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Last year: UA scheme for KG equations

joint work with E. Faou and K. Schratz
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situte of Technology.
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Last year: UA scheme for KG equations
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Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.
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Last year: UA scheme for KG equations AT

situte of Technology.

a Work-precision plot:
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Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.
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Last year: UA scheme for KG equations
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Last year: UA scheme for KG equations

a Work-precision plot:
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Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.
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Last year: UA scheme for KG equations

a Work-precision plot:
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Last year: UA scheme for KG equations

a Work-precision plot:
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Last year: UA scheme for KG equations AT

Karlsruhe Intitute of Technology

a Error constant comparison w.r.t. 7:

UA First UA Sec KG Lim KG Bao
100 [T I ] I I I I
107" 4
10724
S
=
Ltl =@ = 1
10—5 == c =5
wele= ¢ =10
=@ ¢ = 50
=@ C = 100
7 c =200
10~ == = 300
e C = 400
== ¢ = 500 L
107° o) 107" 10°° 107"
T T T

Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.
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Last year: UA scheme for KG equations AT

Karlsruhe Intitute of Technology

a Error constant comparison w.r.t. c:

UA First UA Sec KG Lim
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— (O(c7?)

Simulation on x € [0, 27], t € [0, 1], Trer =~ 107% and M = 256.
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Last year: UA scheme for KG equations AT

situte of Technology.

a Limit convergence:

First-order UA method &e::nd-order UA method
I I
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Simulation on x € [0,27], t € [0, 1], Trer ~ 1078 and M = 256.
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Model problem T

Karlsruhe Insttute of Technology.

Consider the Klein-Gordon-Schrédinger (KGS) system:
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Model problem ﬂ(“

Consider the Klein-Gordon-Schrédinger (KGS) system:

c 20yz(t, x) — Az(t, x) + 2z(t, x) = |n(t, x)|?,
io:n(t, x) + An(t,x) = —n(t, x)z(t, x),

with initial conditions
2(0,x) = zo(x), 9z(0,x) = c?z(x), n(0, x) = no(x),

and periodic boundary conditions.
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Model problem ﬂ(“

Consider the Klein-Gordon-Schrodinger (KGS) system:

c 20yz(t, x) — Az(t, x) + 2z(t, x) = |n(t, x)|?,
io:n(t, x) + An(t,x) = —n(t, x)z(t, x),

with initial conditions
2(0,x) = zo(x), 9z(0,x) = c?z(x), n(0, x) = no(x),
and periodic boundary conditions.

a Numerical Challenge:
Highly oscillatory (non-relativistic) limit regime, i.e. ¢ > 1.
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Model problem ﬂ(“

Consider the Klein-Gordon-Schrodinger (KGS) system:

c 20yz(t, x) — Az(t, x) + 2z(t, x) = |n(t, x)|?,
io:n(t, x) + An(t,x) = —n(t, x)z(t, x),

with initial conditions
2(0,x) = zo(x), 9z(0,x) = c?z(x), n(0, x) = no(x),

and periodic boundary conditions.
a Numerical Challenge:
Highly oscillatory (non-relativistic) limit regime, i.e. ¢ > 1.
a Goal: Search numerical approx. z" =~ z(t,), n" ~ n(t,) with t, = nr.
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Numerical methods AT

Karlsruhe Institute of Technology.

1.) Gautschi-type method:
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Numerical methods ﬂ(“

1.) Gautschi-type method:
m Gautschi-type method for oscillatory second-order differential
equations by Hochbruck/Lubich (1998)

a Here: Gautschi-type method by Bao/Dong/Zhao (2013):
Exponential wave integrator pseudospectral (EWI-PS) method
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Numerical methods ﬂ(“

1.) Gautschi-type method:

m Gautschi-type method for oscillatory second-order differential
equations by Hochbruck/Lubich (1998)

a Here: Gautschi-type method by Bao/Dong/Zhao (2013):
Exponential wave integrator pseudospectral (EWI-PS) method

Idea: Discretize Duhamel’s formula (variation of constants formula).

Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system
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Gautschi-type methods Q(T
a KGS equation ((V)c =vV-A+ 02):

Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system Outlook
0000008000 000000 000 00000000 o

Simon Baumstark — Uniformly accurate methods for KGS and KGZ systems October 12, 2017 9/31



Gautschi-type methods Q(IT
a KGS equation ((V)c =vV-A+ 02):

Buz(t) = —c3(V)2z(t) + c2|n(t)|?,
i0n(t) = —An(t) n(t)z(t).
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Gautschi-type methods Q(IT
a KGS equation ((V)c =vV-A+ 02):

Ouz(t) = ~*(V)3a(t) + &|n(1)
ioin(t) = —An(t) — n(t)z(t).

® Duhamel’s formula (e := ¢(V).7):

T sin(c(V)e(T — 8)) |

2
c(V)e it +s)["ds,

2(ty + 7) = cos(e)z(ty) + Tsinc()Z'(t.) + Cz/

n(ta +7) = " n(ty) + / 29 n(t, + 8)z(th + 5) ds.
0
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Gautschi-type methods Q(IT
a KGS equation ((V)c =vV-A+ 02>:

Ouz(t) = ~*(V)3a(t) + &|n(1)
ioin(t) = —An(t) — n(t)z(t).

® Duhamel’s formula (e := ¢(V).7):

sin(c{V)e(7 s))|

2
o) n(t, + s)|” ds,

2(ty + 7) = cos(e)z(ty) + Tsinc()Z'(t.) + Cz/

v
7W<C<>V7C;s> n(tn) +O(s d¢n)
iA T i
1AT U T—S
Aty + 7) = &7 n(ty) + / ATt 4+ 82t + 5) ds.
0
=elA(T =) n(t,)2(tn)+O (s (8n+0:2))
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Gautschi-type methods Q(IT
a KGS equation ((V)c =vV-A+ 02):

Ouz(t) = ~*(V)3a(t) + &|n(1)
ioin(t) = —An(t) — n(t)z(t).

® Duhamel’s formula (e := ¢(V).7):

sin(c{V)q(r S))|

2
o) n(t, + s)|” ds,

2(ty + 7) = cos(e)z(ty) + Tsinc()Z'(t.) + Cz/

J'“(C<CV<>V7=;5> n(ta)|*+0(s Orn)
.
Aty + 7) = &7 n(ty) + / ATt 4+ 82t + 5) ds.
’ =BT =9) n(ty) 2(tn)+O(s (8tn+0;2))
a Problem: large derivative 0,z = O(c?) .
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Gautschi-type methods T

Karlsruhe Intitute of Technology

a Gautschi-type method applied to KGS system at ¢, = 0.6:

0.4 0.2 0.3
b or |
0 | -
1 q 4
0 -0.5 -0.3
x € [0, 27] x € [0, 27] x € [0, 27]

Figure: blue line: reference solution of z (1ref = 107°),
red line: numerical approximation of z (1 ~ 1072).
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Gautschi-type methods T

Karlsruhe Intitute of Technology

a Gautschi-type method applied to KGS system at ¢, = 0.6:

0.4 0.2 0.3
b or |
0 | -
1 q 4
0 -0.5 -0.3
x € [0, 27] x € [0, 27] x € [0, 27]

Figure: blue line: reference solution of z (1ref = 107°),
red line: numerical approximation of z (1 ~ 1072).

Problem: Time step restriction for large ¢!
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Limit approximation T

Karlsruhe Institute of Technology.

2.) Limit system
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Limit approximation ﬂng

Karlsr e of Technology

2.) Limit system

Idea:
Instead of solving full system, take limit approximation and solve only the

non-oscillatory limit system.
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Limit approximation ﬂ(“
2.) Limit system

Idea:

Instead of solving full system, take limit approximation and solve only the
non-oscillatory limit system.

