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Maxwell Equations (MEs) ﬂ(“.

On a cuboid, say Q := (-1,1)3, we consider fort > 0

0t (eE(t)) = rotH(t) — (cE(t) + Jo(1)),
0r(uH(t)) = —rotE(t),
div(eE(t)) = p(1), div(uH(t)) =
E(t)xv=0, puH(t)-v=0 ondQ =:T,
E(0) =Ep, H(0)= Ho.
v denotes the outer unit normal.
Given: (Eg, Hp), Jo and p(0)
Coeffcients: &,u,00 € W' (Q, R)n W23(Q,R) and &,y > 6 > 0

We look for solutions (E, H) in C'([0, »), L2(Q)®). Numerical analysis is
doneon [0, T]fora T > 0.
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Function spaces

We denote Ty := {x € Q| x; = —1 or x; = 1} and I'p, T's analogously.

We define

H(Q,rot) : = {ue L2(Q)%|rotue L3(Q)%  and
Ho(Q,rot) : = {ue H(Q,rot) | uxv = 0}.

Let X := L2(Q)® be equipped with
() 1)y 1= [ (ou-pnv-v)ax

for all (u,v), (¢, ¢¥) € X.
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Function spaces ﬂ(“.

X =150 ((@w)l ()i [ (ougruv-u)ox

We define its subspaces

Xéic\)l) :={(u,v) € X|div(uv) = 0,uv-v = 0onT,div(su) € L3(Q)},

X' = {(u,v) € X | div(uv) = 0,uv-v = 0 on T, div(su) € Hlo(Q)},

being equipped with
vl = vl + vl

vl = vl + lavenlie + 37 laivtewlfye
T side of Q
where

Hy/2(T) = (L2(T), Hy(T)), P
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The Maxwell operator ﬂ(“.

(Compare [HJS, 2014]) We define the Maxwell operator

o 1
-< - rot
e (L F
—prot 0

with D(M) := Ho(Q, rot) x H(Q, rot). Maxwell equations become

o))

in X for t > 0, where p(t) := div(¢E(t)). We define the restrictions Még,) and

(1) (0) (1)
de to Xdlv and Xdlv with

DMy :=DM)nXL  and  DML)):=D(M)nxX).

Observe that Még/) maps into Xcgi?/) and Mé?v) into Xéﬂv).
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The splitting operators

(Compare [HJS, 2014]) Split rot = C; — Co with

0 0 o0 0 d3 O
Cq ::{63 0 o and Co:=|0 0 04

0 01 O do 0 O
and define
o 1 o 1
— 5= - Cq oy )
A :(125 & ) and B :( £2 )
ECQ 0 ~u Cq
with

D(A):={(uv) e X|(Cyv,Cou) € X +b.c} and
D(B):={(u,v) e X|(Cav,Ciu) € X +b.c.}

We have M = A+ Bon D(A)nD(B) € D(M).
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The splitting scheme

Let 7 > 0 and t, := nt for n € IN. We introduce (compare [OS, 2012])

Sipew = (1-3B)7"(I+ §A)-
. [(I— %A)_1 (I4+5B)w = 5-(Jo(tn) +Jo(tn+1)vo)]

for w € D(B) and suitable Jy. Note that with

Siilwii=(1-3A)"(+ B)w  forweD(B)  and
(2 -
SH® wai=(1-3B)"(I+ 3A)w,  forwze D(A)

we can write

I(2 1,(1 T
S w =82 st w = £ (Jo(tn) + do(tns1), 0)]
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: L (0)
Solutions to the Maxwell equations in X &(IT

Proposition 1

c(,?) generates a Cop-semigroup on X (0), giving the unique solution of (MEs)

in C*([0, ), X\%) n C([0, o), D(M((jw))) if (Jo, 0) € C([0, o), D(MY))) and

(Eo,Ho) € D(MY)).
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. L (0)
Solutions to the Maxwell equations in X ﬂ("'

Proposition 1

é?) generates a Cyp-semigroup on X (0), giving the unique solution of (MEs)

in C*([0, ), X\%) n C([0, o), D(M((jw))) if (Jo, 0) € C([0, o), D(MY))) and

(Eo,Ho) € D(MY)).

Proposition 2

c(ilv) generates a Cyp-semigroup on X CSW), giving the unique solution of (MEs)

in C'([0, ), éw)mC([o o), D(M{Y))) if (Jo, 0) € C([0, 00), D(M(L))) and

(Eo. Ho) € D( d.v)
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Efficiency of the scheme ﬂ(“.

Karlsruhe Institute of

11 _
From (Eny1/2,Hpp1/2) := ST,%L(EnY Hy) = (1- 3A)"' (14 §B)(En, Hpy) we
get

(14 Z£)Ent1/2 = (1 = G5 )En — 5.CoHn + 5.C1Hp 12,
Hpt1/2 = Hn— 5;C1En + 5, CoEnyq 2.
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Efficiency of the scheme ﬂ(“.

