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Motivation and Background

m Klein-Gordon (KG) equation (1927) only good for spinless particles
(e.g. Higgs Boson)
= allows negative probability density for particles with spin
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Motivation and Background ﬂ(“'

m Klein-Gordon (KG) equation (1927) only good for spinless particles
(e.g. Higgs Boson)

= allows negative probability density for particles with spin

m Dirac (1928): relativistic wave equation for particles with spin 1/2
(Fermions)

m Dirac equation for a so-called four-vector spinor

¥ = (Y1, P2, ¥3, ¢a) T,

® ¢ > 1 (nonrelativistic regime) = highly oscillatory wave equation
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Covariant Derivatives and Four-Vectors

Karlsruhe Institute of Technology

m let x* = (xp, X1, X2, X3) contravariant space-time coordinates
m let x, = (X0, —Xy, —X2, —X3) covariant space-time coordinates
with

Xo==¢Ct, X1=X Xo=Y, Xz=2Z.

m contravariant derivative 9, = ;% = (3;/¢, V)

X
m covariant derivative ot = a?(y = (9¢/c,—V)

Q)
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Covariant Derivatives and Four-Vectors AT

a four-vector definition:
Al = (Ao,A1,A2,A3) — AP‘ = (Ao, —A1,—A2, —A3),
B' = (By,By,B2,Bs) <= B, = (By,—Bi,—By, —Bj)

® summation convention for repeated indices:
3
AB!' = AyBy — Z A;B;
j=1

m in particular for o# = (9;/¢, —V):
9,0" =092/c® — V2 (d’Alembert operator).
a for example Klein-Gordon equation

2P+ cPY=0 <= Cc2RP+(-A+P)y=
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Free Dirac Equation ﬂ(“'

® in covariant notation for ¢ : [0, T] x RY — C*
iv'oup = cpp, (0, x) = po(x)
T
= (Ct + 2’7/3/) ¥ =cBy, ¥(0 x)=to(x)
j=1

with

/d2 0 0 o .
— , = /d , P = / , — 1,2,3
f < 0 —/dz> o (‘71' 0) !

a Pauli matrices
(0 1 (0 —i (1 0
=1 0) 27\ o) ®7lo -1/
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Free Dirac Equation ﬂ(“'

a [n standard notation

d
idep = —icy_ vop + 2By, P(0) = ¢
=1

)

m Properties of the matrices B, v;,j = 1,2,3:

Vivk+ 7KV = 204klds, B+ Py =0, BP=Ids, k=123
m differentiating w.r.t. time f yields for smooth

Ry = —A(=A+ )y,
d

P(0) = o, 3p(0) = —¢ Y 7990 — ic* Bipo.
j=1

= components of ¢ satisfy linear KG equation!
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Free Dirac Equation ﬂ(“'

m for d = 1,2 Dirac system for ¢ = (1, 2, 3, 14) T can be reduced
m let® = (1, 14)T or ® = (Yo, P3)7, @ : [0, T] x RY — C2, then

d
0 = —ic} 0;0;®+ Poz®, @(0) = P°.
j=1
m denote ® = (®q,P,)7, and let d = 2 then
{ i0;®1 = —ic(dx — idy) Py + c?D;

. . , o+ ®0)=2°
/8t<I>2 = *IC(aX + Iay)q)1 )
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Free Dirac Equation ﬂ(“'

m for d = 1,2 Dirac system for ¢ = (1, 2, 3, 14) T can be reduced
m let® = (1, 14)T or ® = (Yo, P3)7, @ : [0, T] x RY — C2, then

d
0 = —ic} 0;0;®+ Poz®, @(0) = P°.
j=1
m denote ® = (®q,P,)7, and let d = 2 then
i0;®1 = —ic(dx — idy) Py + c?D;
iatCI>2 = *I'C(ax + iay)CI>1 — CQCDZ ,
m Free Dirac exactly solvable!