Multiscale expansion yields decoupled free Schrodinger limit system

ArUss (1, x) = — L Auso(t, X), Uso(0) = 29 — izy,
Othoo(t, X) = iAny(t, X), Noo(0) = ng,
such that (for sufficiently smooth solutions)

1 .
z=7 (uooe’czt + c.c.) +0(c™?).
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Limit approximation ﬂ(“
2.) Limit system

Idea:

Instead of solving full system, take limit approximation and solve only the
non-oscillatory limit system.

Multiscale expansion yields decoupled free Schrodinger limit system

ArUss (1, x) = — L Auso(t, X), Uso(0) = 29 — izy,
Othoo(t, X) = iAny(t, X), Noo(0) = ng,

such that (for sufficiently smooth solutions)

1 .
z=7 (uooe’czt + c.c.) +0(c™?).

Advantage:
Non-oscillatory limit system can be solved exactly in Fourier space!
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Limit approximation T

Karlsruhe Institute of Technology

a Limit approximation vs. reference solution at t, = 0.7:

c=1 c=10 ¢c=50
0.7 0.5 0.2
4 P 0 |
O v
L
O l—
—0.1 —0.2 —0.5
x € [0,27] x € [0,27] x € [0,27]

Figure: blue line: reference solution of z (1ref = 107°),
red line: limit approximation of z (7 ~ 1072).
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Limit approximation T

Karlsruhe Institute of Technology

a Limit approximation vs. reference solution at t, = 0.7:

c=1 c=10 ¢c=50
0.7 0.5 0.2
4 P 0 |
O v
L
O l—
—0.1 —0.2 —0.5
x € [0,27] x € [0,27] x € [0,27]

Figure: blue line: reference solution of z (1ref = 107°),
red line: limit approximation of z (7 ~ 1072).

Problem: Good approximation only for ¢ > 1!
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Uniformly accurate scheme ﬂ(“

3.) Uniformly accurate (UA) scheme by B./Kokkala/Schratz (2017)
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Uniformly accurate scheme ﬂ(“

3.) Uniformly accurate (UA) scheme by B./Kokkala/Schratz (2017)

Aim: Scheme that works well for small AND large c.
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Uniformly accurate scheme ﬂ(“

3.) Uniformly accurate (UA) scheme by B./Kokkala/Schratz (2017)

Aim: Scheme that works well for small AND large c.

Idea:

m Derive Duhamel’s formula in “twisted variables”
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Uniformly accurate scheme ﬂ(“

3.) Uniformly accurate (UA) scheme by B./Kokkala/Schratz (2017)

Aim: Scheme that works well for small AND large c.

Idea:

a Derive Duhamel’s formula in “twisted variables”
m Integrate the highly-oscillatory phases exactly
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Uniformly accurate scheme ﬂ(“

3.) Uniformly accurate (UA) scheme by B./Kokkala/Schratz (2017)

Aim: Scheme that works well for small AND large c.

Idea:

a Derive Duhamel’s formula in “twisted variables”
m Integrate the highly-oscillatory phases exactly

Other UA scheme:
Bao/Zhao 2013: only linear convergence rate O(7) for all ¢ € [1, c0)
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Uniformly accurate scheme T

Karlsruhe Institute of Technology.

a KGS as first-order system in time with z = %(u +1)
i0u = —c(V)ou + (V)5 '[nf?,

1
ioin = —An— En(u—kU).
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Uniformly accurate scheme ﬂ(“

Karlsr

a KGS as first-order system in time with z = %(u +1)
i0u = —c(V)eu + (V)5 |nf?,
1
ioin = —An— En(u +1).
» Twisted variable u, () = e~tu(t) with A := ¢(V), — ¢ satisfies
iOiuy, = —Acuy + c(V);'|nf?,

1 . )
ion = —An— >N (e’cztu* + e”cztui>
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Uniformly accurate scheme IT
a KGS as first-order system in time with z = %(u +1)
iow = —c(V)eu+ (V) |nf?,
ioin = —An— %n(u +1).
» Twisted variable u, () = e~tu(t) with A := ¢(V), — ¢ satisfies
iOiuy, = —Acuy + c(V);'|nf?,

1 ) '
iOin = —An — U (e’cztu* + e,,g,@)

a A; and ¢(V)_ " are uniformly bounded in c:

