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Joint work with G. Schneider (Stuttgart):
Efficient time-integrators for Klein-Gordon-Zakharov system

¢ 204E — AE+ ’E = —uE, o 20yu— Au= A|E|* (KGZ)

in high plasma-frequency regime ¢ > 1.

o Problem: Highly-oscillatory solutions!

Figure: ¢ =16 Figure: ¢ = 32



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}



Joint work with G. Schneider (Stuttgart):
Efficient time-integrators for Klein-Gordon-Zakharov system

¢ 204E — AE 4 *E = —uE, o 20yu— Au= A|E|? (KGZ)

in high plasma-frequency regime ¢ >> co.
o Problem: Highly-oscillatory solutions!
o ldea: Filter out high-oscillations & only solve limit-system!




Joint work with G. Schneider (Stuttgart):
Efficient time-integrators for Klein-Gordon-Zakharov system

¢ 204E — AE 4 *E = —uE, o 20yu— Au= A|E|? (KGZ)

in high plasma-frequency regime ¢ >> co.
o Problem: Highly-oscillatory solutions!
o ldea: Filter out high-oscillations & only solve limit-system!

Approximation:

E(t,x) = CiCQtEo(t, x) + e_"z"gtﬁo(t, z) + O(c?)
u(t, ) = uo(t, ) + O(c™?)

(Ey, up) solve non-oscillatory limit system ("c = o0” in (KGZ))

10;FEg + AEy = ugEy, a_QOttuo — Aug = A|E0|2 (Zakharov)
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Joint work with G. Schneider (Stuttgart):
Efficient time-integrators for Klein-Gordon-Zakharov system

¢ 204E — AE + ’E = —ul, a 20u — Au = A‘E‘Q (KGZ)

in high plasma-frequency regime ¢ > oc.
o Problem: Highly-oscillatory solutions!
o ldea: Filter out high-oscillations & only solve limit-system!

Limit system = Zakharov
10:Eg + AEy = ugEy, a*28ttug — Aug = A|E0’2
+ Looks very promising (no oscillations!) — numerically!

But ...

— Difficulty: Structure of nonlinear coupling!



Zakharov
iE = —AE+uE, 0yu=Au+A|E? (zeTY (2

Mild solutions
t
B() ="SE(0) ~ i [ e Ou(e) Bl
0
u(t) = cos(t|V|)u(0) + sin(t|V|)| V|~ ' (0)

+ / sin((t — )| V) [V || E(€) Pdé.
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Mild solutions

B0) =" 5(0) i [ -0%u(EmE)
0
u(t) = cos(t|V|)u(0) + sin(t|V|)| V|~ ' (0)

t

+ / sin((t — &)|V])| V| [E(€)[2de.
0
"Naive” bounds: (s > d/2)

t
B1) |ED], < IEO)]|s +c /0 la(€)]| E(E) o0,
t
(B2) [fu(t)]ls < [u(0)]s + [[4/(0) oy + /0 IE(E)]2,,d¢

— Standard fix-point argument fails in /7° (loss of derivative)



Zakharov = Schrodinger coupled with wave

Good spaces*) = Bourgain spaces: X2, X}

s,b

o

I1F1s, = > 1+ W)QS/ (L+ |7+ n?)*|f(r,n)[Pdr

neL o

= ||e_itAf(ta )HHE(RHS(T))

11 = S+l [ (1= el = full 1 P

nez -

||eibf v>f(t7 )HHf(]RHS(T))

(*) One shows local-wellposedness of (Z) in X9, . x X" 12 with
0<s—1<1,1/2<1+1/2<2s

[Bourgain (94’), Takaoka (97’), Kishimoto (14’)]
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nel

||eibf v>f(t7 )HHf(]RHS(T))

(x) One shows local-wellposedness of (Z) in XS SR X" 12 with
0<s—1<1,1/2<1+1/2<2s
[Bourgain (94’), Takaoka (97’), Kishimoto (14’)]

But: How to adapt "well” to numerical analysis?
(... still unclear to mel)



Q: Time integration of Zakharov system?
ZatE =—-AF+ UE, ﬁttu = Au+ A‘E|2

(4)

Up to now numerical methods' require

C*°-solutions + CFL condition (7 - Az™? < 1)
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\Can we construct a method without (x) ?‘
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'Glassey (92'), Chang (95’) (FD-methods); Payne et al (83’), Markowich et

al (04’), Bao et al ('05), ...
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(CFL (*) means: time-step x discretized A = bounded)

\Can we construct a method without (x) ?‘

[Slide from Oberwolfach workshop March 2014]

'Glassey (92'), Chang (95’) (FD-methods); Payne et al (83’), Markowich et
al (04’), Bao et al ('05), ...
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iE = —AE +uE, Oyu=Au+A|E?* (€T (2)

ldea: [Ozawa & Tsutsumi?] Set F := 9, F & reformulate (2):
i0,F = —AF +uF + (9u) ( )+ [LF( ) F(0) = 8,E(0),
Opu = AU—I—A’E‘Q, (Z*)
(A +1)E =iF — (u—1) (E(o) + ! F(f)df) :

NO loss of derivative! — Instead of (Z) solve (Z*) numerically!

Herr, S. (15°): Trigonometric time-integration scheme for (Z(*)):
Convergence of order 77 (0 <y < 1) in

H® x H¥"2 x H*"1 x H® 5 error(F, E,u,u'), s> d/2
fort € [0, 7] if
S22y o sttty o sty 5 (E(t),u(t),u'(t)).

