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Heterogene Multiskalenmethode ﬂ("'

Modellproblem: (F in L2(Q2), 0 < 5 < 1)

Finde v € H}(Q), sodass
B (u",w) = (F,w),Vw € H}(Q),

mit BT (v, w) = /Q al(x)Vv(x) - Vw(x)dx.
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Heterogene Multiskalenmethode ﬂ("'

Homogenisiertes Problem:

Finde u®"" € H}(Q), sodass
B (ue, w) = (F, w),Vw € H} (Q),

mit B° (v, w) :/Q a®(x)Vv(x) - Vw(x)dx,
wobei
eff T X T 7 X T (-
a |/ I+DXX X, 17)) a <x 77)(/+DXX(X >)dx.
ZeIIprobIeme:

{ ~Vx- (a(x %) (e+ Vari (x.2))) =0.in ¥y = (-4.9)°,

xi Y-periodisch in der zweiten Variablen.

Q\X
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Heterogene Multiskalenmethode Q(IT

Diskretisierung:

Bﬁﬁ (VH, WH) = ZwK,jaeff (XK,j) VVH (XK,j) . VWH (XK,j) dx
K.j

Ty |*

Bf(v,w) = [ & (x)Vv(x)  Vw(x)dx
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Heterogene Multiskalenmethode ﬂ("'

Diskretisierung:

B,e_lﬁ (VH, WH) = ZwK’/-aeff (XK,j) VVH (XK,j) . VWH (XK,j) ax
K.

Ll Jutnn? (s ) [ (1 08 (s ) ) T o)

(o) ot

a'f(x) = mfyv(x) (l+ DIx (x, %>)Ta’7(x) <I+ Dl x (x, %)) dx
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Heterogene Multiskalenmethode ﬂ("'

Diskretisierung:

B,ei/ﬁ (VH, WH) = ZwK’jaeff (XK’/‘) VVH (XK’/'> . VWH (XK’/‘) ax
K.

Wk X
hadaV) |+ DI — \%
Tt D @03 ) [0 (5005 ) 7 s
X
[( Xx<xK] ﬁ )VWH xKl]dx
CUK v

ﬁ/ on (XKJ n) V (Xk,jo %) - VxW (i X) 0

M

.

~
~

207

Was wissen wir Gber ¥ und w?
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Heterogene Multiskalenmethode ﬂ("'

Far v (bzw. w) gilt:
Vv (XK,j- X) = (I+ D;-X (X, ;)) Vvy (XK,j)

~ X
vV (Xkj. x) = VH,Iin(XKJ-,X)(X) +nx (xKJ-, 17) - Vg (xk j) + const.
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Heterogene Multiskalenmethode AT
Far v (bzw. w) gilt:
Vv (XK,j- X) = (I—|- D;-X (X, ;)) Vvy (XK,j)

- X
v (xK,/-, X) = VH,Iin(XKJ-,X)(X) +1x (xKJ-, 17) -Vvy (xK,/-) + const.

Es folgt:

—Vx- <a (XKJ, ;) Vxv (XKJ',X)> =0

v (alxd) (ore van (5 5))) o = (45"

xi Y-periodisch in der zweiten Variablen.
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Heterogene Multiskalenmethode ﬂ("‘
Far v (bzw. w) gilt:
ViV (X j, X) = (/+ Dix (X, ;)) Vv (xk,/)
7 (411) = Vi) (00 18 (5 ) - T (xc) -+ comst

Es folgt:

—Vx- (a (XKJ-, ;) Vv (xK,/-,x)> =0

),

U

a <xKJ-, X) VV-Vzpdx =0,Y2, € Sger(Yy (Xk)) . Th).-
(%) U
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Heterogene Multiskalenmethode ﬂ("'

Makroproblem:

{ Finde uy € S{(Q2), sodass
BEIMM (U, wiy) = (F, wy), Ywy € S§(Q),

. WK j X - "
mit BEMM (viy, wy) = ) ﬁ . a <XKJ, > Vi (x) - Vi (x) dx
K 7 (%k.j) U

Mikroproblem:

Finde v, € v, lin(xx (XK/) + Sger(Yy (Xkj) . Th)), sodass
fYV(XKJ,) (XK/ %) Vh-Vzpdx =0,Vz, € Sger(yi7 (XK,j> . Th).
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Mikroproblem (1) ﬂ(".

institut f Technologie.

