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Homogenization: 1D example ﬂ(“'

In QO = (0,1) consider
—0x (As(x)dxus(x)) =1, us(0) = us(1) =0

Ag(:()zA(%) = (2 cos (27%))71 foro=2"% keN
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Homogenization: 1D example ﬂ(“'

us(x) = x —x2

-0 <417t sin (271%) — % sin (271%) -9 <417r2 cos (27‘[%) - 417'52>>

—~x—x> ,asd—0
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Homogenization: 1D example

us(x) = x —x2

-9 <17T sin (27‘(%) - % sin (27‘(%) -0 <417T2 cos (27‘[

—~x—x> ,asd—0

@ ldea:

X, f) +82u(

us(x) = up(x) + ouV (x 5

5)
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Homogenization: 1D example

us(x) = x —x2

_5< _

—~x—x> ,asd—0

@ |dea:
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Homogenization: 1D example

us(x) = x —x2

1 X 1
“5< - “5<4Tz (273) —JJ))

—~x—x> ,asd—0

a |dea: )
ug(x) = up(x) + 96 + 8P (5 %)+

a Goal: Find Ag such that u is solution of

—0x (Ap(x)oxup(x)) =1, up(0) = up(1) =0
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Asymptotic expansion

Problem
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Asymptotic expansion ﬂ(“'

Problem

/A(g)axw(x)axv(x) dx = /v(x) dx Vo€ H)(Q)
Q Q

Ansatz

g(x) = u® (x, 5) + u (x, 5)
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Asymptotic expansion ﬂ(“'

Problem

/A(g)axw(x)axv(x) dx = /v(x) dx Vo€ H)(Q)
Q Q

Ansatz

g(x) = u® (x, 5) + u (x, 5)

- X x x x
dxug(x) = 6 1a,u® (x, 3) + 9,0 (x, 5) + ayu(l) (x, 5> + 69uM (x, 5)
9,0(x) = 9,0 (x) + ayv(l)(x, g) + 69,0 (x, g)
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Asymptotic expansion ﬂ(“'
Problem

/A(g)axw(x)axv(x) dx = /v(x) dx Vo€ H)(Q)
Q Q

Ansatz

g(x) = u® (x, 5) + u (x, 5)

Aty (x) = 67 10,u 0 (x, %) + 3, (x, %) + ayu(l)(x, %) + 69,u (x, g)

f
"6
9,0(x) = 9,0 (x) + ayv(l)(x, g) + 69,0 (x, g)
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Comparison AT

o6

9.0 X (0) 1) X B

/A((s)ay“ (x’(S) {axv (x) +0yv (x,(s)} dx=0
O

choose 90 = 0, (1) = (0

- 9,u® (x, 2y 9,u® (x, X 0. =
O—/A(é)ayu (x,é) dyu (x,é)deszayu (,5)
o)

L2(Q)

a M(O) (x, %) = uo(x) with ayuo =0
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Asymptotic expansion ﬂ(“'

Problem

/A(g)axu‘s(x)axv(x) dx = /v(x) dr Vo HL(Q)
Q

Q
Ansatz
ng(x) = up(x) + ouV (x, 3)
o(x) =00 (x) + 5oV (x, )
Oxits(x) = Oxuip(x) + ayu(l) (x, g) + 69,u D (x, %)

3x0(x) = 0,0 (x) + 9,0 (x, g) + 69,0 (x, g)
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Asymptotic expansion ﬂ(“'

Problem

/A(g)axu‘s(x)axv(x) dx = /v(x) dr Vo HL(Q)
(@) Q

Ansatz

=

us(x) = u(x) + ouV (x, 7)

>,

o(x) = 0 (x) 4 60V (x, g)

=

dxus(x) = dxup(x) + 8},u(1) (x, g) + &)xu(l) (x, 5)

9,0(x) = 9,00 (x) + ayv(l)(x, §> + (58xv(1)(x, g)
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Comparison AT

O(6%)

