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Efficient time-integrators for Klein-Gordon-Zakharov system

c−2∂ttE −∆E + c2E = −uE, α−2∂ttu−∆u = ∆|E|2 (KGZ)

in high plasma-frequency regime c�∞.

◦ Problem: Highly-oscillatory solutions!
◦ Idea: Filter out high-oscillations & only solve limit-system!

Approximation:

E(t, x) = eic
2tE0(t, x) + e−ic

2tE0(t, x) +O(c−2)

u(t, x) = u0(t, x) +O(c−2)

(E0, u0) solve non-oscillatory limit system (”c =∞” in (KGZ))

i∂tE0 + ∆E0 = u0E0, α−2∂ttu0 −∆u0 = ∆|E0|2 (Zakharov)
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− Difficulty: Structure of nonlinear coupling!
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Zakharov
i∂tE = −∆E + uE, ∂ttu = ∆u+ ∆|E|2 (x ∈ Td) (Z)

Mild solutions

E(t) =eit∆E(0)− i
∫ t

0
ei(t−ξ)∆u(ξ)E(ξ)dξ,

u(t) = cos(t|∇|)u(0) + sin(t|∇|)|∇|−1u′(0)

+

∫ t

0
sin((t− ξ)|∇|)|∇||E(ξ)|2dξ.

”Naive” bounds: (s > d/2)

(B1) ‖E(t)‖s ≤ ‖E(0)‖s + c

∫ t

0
‖u(ξ)‖s‖E(ξ)‖sdξ,

(B2) ‖u(t)‖s ≤ ‖u(0)‖s + ‖u′(0)‖s−1 + c

∫ t

0
‖E(ξ)‖2s+1dξ

→ Standard fix-point argument fails in Hs (loss of derivative)
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Zakharov = Schrödinger coupled with wave

Good spaces(∗) = Bourgain spaces: XS
s,b X

W
s,b

‖f‖2
XS

s,b
=
∑
n∈Z

(1 + |n|)2s

∫ ∞
−∞

(1 + |τ + n2|)2b|f̂(τ, n)|2dτ

= ‖e−it∆f(t, ·)‖Hb
t (R:Hs(T))

‖f‖2
XW

s,b
=
∑
n∈Z

(1 + |n|)2s

∫ ∞
−∞

(1− ||τ | − |n||)2b|f̂(τ, n)|2dτ

= ‖e−it〈∇〉f(t, ·)‖Hb
t (R:Hs(T))

(∗) One shows local-wellposedness of (Z) in XS
s,1/2 ×XW

l,1/2 with
0 ≤ s− l ≤ 1, 1/2 ≤ l + 1/2 ≤ 2s
[Bourgain (94’), Takaoka (97’), Kishimoto (14’)]

But: How to adapt ”well” to numerical analysis?halloooooooo
(. . . still unclear to me!)
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Q: Time integration of Zakharov system?
i∂tE = −∆E + uE, ∂ttu = ∆u+ ∆|E|2 (x ∈ Td) (Z)

Up to now numerical methods1 require

C∞-solutions + CFL condition
(
τ ·∆x−2 < 1

)
(∗)

log(τ ·∆x−2)
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×10
4

2

4

6

8

10

12

14
y = ‖En‖H1

y = ‖un‖L2

(CFL (∗) means: time-step × discretized ∆ = bounded)

Can we construct a method without (∗) ?

[Slide from Oberwolfach workshop March 2014]

1Glassey (92’), Chang (95’) (FD-methods); Payne et al (83’), Markowich et
al (04’), Bao et al (’05), . . .
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i∂tE = −∆E + uE, ∂ttu = ∆u+ ∆|E|2 (x ∈ Td) (Z)

Idea: [Ozawa & Tsutsumi2] Set F := ∂tE & reformulate (Z):

i∂tF = −∆F + uF + (∂tu)
(
E(0) +

∫ t
0 F (ξ)dξ

)
, F (0) = ∂tE(0),

∂ttu = ∆u+ ∆|E|2, (Z∗)

(−∆ + 1)E = iF − (u− 1)
(
E(0) +

∫ t
0 F (ξ)dξ

)
.

NO loss of derivative! → Instead of (Z) solve (Z∗) numerically!

Herr, S. (15’): Trigonometric time-integration scheme for (Z(∗)):
Convergence of order τγ (0 < γ ≤ 1) in

Hs ×Hs+2 ×Hs+1 ×Hs 3 error(F,E, u, u′), s > d/2

for t ∈ [0, T ] if

Hs+2+2γ ×Hs+1+2γ ×Hs+2γ 3 (E(t), u(t), u′(t)).

No CFL nor C∞-data required!

2Existence and Smoothing Effect of Solutions for the Zakharov Eq.s (92’)
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Numerical Experiment: [Trigonometric time-integrator for (Z(∗))]
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Figure: Left: Orderplot (double logarithmic; dashed line: slope one)
(∆x = 0.0245). Right: Energy conservation (CFL ≈ 6.5).

Energy (û′0(0) = 0)

H(E, u, u′)

=
∫
Td |∇E(t, x)|2 + u(t, x)|E(t, x)|+ 1

2 ||∇|−1u′(t, x)|2 + 1
2 |u(t, x)|2dx.