2 1 2 —1
AUl < Sllullrse, lle(Vic ullr < ullr.
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Uniformly accurate scheme IT
a KGS as first-order system in time with z = %(u +1)
i0u = —c(V)eu + (V)5 |nf?,
ioin = —An— %n(u +1).
» Twisted variable u, () = e~tu(t) with A := ¢(V), — ¢ satisfies
iOiuy, = —Acuy + c(V);'|nf?,

1 . )
ion = —An— >N (e’cztu* + e”cztui>

a A; and ¢(V)_ " are uniformly bounded in c:

1
2 2 —1
AUl < Sllullrse, lle(Vic ullr < ullr.
Advantage:
All operators uniformly bounded in ¢~ 9;u,, uniformly bounded in ¢!
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Uniformly accurate scheme T

Karlsruhe Insttute of Technology.

A first-order UA scheme
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Uniformly accurate scheme T

Karlsruhe Insttute of Technology

A first-order UA scheme

a Duhamel’s formula yields

. . T . .
Ue(tn + 7) = ™A u, (1) — io(V) TeimAe / o Ae o=iF(4S) a4 )2 ds,
0

n(ta 4+ 7) = ™n(ty) + ée’TA / e A {e’cz(’"ﬂ) Us(th +8) +c.c.| n(ta+s) ds.
0
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Uniformly accurate scheme IT
A first-order UA scheme
a Duhamel’s formula yields

, , T . .
U (tn + 7) = e, (1) — ic(V) ;™A / e s Ac o=i*(th+S) (e 4 s)2 ds,
0

n(ta 4+ 7) = ™n(ty) + ée’TA / e A {e’cz(’"ﬂ) Ui (tn + 8) +c.c.} n(tn +s) ds.
0

a Use .
e e =14+ 0(sD),  uta+8) = u(ta) + O (sOhuy)

e A =1 + O(s), n(t, + 8) = n(ty) + O (s9n).
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Uniformly accurate scheme ﬂ(“

A first-order UA scheme

a Duhamel’s formula yields

, , T . .
U (tn + 7) = e, (1) — ic(V) ;™A / o8 Ac o=ic%(n+S) (e 4 s)2 ds,
[ —_———

=1+s-“nice” =|n(ty)|2+s-“nice”

Nty +7) = e™2n(ty) + L™ / e oA {e’cz(’"ﬂ) Ui (tn + 8) +c.c.} n(tn +s) ds.
2 0 N~ —_—— ——

=1+s-“nice” =, (ty)+s-“nice’ =n(tp)+s-“nice”

a Use
B — 1 L O(sA), Ut + S) = U(ty) + O (sOsu)
e BA =14 0O(sA), n(t, + s) = n(ty) + O (sorn).
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Uniformly accurate scheme

A first-order UA scheme

a Duhamel’s formula yields

Us(th +7) = e’TAcu*(tn) ic(V)z TeiTAc / e 8 Ac e*"cz(t”“) [n(ty + s)|2 ds,
0 gnt 5 v
=1+s-"nice =|n(ty)|?+s-"nice”
n(ty +7) = ™2 n(tn) —|— eTa / e oA {e’cz(’"”) Ui(ta +8) +cc.| n(ta+s) ds.
0 haad ——— ——

=1+s-“nice” =, (ty)+s-“nice’ =n(tp)+s-“nice”

a We obtain:
Ue(th +7) = U (1) — ic(V) ;7 1eTAe / e (9) (1) 2ds + O(12),
0

n(ty+ 7) = ™ n(ty) + e / {e"02<f~+5> (o) + c.c} n(tp)ds + O(72).
0
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Uniformly accurate scheme

A first-order UA scheme

a Duhamel’s formula yields

Us(th +7) = e’TAcu*(tn) ic(V)z TeiTAc / e 8 Ac e*’cz(t”“) [n(ty + s)|2 ds,
0o ~—— —_

