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We consider the combination of discontinuous Galerkin discretizations in space with various time integration methods for
linear acoustic, elastic, and electro-magnetic wave equations. For the discontinuous Galerkin method we derive explicit
formulas for the full upwind flux for heterogeneous materials by solving the Riemann problems for the corresponding
first-order systems. In a framework of bounded semigroups we prove convergence of the spatial discretization.

For the time integration we discuss advantages and disadvantages of explicit and implicit Runge—Kutta methods com-
pared to polynomial and rational Krylov subspace methods for the approximation of the matrix exponential function.
Finally, the efficiency of the different time integrators is illustrated by several examples in 2D and 3D for electro-magnetic
and elastic waves.
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1 Introduction

In the last decade discontinuous Galerkin methods became very popular for first-order hyperbolic systems, cf. [6, 18, 19].
They are now well established in combination with standard explicit Runge-Kutta methods, see, e.g., [4], for an error
analysis of the full discretization in the more general case of symmetric Friedrich systems.

In this paper we consider the solution of homogeneous linear acoustic, elastic, and electro-magnetic wave equations by
discontinuous Galerkin discretizations in space. For such linear problems, the solution is given as a matrix exponential
function multiplied by the vector containing the initial value. We discuss the relation between standard explicit or implicit
Runge-Kutta methods and polynomial or rational Krylov subspace methods for approximating the matrix exponential func-
tion directly [11, 14, 16,21, 32]. It is well known that polynomial Krylov subspace methods for the matrix exponential
exp(TA)v always converge superlinearly but unfortunately, for the wave equation, the onset of superlinear convergence
behavior only starts after ||7A|| steps [21]. Nevertheless, these methods have been successfully applied to wave problems,
see, e.g., [3,7,30,41]. In contrast, it has been shown recently in [12, 14,16] that rational Krylov subspace methods converge
independently of ||7A|| and even for unbounded operators A. Using implicit methods or rational Krylov approximations is
the only possible option to overcome the CFL barrier of explicit schemes or the limitation by the number of steps to reach
the superlinear convergence behavior for polynomial Krylov methods. Note that these limitations arise in the same way for
uniformly refined grid and for locally refined grid, although for the latter, local time stepping methods are a very attractive
alternative, see, e.g., [15,26,36]. SPP-RK methods, which became very popular in combination with DG methods suffer
from a slightly less stringent CFL restriction, see, e.g., [5,7,13,33].

Our goal is to present a general framework for the construction of discontinuous Galerkin discretizations in space
for wave equations and to advocate the combination with modern time integration. Finally, we show for representative
examples in this application class that Krylov subspace methods can be significantly more efficient than standard Runge—
Kutta schemes, even with a standard implementation which was not optimized for the particular application.

The paper is organized as follows. In Section 2 we discuss acoustic, elastic, and electromagnetic wave equations in a
semigroup framework. These problems can be considered as linear systems of conservation laws. In Section 3 we focus
on the explicit construction of the exact solution of the Riemann problems (defining the full upwind flux [27]) in case of
variable coefficients. In Section 4 we construct the discretized operator for linear systems of conservation laws and the
three types of wave equations. We show that the semi-discrete finite volume estimates given in [38] can be transferred
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to this setting resulting in convergence estimates in space for sufficiently smooth solutions. Estimates for a central flux
discontinuous Galerkin discretization of the Maxwell problem are presented in [10].

Different options for the time integration of linear first-order systems are considered in Section 5. We discuss the
relations between explicit Runge-Kutta methods and polynomials Krylov subspace methods and between implicit Runge-
Kutta methods and rational Krylov subspace methods for the approximation of the matrix exponential. Since Krylov
subspace methods have to be implemented with care, we present the full algorithms for the discrete problems resulting
from the space discretization by discontinuous Galerkin methods.

In Section 6 we compare the efficiency of the different time integration schemes. For the implicit methods and the
rational Krylov method, a parallel multigrid preconditioner [39] is implemented for solving the linear systems.

2 Linear hyperbolic operators for wave equations

In this section we introduce our notation and summarize basic results on wave equations in the framework of semigroup
theory, see, e.g., [9]. More precisely, we check the assumptions of the Lumer-Phillips theorem [31, Chap. 12.2.2] for
acoustic, elastic, and electro-magnetic waves. This shows that these problems are well-posed and that the initial value
problem has a unique solution in a suitable Hilbert space setting.

2.1 The general setting

Let © C RP be a bounded Lipschitz domain, and let V' C Lo(©2,R”7) be a Hilbert space with weighted inner product
(v,w)y = (Mv,w)q.q, where M € Lo (€, R7*7) is uniformly positive and symmetric.
We study the evolution equation

Mowu(t) + Au(t) = 0, telo,T7, u(0) = ug. (1)
Here, A is a linear operator on V' with dense domain D(A) C V corresponding to a hyperbolic linear system, i.e.,
(Av,v)pa =0, v eD(A). )

For simplicity, we consider only homogeneous boundary conditions on 0¢2 which are included in the domain of the operator.