®(0) = @°
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Free Dirac Equation ﬂ(“'

for d = 1,2 Dirac system for ¢ = (¢4, P2, )3, 4) " can be reduced
let ® = (1, 9P4)7 or ® = (P, P3)7, ®: [0, T] x RY — C?, then

d
0 = —ic} 0;0;®+ Poz®, @(0) = P°.
j=1

m denote ® = (®q,P,)7, and let d = 2 then
i01®y = —ic(dy — idy) Do + 2D
.1‘1 .(X .y)2 21’q>(0):q)0
/8t<I>2 = *IC(aX + Iay)q)1 )

m Free Dirac exactly solvable!

m components ®;, j = 1,2 satisfy linear Klein-Gordon equation

2P = —c?(—A+c2)®

d
P(0) =®°,  9;®(0) = —c)_ 0;0;0° — ic?o3®°
j=1
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Coupling to Electromagnetic (EM) Field AT

Karlsruhe Institute of

m electric scalar potential V : [0, T] x R® — R
m magnetic vector potential A: [0, T] x R® — R3, A = (Aj, Az, A3)

= real four-vector potential A¥ = (V, Aq, A, A3)
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Karlsruhe Institute of

m electric scalar potential V : [0, T] x R® — R
m magnetic vector potential A: [0, T] x R® — R3, A = (Aj, Az, A3)

= real four-vector potential A¥ = (V, Aq, A, A3)
m coupling of the Dirac equation to EM field via minimal substitution

A
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Coupling to Electromagnetic (EM) Field

m electric scalar potential V : [0, T] x R® — R
m magnetic vector potential A: [0, T] x R® — R3, A = (Aj, Az, A3)

= real four-vector potential A¥ = (V, Aq, A, A3)
m coupling of the Dirac equation to EM field via minimal substitution

A

i»—>i+iz, VHV—ié.
c c c c
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Coupling to Electromagnetic (EM) Field AT

m electric scalar potential V : [0, T] x R® — R
m magnetic vector potential A: [0, T] x R® — R3, A = (Aj, Az, A3)

= real four-vector potential A¥ = (V, Aq, A, A3)
m coupling of the Dirac equation to EM field via minimal substitution

A

mie 3 3 v A
L0402 Ve v-it
c c c c

m coupled Dirac equation for ¢ : [0, T] x R? — C*, (0, x) = 1o (x)

iV Dyp = cBp

N 1 d
= | (Ct + 2’)’]8/) Y= C,Bl[J+ E(V_ Z’)/jAj)l[J.
j=1 j=1
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Asymptotic approximation ﬂ(“'

m Bao et al, 2015: severe time step restrictions required in standard
numerical time integration schemes for coupled Dirac
® CNFD method: 7 ~ ¢ 3
a EWI-FP method: 7 ~ ¢~
® TSFP method: T ~ ¢ 2
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Asymptotic approximation ﬂ(“'

m Bao et al, 2015: severe time step restrictions required in standard
numerical time integration schemes for coupled Dirac
® CNFD method: 7 ~ ¢ 3
a EWI-FP method: 7 ~ ¢ 2
® TSFP method: T ~ ¢ 2

Idea: (cf. Masmoudi & Nakanishi, 2003; Bao et al, 2015)

d)(t):%uo(t) ’°’-|-;v() ’“+O( )

a filter out high frequencies etict = Up, Vp nice functions
| Uy, Vg satisfy Schrédinger system independent of ¢

, 1

9y = EAUO + V(t)up,
1 + suitable initial data.

iatVO = EAVO - V(t)Vo,

m Schrddinger system can be solved efficiently by Strang splitting
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Asymptotic approximation for free Dirac

w free Dirac for d = 2: i9;® = —ic L ; 0jo;® + Poz®, P(0) = Do.
m components ®;, j = 1,2 satisfy Klein-Gordon equation

20 = —c2(—A +c?)®

d
P(0) =%, 9;®(0) = —c ) 0;0;0° — icP3d® = PV
j=1

(V) =V—-A+¢c?
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Asymptotic approximation for free Dirac

w free Dirac for d = 2: i9;® = —ic L ; 0jo;® + Poz®, P(0) = Do.
m components ®;, j = 1,2 satisfy Klein-Gordon equation
20 = —c2(—A +c?)®
d
P(0) =%, 9;®(0) = —c ) 0;0;0° — icP3d® = PV
j=1
m Rewrite the KG equation as a first order system
= —c(V),u, u0)=a—ic " (V); @Y,
v =—c(V),v, v(0)=a0 —ic™'(V);' @Y,
where u = (u", )T, v=(v',v®)T:[0, T] x RY — C2
m in particular ® = 5 (u+ V).