=1+s-“nice” =|n(ty)|2+s-“nice”

n(ty +7) = ™An(ta) + = ’TA/ e oA {e’cz(’"ﬂ) Ui(ta +8) +cc.| n(ta+s) ds.
0 haad —_—— —_——

=1+s-“nice” =, (ty)+s-“nice’ =n(tp)+s-“nice”

a We obtain:
Ue(th +7) = U (1) — ic(V) ;7 1eTAe / e (9) (1) 2ds + O(12),
0
n(ta +7) = ™ n(ty) + emA / {e"02<f~+5> ue(t) + c.c} n(ty)ds + O(72).
0

a Now we integrate the highly-oscillatory phases e~ (! 5) exactly.
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First-order UA scheme AT

Karlsruhe Institute of Technology.

m Yields first-order UA scheme:

U:-H _ I’T.ACU e —ic’ t"<,01(—/TCZ)C<V>C_16’TA°‘I7”’2,

. 0 i P
nn+1 — /TA n + 2Tem-A IC t”<p1(IC 7,)Unnn +e —ic ’”@1(—1027-)ugn”
with

0 __ 1 —1
u, =zy—ic ' (V); z1,
n® = no,
and ¢ (x) := &1,
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First-order UA scheme AT

Karlsruhe Institute of Technology.

Asymptotic convergence to the limit scheme
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First-order UA scheme IT
Asymptotic convergence to the limit scheme

m lteration scheme for the limit system
un+1 _ e—%Aun

o0 o0
n+1 _ JiAT n
ng =e" ng.
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First-order UA scheme
Asymptotic convergence to the limit scheme

m lteration scheme for the limit system
un+1 —ITA n

o = e 2 UOO’
n+1 __ _iAT n
ng =e" ng.

a First-order uniformly accurate scheme

u:—H — IT.ACU e —ic’ t"<p1(—I'TCZ)C<V>;16’TA°‘H"’2,
n+1 ol TA N iTA | ic? 2 n,.n —i 22 \Thon
Nt =e2n" + zTeT [ec by (icPT)uln” + ey (—ic?r)uln
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First-order UA scheme
Asymptotic convergence to the limit scheme

m lteration scheme for the limit system

_iT
un+1 —e 2Aun ’
n+1 iAT N
noo =€ noo'

a First-order uniformly accurate scheme

u:—H — IT.ACU e —ic’ t"<p1(—iTCZ)C<V>;1eiTA°‘nn’2,
nn+1 _ m—A n" + Tem—A [e’czt”g01(i027-)ufn”—i—e”'czt"cm(—iczr)uign”

With | As 4+ 3A[, = O(c?)
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First-order UA scheme ﬂ(“

Asymptotic convergence to the limit scheme

m lteration scheme for the limit system
i
un+1 — e 2 Aun

[o¢] o)
n+1 __ _iAT n
nee =e“'ng.

a First-order uniformly accurate scheme

Ut = e T A — re gy (—irc?)o(V) g e 2 A 0",

ntt _ irAon DA it 2 N onon | —icct "2 NTH AN
n"h =¢e""n" 4 STe e p1(iccT)uln" + e p1(—ic T)uln"|.
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First-order UA scheme IT
Asymptotic convergence to the limit scheme
m lteration scheme for the limit system

_iT
un+1 —e 2Aun ’
n+1 iAT N
noo =€ noo'

a First-order uniformly accurate scheme

Ut = e T A — re gy (—irc?)o(V) g e 2 A 0",

—ic?ty

ity

n+1 __ eITA n iTA |:e

i N
" =m0+ e pr(icPT)uln" + e gy (—ic?T)uln’|.

