 2 — cos(2xy) cos(Xz) _ <A1 (X)) or A=0
() cos(3xq) sin(x2) + cos(2x2) Az(x) ( )
2 —sin(xy)sin(2x2)
a Fourier Pseudospectral discretization in space, N x N grid points (N = 64)
m reference solution: 3-term Strang splitting with 7, = 3.1 - 107
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Experiment 1: A # 0
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Experiment 2: A=0

Error maxy,c(o.1] [[¥(tn) — ¥"|| e = O (2¢?)

100)

1076 (7.7

T

c~1 H
c~3
c~9
c=~30
> L

o
Ll L Ll

102 101

T

103

23 October 10", 2018:

100

Patrick Kramer —  Splitting Methods for Nonlinear Dirac Equations

Karlsruhe Institute of Technology

100

1072~

1074 |

1076 |

sewes TR 0.2

=== T2 0.05
T~ 0.01

-8

ol

100

10"

102

108



<7

Karlsruhe Institute of Technology

Introduction to Dirac Systems
Splitting Methods — a short recap

3-term Splitting for Nonlinear Dirac

Error Analysis of the 3 term Splitting Scheme

Numerical Experiments

Summary and Outlook




Summary

3-term exponential Strang splitting for nonlinear Dirac Equations
® 2nd order global convergence, i.e. error O (t2(c*K4 + c3K))

ma Kgy=0for A=0

a extendable to

» time dependent potentials

» nonlinear Dirac-Poisson system
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Outlook: Further interesting schemes

B\

Karlsruhe Institute of Technology

Ansatz ] -
¥=3 (U+V)

([Faou/Schratz2014], [Baumstark/Faou/Schratz2017], [K./Schratz20171],...)
a Nonrelativistic Limit Scheme ¢ — o
Dirac(-Poisson) <% nonlinear Schrédinger(-Poisson) (SP)

> U(t) = €U () + 0 (c7!), V(t)=...

> error O (tP + ¢~ ') (solve SP with method of order p)
a Uniformly Accurate Scheme

> twisted variables U, (t) = e *tU(t), V, () = ...

twisted Variables

Dirac(-Poisson) ~~~Aasasansy "nice” first order system for (Us, Vi)

» error O (tP) (uni. in c) for exp. type integrator (c-independent)
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