/A axuo +8yu(1)( ;)] [axv (x)+ayv( )(x, ;)} dx

= /v(o) (x) dx

6 12.10. Jan Philip Freese - Homogenization and dielectric media Annweiler 2018



Comparison AT

O(6%)

/A axuo +8yu(1)( ;)] [axv (x)+ayv( )(x, ;)} dx

= /v(o) (x) dx

o
choose 910 = 0, o(V) = w(x)z(%) with z 1-periodic, Y = (0,1)

0_/A

x x
axuo )+ ayu(l) (x, 5)] ayz(g)w(x) dx

%\R
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Comparison AT

O(6%)

/A axuo +8yu(1)( ;)] [axv (x)+ayv( )(x, ;)} dx

= /v(o) (x) dx

Q

choose 910 = 0, o(V) = w(x)z(%) with z 1-periodic, Y = (0,1)

0_/A

— //A(y) axuo(x) + ayu(l)(x, y)} dyz(y) dy w(x) dx

x x
axuo )+ ayu(l) (x, 5)] ayz(g)w(x) dx

%\R
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Cell Problem AT

/ A(y) @stio(x) + 3,u (x,1))3yz(y) dy = 0 ¥z € HA(Y)
Y

H}(Y) space of H!(Y)-functions with periodic boundary conditions and
zero mean
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Cell Problem AT

/ A(y) @stio(x) + 3,u (x,1))3yz(y) dy = 0 ¥z € HA(Y)
Y

H}(Y) space of H!(Y)-functions with periodic boundary conditions and
zero mean

Ansatz

u (x,y) = dettg (x) x ()

ayu(l)(x,y) = 1o (x)9yx (y)

[ AW +0xw)dyzy) dy =0 vz € HYY)
Y
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Homogeneous equation ﬂ(“'

0(s%)
/ A(g) [axuo(x) +9,uM(x, g)] [axv<°> (x) + 9,00 (x, g)} dx
Q
= /v(o) (x) dx
Q

choose ) arbitrary, v(V) = 0

/ x)dx = /A axuo (x) 4 9xuip(x )ayx(g)} 9,010 (x) dx
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Homogeneous equation ﬂ(“'

0(&?)
* Wy X (0) W X
/A((S) [Buatg () + 2y (x, 5] [0 (x) + 0 (3, 5)]
)
= /v(o) (x) dx
o)
choose ) arbitrary, v(V) = 0
/ x)dx = /A axuo (x) 4 9xuip(x )ayx(g)} 9,010 (x) dx

- / / Ay) (1+3yx(y)) dy Dty (x)2:00) (x) d

Ao
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Homogenization result ﬂ(“'

Theorem

Let As be locally 5-periodic, A € L*(Q; Cy(Y))**4 uniformly coercive and
bounded. The sequence (u;)s~o converges weakly in H(Q) to ug and
(Vus) converges to Vg + Vyu(l) in the two-scale sense, where

(up, uM)) € HY(Q) x L2(Q; HL(Y)) is the unique solution of

/ / A, 9) (Vg (x) + Ty (x,)) - (T (x) + VoV (x,)) dy d

QY
_ / F(x)oo(x)dx  forall (vg,0M) € HA(Q) x L2(Q; HY(Y))
(@)
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The example AT

Problem
In Q) = (0,1) consider

_% (A‘S(x);iu‘s(x)> =1, ¥(0)=u’(1)=0
A(x) = A (g) = (2 — cos (27%))_1 fors=27% keN

The cell corrector is given by x(y) = —Sinffy)

Ao = [ AW+ 20 dy = 5
Y
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Back to asymptotic expansion

Solution of homogeneous system
1
—Eaxaxuo(x) =1, up(0) =up(l)=0

is 1p(x) = x — x? and with the first corrector we get

tg(x) = o (x) +4 = to(x) + 80110 () ()
-2 5(1-2) 7Sinfﬂn%)

-5 ( " )
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Homogenization of Maxwell’s equations ﬂ(“'
Problem

€% (x)0E° (t,x) = curl H(t,x) — j(t,x)
1 (x)9HO (£, x) = — curl B (¢, x)