No CFL nor C*°-data required!
2Existence and Smoothing Effect of Solutions for the Zakharov Eq.s (92’)




Numerical Experiment: [Trigonometric time-integrator for (Z())]

—y =15
—y= H(E" u",u")
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Figure: Left: Orderplot (double logarithmic; dashed line: slope one)
(Az = 0.0245). Right: Energy conservation (CFL ~ 6.5).

Energy (d/o(o) =0)

H(E,u,u’)
= [ [VE®,2)]? + u(t, )| B(t,2)| + 3|V (¢, 2) 2 + S|u(t, ) *da.



Convergence Theorem:

Lets > d/2,0 <~y <1andT such that

Mista12,(T) = igg{llE(t)||s+2+2n,+HU(t)||s+1+2ﬂ,/+IIU’(t)||s+2~,/} < o0,

(R)
where || - [|s := || - || gs(pa). Then: 3o > 0s.t. V7 < 79,8, < T

IE(tn) = E™ls+2 + llultn) — u"ls11 + 0/ (tn) — u™|ls < C(T)7".

o LWP on T¢ [Bourgain (94’), Takaoka (97’), Kishimoto (13’)]:
T >0in (R)

o Energy space: If 1 <d < 3 and forsome¢,6 > 0
Mmax(d/2+e1)+2425(T) <oo and 7 <19(d), t, <T (R

1E(tn) = E™ 1 + llu(tn) — u"llo + [ (tn) — w1 < C(T).
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(Quantum) Zakharov
iatEg — Q%Eﬁ = EﬂUﬂ, (‘9ttu19 + Q?gu19 = A|E79|2. (QZ)
Q2 = —A + JA? (¥ = 0 classical)

+ 3C > 0 s.t.
V9 >0 ¢ [|AQ fIl, < Cinf {0 2 flls I fllssa ) ()

— Using () leads to error constant ¢” "/*7
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Figure: Splitting method for (QZ): Soliton simulation. Left: Strongly
quantum regime 9 = 1. Right: "Classical regime” ¢ = 0.01.



ldea: Consider (QZ*) system in (Ey, 0;FEy =: Fy, uyg, Oruy) !

S. (15): Trigonometric time-integration scheme for (QZ*)):
11— e_iTQ% nrn m 0 m g k
W ’LL19F79 +U19E79+u19 (TZF,LQ) ,
9 k=0
— cos(18y)
7y
sin(7€y)
7y

—irQ2 .
Fitl=e EaALr) e

ul ™t = cos(TQy)ul + Oy sin(TQ)uf + TQ_ A|EZ?,

uftt = —Qy sin(TQy)u + cos(TQ)uf + 7 A|EZ?,

BN = (03 + )1{¢F§“ (ultt — )(E3+<TXHIF§“))}

k=0
[02 := —A + 977




Idea: Consider (QZ*) system in (Ey, 0, Ey =: Fy, uy, Oyuy) !

S. (15): Trigonometric time-integration scheme for (QZ*)):

o e—iTQ%

. 1 "
= e N Ep 4 T <ugFg +uf By +ug (T F§)> :
—ir (2 4

Q
ul ™t = cos(TQy)ul + Oy sin(TQ)uf + TQ_ CO;(TMA|E3|2,
TilyY
in(79
ug”rl —Qy sin(7Q)ul + cos(7Qy)uly + TiSIH(T ») A|E{9‘|2,

7y
En+1 (Q ) 1 {Z'Fngl (ungl )(Eg + (7_ zn: F§+1)) }

k=0
[Q2 := —A + 9A?]

Uniformly accurate in

+ 7 wrt. tod [ Ey(t,) — Ey = O(7) ]

+ ¥ w.r.t. to 7 [Quantum to classical Approx. £y — Ej = O(9)]
(no Az— nor ¥— CFL!)



(Quantum) Zakharov
i0 By — Q3Ey = Egug, Onuy + Wug = A|Ey|?. (Q2)

Q2 = —A + JA? (¥ = 0 classical)

n >
. = [ - Bl
- Ky = [[(Q) (uf — uf)|l 2
o O0=0 y = s — s
107 102 108 102
- 9

Figure: Orderplot (double logarithmic). Left: convergence in time
(several ¥¥). Right: convergence in ¥ (7 = 1072).



Ongoing projects in this "direction”:

o With S. Herr & F. Rousset: Trigonometric integrators for the
Zakharov system in the subsonic regime

iOE + AE = uE, a 20yu — Au=A|E*  (a>1)

o With L. Gauckler: Trigonometric integrators for the
quadratic quasilinear wave equation

1
Ot — Opzt +u = Q(uz)m




Preprints:

(Zakharov)

o S. Herr, K. Schratz (15’): Trigonometric integrators for the
Zakharov system

o K. Schratz (15’): Splitting methods for the quantum
Zakharov system

o K. Schratz (15’): Uniformly accurate trigonometric
integrators for the quantum Zakharov system

(Highly-oscillatory Klein-Gordon-type €q.s)
o P. Kramer, K. Schratz (15’): Efficient time-integration of the
Maxwell-Klein-Gordon system in the non-relativistic regime

o M. Daub, G. Schneider, K. Schratz (15’): From the
Klein-Gordon-Zakharov to the Klein-Gordon equation
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