Convergence Theorem:

Let s > d/2, 0 < γ ≤ 1 and T such that

ms+2+2γ(T ) := sup
t≤T
{‖E(t)‖s+2+2γ+‖u(t)‖s+1+2γ+‖u′(t)‖s+2γ} <∞,

(R)
where ‖ · ‖s := ‖ · ‖Hs(Td). Then: ∃τ0 > 0 s.t. ∀τ ≤ τ0, tn ≤ T

‖E(tn)−En‖s+2 + ‖u(tn)− un‖s+1 + ‖u′(tn)− u′n‖s ≤ C(T )τγ .

◦ LWP on Td [Bourgain (94’), Takaoka (97’), Kishimoto (13’)]:
T > 0 in (R)

◦ Energy space: If 1 ≤ d ≤ 3 and for some ε, δ > 0

mmax(d/2+ε,1)+2+2δ(T ) <∞ and τ ≤ τ0(δ), tn ≤ T (R∗)

‖E(tn)− En‖1 + ‖u(tn)− un‖0 + ‖u′(tn)− u′n‖−1 ≤ C(T )τ .



(Quantum) Zakharov

i∂tEϑ − Ω2
ϑEϑ = Eϑuϑ, ∂ttuϑ + Ω2

ϑuϑ = ∆|Eϑ|2. (QZ)

Ω2
ϑ := −∆ + ϑ∆2 (ϑ = 0 classical)

+ ∃C > 0 s.t.

∀ϑ > 0 :
∥∥∆Ω−1

ϑ f
∥∥
s
≤ C inf

{
ϑ−1/2‖f‖s, ‖f‖s+1

}
. (∗)

− Using (∗) leads to error constant eϑ
−1/2T !
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Figure: Splitting method for (QZ): Soliton simulation. Left: Strongly
quantum regime ϑ = 1. Right: ”Classical regime” ϑ = 0.01.
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Idea: Consider (QZ∗) system in (Eϑ, ∂tEϑ =: Fϑ, uϑ, ∂tuϑ) !

S. (15’): Trigonometric time-integration scheme for (QZ(∗)):

Fn+1
ϑ = e−iτΩ2

ϑFnϑ + iτ
1− e−iτΩ2

ϑ

−iτΩ2
ϑ

(
unϑF

n
ϑ + u′nϑ E

0
ϑ + u′nϑ

(
τ

n∑
k=0

F kϑ
))

,

un+1
ϑ = cos(τΩϑ)unϑ + Ω−1

ϑ sin(τΩϑ)u′nϑ + τΩ−1
ϑ

1− cos(τΩϑ)

τΩϑ
∆|Enϑ |2,

u′n+1
ϑ = −Ωϑ sin(τΩϑ)unϑ + cos(τΩϑ)u′nϑ + τ

sin(τΩϑ)

τΩϑ
∆|Enϑ |2,

En+1
ϑ = (Ω2

ϑ + 1)−1

{
iFn+1
ϑ − (un+1

ϑ − 1)
(
E0
ϑ + (τ

n∑
k=0

F k+1
ϑ )

)}
[Ω2
ϑ := −∆ + ϑ∆2]

Uniformly accurate in

+ τ w.r.t. to ϑ [ Eϑ(tn)− Enϑ = O(τ) ]

+ ϑ w.r.t. to τ [Quantum to classical Approx. En0 − Enϑ = O(ϑ)]

(no ∆x− nor ϑ− CFL!)
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(no ∆x− nor ϑ− CFL!)



(Quantum) Zakharov

i∂tEϑ − Ω2
ϑEϑ = Eϑuϑ, ∂ttuϑ + Ω2

ϑuϑ = ∆|Eϑ|2. (QZ)

Ω2
ϑ := −∆ + ϑ∆2 (ϑ = 0 classical)

τ

10
-3

10
-2

‖〈
Ω

ϑ
〉2
(E

ϑ
(t

n
)
−
E

n ϑ
)‖

L
2

10
-7

10
-5

10
-3

ϑ = 1
ϑ = 1/4
ϑ = 1/42

ϑ = 1/43

ϑ = 1/44

ϑ = 0

ϑ
10

-14
10

-8
10

-2

y

10
-10

10
-5

10
0

y = ‖〈Ωϑ〉
2(En

0 − En
ϑ)‖L2

y = ‖〈Ωϑ〉(u
n
0 − un

ϑ)‖L2

y = ‖u′n
0 − u′n
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Figure: Orderplot (double logarithmic). Left: convergence in time
(several ϑ). Right: convergence in ϑ (τ = 10−2).



Ongoing projects in this ”direction”:

◦ With S. Herr & F. Rousset: Trigonometric integrators for the
Zakharov system in the subsonic regime

i∂tE + ∆E = uE, α−2∂ttu−∆u = ∆|E|2 (α� 1)

◦ With L. Gauckler: Trigonometric integrators for the
quadratic quasilinear wave equation

∂ttu− ∂xxu+ u =
1

2
(u2)xx



Preprints:

(Zakharov)
◦ S. Herr, K. Schratz (15’): Trigonometric integrators for the

Zakharov system
◦ K. Schratz (15’): Splitting methods for the quantum

Zakharov system
◦ K. Schratz (15’): Uniformly accurate trigonometric

integrators for the quantum Zakharov system

(Highly-oscillatory Klein-Gordon-type eq.s)
◦ P. Krämer, K. Schratz (15’): Efficient time-integration of the

Maxwell-Klein-Gordon system in the non-relativistic regime
◦ M. Daub, G. Schneider, K. Schratz (15’): From the

Klein-Gordon-Zakharov to the Klein-Gordon equation
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