Ansatz

E°(t,x) = EO (4, x, g) +oEM (¢, x, §>

HY(t,x) = HO (¢ x, §> +oHD (1, x, g)
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Homogeneous Maxwell system

e (0)0 B (£, x) = curl H (£, x) — j(t, x)
uf(x)o e (1, x) = — curl B (£, x)

where the homogeneous parameters « = ¢, u are given as

2 (), / a(x, ) (e + Vi (x,v)) dy
Y

and the cell correctors x, are solutions of the cell problems

/oc(x,y) (ex + Vyxi(x,y))  Vyo(y)dy =0 forallv € Hy(Y)
Y
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Polarization model ﬂ(“.

Domain Q C R3, t € (0, T), &,u bounded, uniformly positive definite

0;D = curl H —j (0,T) x
uoH = — curl E (0,T) x
nxE=0 (0,T) x 02
E(0) = Eo, H(0) = Hy Q
divD(0) = 0(0), div(uHp)) =0, n-(uHy) =0 QO

D(t,x) = ¢(x)E(t,x)
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Polarization model ﬂ(“.

Domain Q C R3, t € (0, T), &,u bounded, uniformly positive definite

0;D = curl H —j (0,T) x
uoH = — curl E (0,T) x
nxE=0 (0,T) x 02
E(0) = Eo, H(0) = Hy Q
divD(0) = 0(0), div(uHp)) =0, n-(uHy) =0 QO

D(t,x) = ¢(x)E(t,x) + P(t,x)
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Polarization model ﬂ(“.

Domain Q C R3, t € (0, T), &,u bounded, uniformly positive definite

0;D = curl H —j (0,T) x
uoH = — curl E (0,T) x
nxE=0 (0,T) x 02
E(0) = Eo, H(0) = Hy Q
divD(0) = 0(0), div(uHp)) =0, n-(uHy) =0 QO

D(t,x) = ¢(x)E(t,x) + P(t,x)
Debye-Model for dielectric material
v(x)719P(t x) = T(x) 'E(t, x) — T(x) " v(x) T'P(t, x)
P(0,x) = Py(x)
v,T bounded, uniformly positive definite
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Abstarct Cauchy system ﬂ(“'

E(t,x)
u(t,x) = | H(t,x)
P(t,x)
solves
Mosu(t) = (A+B)u(t) + g
u(O) =l

M symmetric positive definite and bounded
I3 curl —v Is

M= u ,A= | —curl B=1"1
vl I —v

Then S :== M~! (—A — B) is a maximal monotone operator
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Well posedness of Cauchy problem

X:=L12Q)° x LX(Q)P° xL2(Q)°, (¢, ¢)x =(M¢, )
D(8) := Hy(curl, Q) x H(curl, Q) x L2(Q)3

Theorem (Hipp, Hochbruck, Stohrer)

Forug € D(S) andg € C(0,T; D(S)) org € C}(0, T; X) the abstract
Cauchy problem has a unique solution u € C'(0,T;X) N C(0,T; D(S))
and there exist a constant C > 0 with

lu@)lx < € (luollx + ¢ lgllmos

David Hipp, Marlis Hochbruck, and Christian Stohrer. "Unified error analysis for non-conforming space discretizations of wave-type equations."
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Discrete Model

E € Hy(curl, Q), H € H(curl, Q), P € L2(Q) such that

e E -t v curl ! E —j
U o |H| = —curl H|+|O0
vl P 1 —r 1yt P 0

~» Mpdruy = (Ag + By) ug +ju
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Discrete Model ﬂ(“'
E € Hy(curl, Q), H € H(curl, Q), P € L2(Q) such that

e E -t v curl 7! E —j
U o |H| = —curl H|+|O0
vl P 1 —r 1yt P 0

~» Mpdruy = (Ag + By) ug +ju

where

M, M., C M-
My = MV , Ay +By:= —-C
M, M. M

. —1y-1

Thank you for your attention!
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