337 template <int dim>

338 FullMatrix<double> Micro<dim=::solve micro (FEValues<dim=* fe values,

339 unsigned int n_q points, unsigned int dofs per cell) {
360 for (unsigned int m=0; m<n q points; m++) {

361 for (unsigned int n=0; n<dofs per cell; n++) {

364 const MultiscaleTensor<dim> multiscale tensor mic

365 (fe values->guadrature point (m));

371 for (; cell mic!=endc mic; ++cell mic) {

376 for (unsigned int q_index=0; g_index<n q_points mic; ++gq_index)

377 for (unsigned int i=0; i<dofs per cell mic; ++i) {

378 for (unsigned int j=0; j<dofs per cell mic; ++j)

379 cell matrix mic(i,j) += fe values mic.shape grad (i, g index) *
380 multiscale tensor mic.value(

381 fe values mic.quadrature point (q_index)) *
382 fe values mic.shape grad (j, g index) *

383 fe values mic.JxW (g_index);

384 cell rhs mic(i) -= fe values mic.shape grad (i, q index) *

385 multiscale tensor mic.value(

386 fe values mic.quadrature point (g index)) *
387 fe values->shape_grad(n, m) *

388 fe values mic.JxW (q_index);

389 }

390 cell mic->get dof indices (local dof indices mic);

399 }
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Mikroproblem (1) ﬂ(".

institut f Technologie.

337 template <int dim>

338 FullMatrix<double> Micro<dim=::solve micro (FEValues<dim=* fe values,

339 unsigned int n g points, unsigned int dofs per cell) {
360 for (unsigned int m=0; m<n q points; m++) {

361 for (unsigned int n=0; n<dofs per cell; n++) {

364 const MultiscaleTensor<dim> multiscale tensor mic

365 (fe values-=quadrature point (m));

371 tor (; cell micl=endc mic; ++cell _mic) {

376 for (unsigned int q_index=0; g_index<n q_points mic; ++gq_index)

377 for (unsigned int i=0; i<dofs per cell mic; ++i) {

378 for (unsigned int j=0; j<dofs per cell mic; ++j)

379 cell matrix mic(i,j) += fe values mic.shape grad (i, g index) *
380 multiscale tensor mic.value(
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399 }
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Mikroproblem (2) ﬂ(".

institut f Technologie.

402 i1t (Parameters::micro_periodic bc) {

405 } else {

407 VectorTools::interpolate boundary values (dof handler mic, @,
408 BoundaryValuesMic<dim>(), boundary values mic); }
410 SolverControl solver_control (1008, 1le-12);

411 SolverCGs> solver (solver control);

412 solver.solve (system matrix mic, solution mic, system rhs mic,
413 PreconditionIdentity());

414

[415 if(Parameters: :micro periodic bc) ]
416 constraints.distribute(solution mic);

417

418 LinShapeFunc<dim> lin shape func(fe values->quadrature point (m),
419 fe values->shape value (n, m), fe values->shape grad (n, m));
426 solution mic += lin_shape func fin;

427

428 for (unsigned int k=0; k<dof handler mic.n dofs(}); ++k)

429 solutions mic[k][n] = solution mic[k];

430 }

441 FullMatrix<double> tmp (dof handler mic.n dofs(),dofs per cell);
442 system matrix mic wo bc full.mmult(tmp, solutions mic);

443 tmp *= fe_values->JxW(m)/pow(Parameters::delta,dim);

444 solutions mic.Tmmult(return value, tmp, true);

445 }
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Mikroproblem (2) ﬂ(".

institut f Technologie.

402 if (Parameters::micro periodic bc) {

405 } else {

407 VectorTools::interpolate boundary values (dof handler mic, @,
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409

410 SolverControl solver_control (1000, le-12);

411 SolverCGs> solver (solver control);

412 solver.solve (system matrix mic, solution mic, system rhs mic,
413 PreconditionIdentity());

414

415 if(Parameters::micro_periodic bc)

416 constraints.distribute(solution mic);

417

418 LinShapeFunc<dim> lin shape func(fe values->quadrature point (m),
419 fe values->shape value (n, m), fe values->shape grad (n, m));
426 solution mic += lin_shape func fin;

427

428 for (unsigned int k=0; k<dof_handler mic.n_dofs(); ++k)

429 solutions mic[k][n] = solution mic[k];

430 }

441 FullMatrix<double> tmp (dof handler mic.n_dofs(),dofs per cell);
442 system matrix mic wo bc full.mmult(tmp, solutions mic);

443 tmp *= fe values-=JxW(m)/pow(Parameters::delta,dim);

444 solutions mic.Tmmult(return value, tmp, true);

445 }

14.10.2016  Bernhard Mai der i in Deal Il



Mikroproblem (2) ﬂ(".

institut f Technologie.