With [|7¢1 (ilc2T)||, = O(c™2), for 1 # 0
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First-order UA scheme
Asymptotic convergence to the limit scheme

m lteration scheme for the limit system
un+1 —ITA n

o = e 2 UOO’
n+1 __ _iAT n
ng =e" ng.

a First-order uniformly accurate scheme
Uttt = e A+ O(c7?),

nn+1 — m—A n+0( )

Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system
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First-order UA scheme ﬂ(“

Asymptotic convergence to the limit scheme

m lteration scheme for the limit system
i
un+1 — e 2 Aun

[o¢] o)
n+1 __ _iAT n
nee =e“'ng.

a First-order uniformly accurate scheme
It = Ul + 0(c7?),

n"™ = n" L O(c7?).
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First-order UA scheme ﬂ(“

Theorem (Convergence bound for the first-order UA scheme)

Fix r > d/2 and assume that
sup “U*(t)||r+2 + ”n*(t)”r+2 S M.
0<t<T
For u, defined in the first-order scheme we set

1/ o,
Z" = > (e’cz"‘”u:‘7 + e_'czt"u,’]) .

Then, there exists a T, > 0 and 19 > 0 such that fort < g and t, < T,
we have for all ¢ > 0 that

12(ta) = 2"l + In(tn) = n"ll, < 7Kt m;

where the constant K; 1, » can be chosen independently of c.
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Numerical experiments

Karlsruhe Institute of Technology

a Order plot: First-order UA scheme:

1072

=@ = 0.1
=@ =05
= C =1
- =5
== ¢ =10
c=50
@@= C = 100
== ¢ = 500
=@ C = 1000
¢ =5000
==@== c = 10000
m— O(7)

Error,
Error,

10710 | 10710 |
107° - 107" 107 - 107"
Simulation on x € [0,27], t € [0,0.125], 7rer ~ 1077 and M = 256.
Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system Outlook
0000000000 000000 @00 00000000 o

Simon Baumstark — Uniformly accurate methods for KGS and KGZ systems October 12, 2017 19/31



Numerical experiments

Karlsruhe Intitute of Technology

a Order plot: Second-order UA scheme:

1 0—10 | 1 —10 LI |
—4 —1 —4 —1
10 s 10 10 s 10
Simulation on x € [0,27], t € [0,0.125], 7rer ~ 1077 and M = 256.
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Numerical experiments T

Karlsruhe Institute of Technolos

a Limit approximation:

First-order UA method econd-order UA method
I I

| 1073 |
10° 102 10° 10° 102 10°
(o] (o]
Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.
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Klein-Gordon-Zakharov system

Work in progress
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Model problem T

Karlsruhe Insttute of Technology.

Consider the Klein-Gordon-Zakharov (KGZ) system:
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Model problem ﬂ(“

Consider the Klein-Gordon-Zakharov (KGZ) system:

c 204z — Az + Pz = —nz,
a 20yn — An = A|z)?
with initial conditions
2(0) = 20, 0,2(0) = ¢z,
n(0) = ny, 09:n(0) = any,

in the non-singular limit regime, i.e. « = ¢, v € R,.
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Model problem ﬂ(“

Consider the Klein-Gordon-Zakharov (KGZ) system:
c 204z — Az + ?z = —nz,
a 20yn — An = A|z)?
with initial conditions
2(0) = 20, 0,2(0) = ¢z,
n(0) = ng, 09¢n(0) = any,
in the non-singular limit regime, i.e. « = ¢, v € R,.

m Derivation: We want to follow the procedure for the KGS system

analogously
Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system
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The twisting A[{]]

Karlsruhe Insttute of Technology.

KGZ as first-order system in time with z = 1 (u+T) and n = R (h)
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The twisting AT

Karlsr

e of Technology

KGZ as first-order system in time with z = 1 (u+T) and n = R (h)

O = —~6{V)eu ~ e(V)5 R () (u+ ),

1
i0th = —(X<v>0h — ZCM(V>0‘U + U’2.
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The twisting

AT

Karlsr e of Technology

KGZ as first-order system in time with z = 1 (u+T) and n = R (h)

O = —~6{V)eu ~ e(V)5 R () (u+ ),

1
i0th = —(X<v>0h — ZOJ(V>0‘U + U’2.

a Ansatz from MFE:

. 0 .
—icet —ia(V)ot
u, =e "y, h, = e~ (Viotp
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The twisting ﬂ(“

KGZ as first-order system in time with z = 1 (u+T) and n = R (h)