From (Ejt1/2, Hoy1/2) i= ST’E]L(E,,, Hy) = (1- ZA) 1+ 1B)(En, Hy) we
get

(1+F)Eni1/2 = (1 - 55 )En— 5-CoHp + 5-CiH, 112,
Hpt1/2 = Hn— 5;C1En + 5, CoEnyq 2.
Plugging the second equation into the first one yields
(1+F)1- ZTiD;S1))En+1/2 = (1-55)En+ 5; rotHn + 5:C1Hp
- ZC TCiEp,
Hyi1/2 = Hn— 5, CiEn + 5 CoEn g2,

with

9510, 0 0
DV ciiC—| 0 9slds 0O
= b1gle = 3,03

0 0 61:761
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Efficiency of the scheme ﬂ(“.

(1+F)1- 4€D;§ ))En+1/2 =(1- ﬂ)En + 25 FotHy 4 5:CiHp
C1 #C1En,
Hn+1/2 =H,- ZC1 E,+ 5C2En+1/2y

with
dle, 0 0
DV mciic,—| 0  astas 0
w 1,7 2 — 3# 3
0 0 61;731

= Implicit first equation decouples into three one-dimensional equations!
(See Namiki '99, Chen/Zhang/Zheng ’00 for the case oo = 0.)

The second half step is treated similarly after adding the inhomogeneity.
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(Nearly) preservation of the divergence AT

Theorem 1 (Preservation of the divergence) (E., Schnaubelt, 2016)
Let (Jo, 0) € C([0, T], D((M1))2)) n C3([0, T], D(M))) and

(Eo, Ho) € D((M\}))2). Then there exists a 7o > 0 s.L. for all 0 < 7 < o and
N € IN with NT < T we have

H((div(sEN), div(uHy)) - (div(zEp), 0) + fo NT(div(Jo(s)), 0)ds
N—1

T/,
+ Z E(dIV(%Ek+1 + O-Ek—l—'l /2 + %Ek), O)HH_1
k=0

<Cr

for a constant C only depending on (Eg, Ho), Jo, &, 4, cand T.
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Strong convergence of the scheme ﬂ("'

Theorem 2 (Strong convergence) (E., Schnaubelt, 2016)

Let (Jo. 0) € C([0, T]. D((My,)2)) n CZ([0, T]. (M) and

(Eo, Ho) € D((M{}))3). Then for all > 0 and n € N with nr < T we have

“S‘zl',n ... 8111 (EO- HO) - (E(I’IT), |'|(I’l‘r))”L2 < Cr?

with a constant C depending only on (Eg, Ho), Jo, &, 4, o and T.
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Weak convergence of the scheme ﬂ("'

Define

Y :={(uv) e (H'(Q)®ly=00nT\Ijvj=0onTjforallje (1,23}

Theorem 3 (Weak convergence) (E., Schnaubelt, 2016)
Let (Jo, 0) € C([0, T}, D((M{))) n ([0, T], X)) and
(Eg,Ho) € D((Mégl)ﬁ). Then for all 7 > 0 and n € N with nt < T we have

\(Sr',n 8!, (Eo, Ho) - (E(n7), H(n7)), (¢, w))yj < Cr?

for all (¢, ) € Y with a constant C depending only on (Eg, Ho), Jo, &, i, o
and T.
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Numerical experiments (I) ﬂ(“.

spatial domain Q = (0, 1)3, discretized by the Yee grid with 50 grid points
per direction

time domain [0, 1]

time steps size 27X, k = 3,...,8

reference solution: ADI method with time step size 2710

&, 1, oo smooth (arctan)

Jo smooth in space (mollifier) and time (trigonometric)

(Eo, Hp) smooth in space and time (trigonometric)
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Numerical experiments (ll)

AT

Error of the ADI splitting

10_25 T T T TT] T T T 1] T
0%

g 1074 E
107°} E

i —h=1/50 | |

I ---order2 ||

10—6 Lol Lol L1

1073 1072 107" 100

14 October 13th, 2016 — Johannes Eilinghoff— ADI splitting for the Maxwell equations

time step size

Institut fir Analysis — SFB 1173



Numerical experiments (lll) ﬂ(“.

Reduction of the convergence order:

m Choose Jg smooth of the type arctan in space.
= Does not fulfill the boundary conditions of D((Mé:v))z).

m Choose (Ep, Hp) smooth so that it does not fulfill the boundary conditions
(in space) of D((Mé?v))3).
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Numerical experiments (IV) ﬂ(“.

Error of the ADI splitting
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Numerical experiments (V)

AT
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Summary

Results:

m Second order convergence in L2 and in “H~1”

m First order preservation of the divergence in H™'

a Numerical confirmation of the convergence order

a Order reduction for violated boundary conditions of Jg

Aims of further research:

m Order reduction for violated boundary conditions of (Eg, Ho)
a Numerical confirmation of the divergence preservation
m Generalizations of the domain to unions of cuboids

Piecewise smooth coefficients
Analysis of the space discretisation
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