402 if (Parameters::micro periodic bc) {
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I27T

428 for (unsigned int k=0; k<dof_handler mic.n_dofs(); ++k)

429 solutions mic[k][n] = solution mic[k];

430 }

441 FullMatrix<double> tmp (dof handler mic.n_dofs(),dofs per cell);
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Mikroproblem (2) ﬂ(".

institut f Technologie.

402 if (Parameters::micro periodic bc) {

405 } else {

407 VectorTools::interpolate boundary values (dof handler mic, @,
408 BoundaryValuesMic<dim=(), boundary values mic); }
409

410 SolverControl solver_control (1000, le-12);
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426 solution mic += lin_shape func fin;

427

428 for (unsigned int k=0; k<dof_handler mic.n_dofs(); ++k)

429 solutions mic[k][n] = solution mic[k];

430 1

441 FullMatrix<double> tmp (dof handler mic.n_dofs(),dofs per cell);
442 system matrix mic wo bc full.mmult(tmp, solutions mic);

443 tmp *= fe values-=JxW(m)/pow(Parameters::delta,dim);

444 solutions mic.Tmmult(return value, tmp, true);

5T
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Heterogene Multiskalenmethode ﬂ("'

Makroproblem:

{ Finde uy € S{(Q2), sodass
BEIMM (U, wiy) = (F, wy), Ywy € S§(Q),

. WK j X - "
mit BEMM (viy, wy) = ) ﬁ . a <XKJ, > Vi (x) - Vi (x) dx
K 7 (%k.j) U

Mikroproblem:

Finde v, € v, lin(xx (XK/) + Sger(Yy (Xkj) . Th)), sodass
fYV(XKJ,) (XK/ %) Vh-Vzpdx =0,Vz, € Sger(yi7 (XK,j> . Th).
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Makroproblem

Karlsruher Institut fur Technologie

517 template <int dim>
518 void Macro<dim=::assemble system () {

539

548 Micro=dim= microproblem;

550

551 for (unsigned int g index=0; g index<n q points; ++q index) {

552 for (unsigned int i=0; i<dofs per cell; ++i) {

558 cell rhs(i) += (fe values.shape value (i, g index) *

559 right hand side.value (fe values.quadrature point (g index)) *
560 fe values.JxW (q_index));

561 }

562

63 cell matrix = microproblem.solve micro (&fe values, n g points,
564 dofs_per_cell); ]
569 cell-=get dof indices (local dof indices);

570 for (unsigned int i=8; i<dofs per cell; ++i) {

571 for (unsigned int j=0; j<dofs per cell; ++j) {

572 system matrix.add (local dof indices[i], local dof indices[j],
573 cell_matrix(i,j});

576

577 system rhs(local dof indices[i]) += cell rhs(i);

578 }

579 }
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Setup ﬂ(".
O = [—1,1] X [—1,1]
¥ — <ﬁ+sin(2n’:;) 0)

al(

0 V2
f(x) = m?(1++v/2)sin(7rxy) sin(7txp)
gp = 0aufoQ)

Finde u” € H}(Q2), sodass
B (ul,w) = (F,w),Vw € H}(Q),

Bl(v,w) = /Q al(x)Vv(x) - Vw(x)dx.
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Setup ﬂ(".
Q=[-1,1]x[-11]

x) = (\@Jrsin(Zn’:]‘) O)

0 V2
f(x) = m?(1++v/2)sin(7rxy) sin(7txp)
gp = 0aufao)

al(

homogenisierte Lésung

Finde u” € H}(Q2), sodass
B (ul,w) = (F,w),Vw € H}(Q),

eff oy — (10
B (v, W):/Qa”(x)Vv(x)-Vw(x)dx. = &0 = (0 ﬂ)

= 1®(x) = sin(mxy) sin(7txp)
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L2-Fehler AT
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L2-Fehler AT

—— [Jueft — oM
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L2-Fehler AT
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H'-Fehler AT
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Ubersicht AT

Matlab-Code von A. Abdulle et al. ermdglicht:

m elliptische und parabolische Probleme, jeweils linear und nichtlinear
(2009 bzw. 2011)

m Stokes-Gleichungen mit DG-FEM (2015)
m Dreiecks-, Vierecks- und gemischte Gitter

Aber dieser Code ist langsamer!
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Rechenzeit ﬂ(".

CPU: AMD FX-8320 (8 Kerne, 3.5 GHz)
RAM: DDR3 8 GB

Auflésung Rechenzeit

Makro | Mikro | Matlab (2009) | Deal Il
4 4 ca. 58s ca. 16s
4 5 ca. 228s ca. 64s
5 4 ca. 225s ca. 65s
5 5 ca. 930s ca. 270s
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Ausblick AT

m Anwendung auf Wellengleichungen und Maxwellgleichungen
m paralleles Lésen der Mikroprobleme
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