(V) =V—-A+¢c?

October 07, 2015: Patrick Kramer - The Dirac Equation and its Nonrelativistic Limit



Asymptotic approximation for free Dirac

idiu=—c(V),u,  u0)=—ic (V)
w_/
=—(c®2—3A)u+0(c2)
Taylor:
1
21 —2,52
c(V),u=(c 2A)u+0<c A u).
(V)g=V-A+c2
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Asymptotic approximation for free Dirac

idiu=—c(V),u,  u0)=—ic (V)
w_/
=—(c®?—3A)u+0(c7?)
Taylor:
1
21 —2,52
c(V),u=(c 2A)u+0<c A u).
(V)g=V-A+c2
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Asymptotic approximation for free Dirac

idtu = —c (V) U, u(0) =@ —icT (V)
——
=— (= }A)u+0(c7?)
Taylor:
c(V)u=(c?— %A)u+ 0 (c728%u) .

Formal asymptotic expansion of u:

u(t) = etug(t) + O (cfz)

Ug nice, not depending on ¢

(V)g=V-D+c?
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Asymptotic approximation for free Dirac

—1 cDOI'

c

oty =—c(V)ou,  u(0)=d —icT" (V)
w_/
=—(c2-3A)u+0(c72)
Taylor:
1
_ (2! —242
c(V),u=(c 2A)u+(9<c A u).
Formal asymptotic expansion of u:
u(t) = etug(t) + O (cfz)
= du(t) = icRu(t) + € Bug (1) + O (0*2)

Ug nice, not depending on ¢

(V)g=V-D+c?
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Asymptotic approximation for free Dirac

—1 cDOI'

c

oty =—c(V)ou,  u(0)=d —icT" (V)
N———
=—(c?=3A)u+0(c72)
Taylor:
1
_ (2! —242
c(V),u=(c 2A)u+(9<c A u).
Formal asymptotic expansion of u:
u(t) = etug(t) + O (cfz)
= a,u(t) = iCZU(t) + e’cztatuo(t) + 0O (072)

Ug nice, not depending on ¢

(V)g=V-D+c?
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Asymptotic approximation for free Dirac

D =—c(V)su,  u(0)=d°—icT" (V)
E/_/
=—(c2—3M)u+0(c?)
Taylor:
1
_ (2! —242
c(V),u=(c 2A)u+(9<c A u).
Formal asymptotic expansion of u:
u(t) = etug(t) + O (cfz)
= du(t) = icRu(t) + € Bug (1) + O (0*2)

Up nice, not depending on ¢ = Free Schrddinger equation

(V)g=V-D+c?
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Asymptotic approximation for free Dirac AT

Karlsruhe Institute of

Nonrelativistic limit for u:

. 1
IatUO = EAU(),

m suitable initial data such that u(0) = up(0) + "

u(0) =@ —icT (V) ' @Y,

(V)g=V-A+c2
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Asymptotic approximation for free Dirac

Nonrelativistic limit for u:

. 1
IatUO = EAU(),

m suitable initial data such that u(0) = up(0) + "

u(0) =@ —icT (V) ' @Y,
Taylor:
c (W lu=cu+0 (c“‘Au) .