O = —~6{V)eu ~ e(V)5 R () (u+ ),

1
i0th = —a(V)oh — Za(V>o\u +ul?.
a Ansatz from MFE:
U, = e_icztU, h, = e—ia(V)oth

m First-order system in u,, h,

Oty = Acly — %C<V>g1§}{(eia<V>oth*) (u* + e—2icztu—*)

(6% i i~ in2
: _ —ia{V)ot 2 2ict, 2 —2ict——2
I@th* = —T<v>0€ V) 2’U*‘ + e U*+e Uy )
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The twisting ﬂ(“

KGZ as first-order system in time with z = 1 (u+T) and n = R (h)

O = —~6{V)eu ~ e(V)5 R () (u+ ),

1
i0th = —a(V)oh — Za(V>o\u +ul?.
a Ansatz from MFE:
U, = e—iCZ[U, h, = e—ia(V)oth

a First-order system in u,, h,
1 , ,
Oy, = AUy — §C<V>;1§R(e’a<v>0fh*) (u. + e—zlcztu—*)

i0thy, = —%<V>oe_ia<v>°t(2’u*‘2 + 62icztu§ . e_2i02t7*2)
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Problem A\ ¢

Karlsruhe Institute of Technology.

(6% i i~2 i~2
: _ —ia{V)ot 2 2ict, 2 —2ict—+2
iOthy = —Z<V)0e Vot (2] u, |2 4 €212 + ¢ Uy
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Problem

a<v>0efia<V>ot(2’u*|2 +62i02tu5 —|—e’2""2tu7*2)

a Integrating:

he(ts +7) = h(th)

io T . 2
+ Z<v>0/ e {V)oltnts) (2\u*(tn + 5)2 + 2 ) 2(1, 4 5) + c.c.)ds
0
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Problem ﬂ(“

a<v>0efia<V>ot(2’u*|2 +62i02tu5 —|—e’2"cztu7*2)

a Integrating:
hi(tn +7) = h(tn)

i

+
4

(Vo / emie(V)o(ints) (2\u*(tn +8)[2 4 E ) 21 4 5) + c.c.)ds
0

m Taylor expansion and integrating the high oscillatory phases exactly
hTH = h'; + %(V)oe_ia<v>°[” |:2T(p1 ( - ia<v>o7') |U::|2

+ 2%y, (i(—a(V)o + 2¢%)7) (ul)? + c.c.]
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Problem

i ;
n+1 __ pn —la ol : n2
hiT = hl+ - (V)oe (Violnr oy (— i V)or) |uf|
o V) qe—i(Vhotn (o2ic%t : v 52 m2
+ 7 (V)oe ey (i(—a(V)o + 2¢%)7) (u])® + c.c.
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Problem

i ;
n+1 __ pn —la ol : n2
hiT = hl+ - (V)oe (Violnr oy (— i V)or) |uf|
=:1
o V) qe—i(Vhotn (o2ic%t : v 52 m2
+ 7 (V)oe ey (i(—a(V)o + 2¢%)7) (u])® + c.c.
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Problem AT

Karlsruhe Institute of Technology.

AT = hl o+ —

n /Za<v>oefia<v>otn <e2icztn7_so1 (i(—a(V)o + 2¢%)7) (ul)® + c.c.)

m For /1 we have
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Problem AT

Karlsruhe Institute of Technology.

P = hﬂ—l—’Ea(Vbe Vot r ) (= i(V)or) |ul)?
—h
n /Za<v>oefia<v>otn <e2icztn7_so1 (i(—a(V)o + 2¢%)7) (ul)® + c.c.)

a For /; we have
e—ia(V)oT — 1

—iOt<V>07'
<e—ia<v>otn _ e—l'oc(v>0fn+1 )

h = 5 (V)ge™(Vhoty

N —
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UA scheme for the KGZ system AT
First-order uniformly accurate scheme

—iAcT / —1 T
T = e T (1) + Ec(V)c‘e’ Ao~ 1],

1

hz+1 _ hz + 5(e—l'cz(V)O[,, _ e—ia(V)otn+1)

| ?
1 efi(a<v>o+202)‘r

+ 5V o0

S LY
—((V)o+2¢cv77)
el(—e(Vhotad?)r _

1 j—a 2
0 e'( (V)o+2c )fn(u:)Z

I

A=
—~

_|_
—(V)o + 2¢cy~!