= Reminder: ¥ = —c Y7, 0j0,0° — ic?03®°

(V)g=V-A+c2
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Asymptotic approximation for free Dirac

Nonrelativistic limit for u:

. 1
ity = EAU(),

m suitable initial data such that u(0) = up(0) + "

u(0) =@ —icT (V) ' @Y,

Taylor:
c (W lu=cu+0 (c“‘Au) .
= Reminder: ¥ = —c Y7, 0j0,0° — ic?03®°
d
= U(O) = (Idg — 0’3)(130 + ic™! Z (7,8,@0 + = Uo(O) +
j=

(V)e=V-8+c2
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Asymptotic approximation for free Dirac AT

Nonrelativistic limit for u:

, 1 R
ity = EAU(), Uo(O) = (/dg — 0'3)@0 + ic™! Z (TlajCDO
=

m suitable initial data such that u(0) = up(0) + "

u(0) =@ —icT (V) ' @Y,

Taylor:
c (W lu=cu+0 (c“‘Au) .
= Reminder: ¥ = —c Y7, 0j0,0° — ic?03®°
= u(0) = (ldp — 03)P° + ic™" i 00,° + = up(0) +
j=1
(V)e=vVB+
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Asymptotic approximation for free Dirac

m Finally ®(t) = ®o(t) + O (¢~2) with limit approximation
~ 1
Dy (t) := >

m nice functions up, vy satisfy the limit system

(eicztuo(t) + eficztvoi(l‘)) .

. 1
idtug = EAUO

1
7AV0

iatVO = 5

with initial data

0(0) = i (9x — idy) g\ (©) = 200-+ic™" (9x + idy ) DY
0 = - , 0 - ~0
205 +ic™ 1 (dx + 19y ) DY ic™ (9 — idy) Y

® Dblue terms in initial data crucial for error O (¢~2)
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Numerical Experiments (Free Dirac)

arlsruhe Institute of Technology

Free Dirac equation with

(a) c=1:

Exact, t = 0.40 |Limit - Exact|

1
07

0.5
0 06

=

-0.5 v 05
= :

-1 N

x € [—2m, 27 C{\:; 04
. \
Limit, ¢ = 0.40 .

1 ‘i 03
05 A 02
g
Q
& s . w 04

1 0

x € [—2m, 27 x € [—2m, 27
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Numerical Experiments (Free Dirac)

arlsruhe Institute of Technology

Free Dirac equation with
(b) c = 2:

Exact, t = 0.40 |Limit - Exact|
1 03
0.5
& o 025
g
0.5 -
= 02
-1 N
x € [—2m, 27 C{\::
o | 0.15
Limit, ¢ = 0.40 v
! =
0.5 0.1
S
é . 0.05
05 v
1 0
x € [—2m, 27 x € [—2m, 27
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Numerical Experiments (Free Dirac)

Free Dirac equation with
(c) c=16:
Exact, t = 0.40

1
0.5
<
=
0.5 -
-1
x € [—2m, 27
Limit, ¢ = 0.40
1
0.5
<
=
-0.5 -
-1
x € [—2m, 27
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|Limit - Exact|

x € [—2m, 27

arlsruhe Institute of Technology
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Numerical Experiments (Free Dirac) ﬂ(“'

Simulation ford =2, T = 2, (x,y) € [-27,271)?, p.b.c.,

- %-- "wrong"
T || =©- "right"
< == 0(c)
S — 0 (c7?)
o
| |

| | | |
2 8 32 128 512 2048
c
@—&)0:

wrong limit initial data (neglecting ¢~ terms)
D — &)0 :

correct limit initial data (respecting ¢~ terms)
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Outlook ﬂ(".

Karlsruhe Institute of

m apply the same ideas to the coupled Dirac equation (cf. Bao et al,
2015)

m generalize the results on the coupled Dirac equation to the
Maxwell-Dirac system
= Schrdédinger-Poisson limit system (Masmoudi & Nakanishi, 2003)
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Outlook ﬂ(".

m apply the same ideas to the coupled Dirac equation (cf. Bao et al,
2015)

m generalize the results on the coupled Dirac equation to the
Maxwell-Dirac system
= Schrdédinger-Poisson limit system (Masmoudi & Nakanishi, 2003)

Challenges:

m understanding the steps:
Maxwell-Dirac — Maxwell-Klein-Gordon — Schrddinger-Poisson
m potential V satisfies a Poisson equation depending on the Dirac
solution ©

m potential A satisfies a highly-oscillatory wave equation depending
on the Dirac solution &
= coupled nonlinear system for &, V, A
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