[eia<V>otn7_<p1 (iOé<V>o7') + eﬂ'a(V)otnﬂp1 ( _ ia<V>oT)] R(A") (U: + efzicztu*;,)7

N =

0= l [e’a<v>°t”7301 (ia(V)m‘) _ ef!'a<v>0fn7.<p1 ( _ ia<V>g7’):| 3(’?2’)(%’2 + efzicztu*;,).

2i
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UA scheme for the KGZ system AT
First-order uniformly accurate scheme

—iAcT / —1 T
T = e T (1) + Ec(V)c‘e’ Ao~ 1],

1

hz+1 _ hz + 5(e—l'cz(V)O[,, _ e—ia(V)otn+1)

| ?
1 efi(a<v>o+202)‘r

+ 5V o0

S LY
—((V)o+2¢cv77)
el(—e(Vhotad?)r _

1 j—a 2
0 e'( (V)o+2c )fn(u:)Z

I

A=
—~

+
—(V)o + 20’)/_1

[eia<V>otn7_<p1 (iOé<V>o7') + eﬂ'a(V)otnﬂp1 ( _ ia<V>oT)] R(A") (U: + efzicztu*;,)7

N =

0= l [e’a<v>°t”7301 (ia(V)m‘) _ ef!'a<v>0fn7.<p1 ( _ ia<V>g7’):| 3(’?2’)(%’2 + efzicztu*;,).

2i
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First numerical experiments (y = 1)

Karlsruhe Institute of Technology

a Order plot:

107"
1072
1072
1073
1073
5 5
== C, o = 0.51
[_E e C, 0= 1.1 [_E
@ C, = 5.1
== C, 0 = 10.1
10~° ¢, =501 6
== C, 0 = 100.1 10
wee= C, a = 500.1
_ =@ C, v = 1000.1
10°° c,2=5000.1 1077
== C, o = 10000.1
10-7 L o) 10-8 ¢~ !
—4 —1 —4 —1
10 + 10 10 + 10

Simulation on x € [0,27], t € [0, 1], Trer = 1078 and M = 256.

Update and introduction UA scheme for the KGS system Numerical experiments UA scheme for the KGZ system Outlook
0000000000 000000 000 00000800 o

Simon Baumstark — Uniformly accurate methods for KGS and KGZ systems October 12, 2017 28/31



UA scheme for the KGZ system ﬂ(“

Questions:
a Right twisting of h?
a Right calculation of the UA scheme?
a Convergence to the numerical scheme of the limit system?
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UA schemes for KGS and KGZ systems

Remark
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UA schemes for KGS and KGZ systems IT

Remark

a Derivation of the schemes for the KGZ equation also works for
zeCie.z=3(u+V).
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UA schemes for KGS and KGZ systems IT

Remark
a Derivation of the schemes for the KGZ equation also works for
zeCie.z=3(u+V).
m Generalization to higher order schemes:

Insert Duhamel’s formula for u,(t, + s) into u.(t, + 7) and go on
analogously to the derivation of the first-order scheme.
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UA schemes for KGS and KGZ systems IT

Remark

a Derivation of the schemes for the KGZ equation also works for
zeCie.z=3(u+V).

m Generalization to higher order schemes:
Insert Duhamel’s formula for u,(t, + s) into u.(t, + 7) and go on
analogously to the derivation of the first-order scheme.

a For KGS also the second-order schemes converge in the limit to the
corresponding second-order numerical method for the limit equation.
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Outlook ﬂ(“

Work-precision plots for KGS and KGZ.
Error analysis of the first-order scheme for the KGZ system.

Construct higher-order methods for the KGZ system.

Error analysis of the higher-order methods.

Can we twist (KG, KGS, KGZ) such that dxu.. = O(1)?
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