For our applications, we will show that for any b € V' a unique solution v € D(A) of Av+ Mv = Mb exists. Then, by
the Lumer-Phillips theorem, the operator M ~* A generates a continuous semigroup in V, and for any ug € D(A) a unique
solution of the evolution equation (1) exists. Moreover, the energy £(v) = 3(v, v)y satisfies

H€(u(t)) = (M&‘tu(t),u(t))o,Q = —(Au(t),u(t)) 0,

0,Q

i.e., the energy is conserved £(u(t)) = £(u(0)) for all ¢t € [0, T).
We study three different applications fitting into this framework, namely acoustic, elastic, and electromagnetic waves.

2.2 Applications

In all applications, the operator A corresponds to a linear system of J first-order differential equations.

Acoustic waves Acoustic waves in an isotropic medium with variable density p € L, (£2) are described by the second-
order scalar equation for the potential

pOFp — Ay =0.

We assume p(x) > po > 0 for a.a. x € . Introducing the pressure p = 9;% and the flux q = —V1) this corresponds to
the first-order system

pop +divg =0, oq+Vp=0
with J = D + 1 components. We define the operators

M(q,p) = (a, pp), A(q,p) = (Vp,divq)

on the Hilbert space V' = Ly(2,R”). In the case of homogeneous Dirichlet boundary conditions, the domain is given by
D(A) = H(div, Q) x H}(Q) and thus D(A) is dense in V.
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For the application of the semigroup setting it remains to consider the mapping property of A + M. For arbitrarily
chosen (f, g) € V we consider the stationary problem

(M + A)(q,p) = M(f7 g)’ 3)

which is equivalent to
q+Vp=f,  pp+divg=pg. “)

To obtain a variational formulation, we take the divergence of the first equation and insert div q into the second. Next,
multiplying with a test function ¢y € H} () and integrating, yields the elliptic problem for p

(vpv V¢)O,Q + (pp7 ,(/))O,Q = (f7 V¢)O,Q + (pga ¢)O,Q ’ ¢ S H(%(Q) .

By Lax-Milgram’s theorem, there exists a unique solution p € H} (), and the first equation in (4) yields the correspond-

ing q. Multiplying the second equation in (4) by v leads to the condition (q, Vi) o = (p(p - 9), 1/)) 0.c» Which defines a

weak divergence div q € Ly (Q). Hence, (q,p) € D(A) is a solution of (3).

Elastic waves Elastic materials are described by the elasticity tensor C with Ce - € > cpe - € for e € RSDynfD , where

co > 0. Here, we consider the special case of isotropic materials characterized by the Lamé parameters A > 0, u > 0, and

1 1 A

Ce = 2ue + A trace(e)l, C '0c=—0— ————trace(o)lL.
H () 24 2u(DX 4+ 2u) (o)

Elastic waves are described by the second-order system for the displacement ¢
pdie + div Ce(p) = 0,

where e(¢) = sym(V) denotes the strain tensor and p € Lo (£2) is the density. Inserting the stress tensor o0 = Ce(y)
and the velocity vector v = 0y, we obtain the first-order system

0o — Ce(v) =0, poyv —dive =0
with J = 5 components for D = 2 and J = 9 for D = 3. We define operators
M(o,v) = (C ta,pv), A(o,v) = (—e(v),—divo)

on the Hilbert space V = L2(Q)2XP x La(Q,RP). Let 9Q = 9Qp U Qx be a decomposition of the boundary into

sym
Dirichlet and Neumann parts, and define the domain by

D(A) = {(o,v) € H(div,Q,R”) x H (Q,R”): ¢ = 07, on = 00n 0y, and v =0 on Qp}

where n is the outer unit normal vector on 0€y.
For arbitrarily chosen (f, g) € V' we consider the elliptic problem

(M + A)(o,v) = M(f,g), )
which is equivalent to
o—Ce(v)=f, pv —dive = pg.
Taking the divergence of the first equation and inserting div o into the second yields the variational formulation
(Ce(v),e(¥))on + (pv,¥)o0 = —(f,e(¥))o,a + (08 ¥)o,0

for all ¢ € H'(Q,RP) with ¢ = 0 on Qp. Then, a unique solution v € H (2, RP) with v|sq, = 0 exists, and
(o,v) = (Ce(v) +f,v) € D(A) solves (5).
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Electro-magnetic waves For a given permeability ;1 € Lo (Q2) and a permittivity e € L, (Q2), which are uniformly
positive in {2, electro-magnetic waves are determined by the first-order system for the electric field E and magnetic field H

e E —curlH=0, uwoH + curlE =0, div(eE) =0, div(pH) =0

with J = 6 components for D = 3. Since the last two equations will be satisfied if they are satisfied for the initial data, it
is sufficient to consider only the first two equations. We thus define

M(H,E) = (uH, cE), AH,E) = (curlE, — curl H)

on the Hilbert space V = Ly ()% x Ly(Q)? with domain D(A) = H(curl, Q) x Hy(curl, Q) for a material with perfectly
conducting boundary. Let (f,g) € V be arbitrary. Then the elliptic problem

(M + A)(H,E) = M(f,g), ©)
corresponding to the system

pH 4+ curl E = uf | eE —curlH = ¢g @)
can be written in variational form as

(tcurl E, curl)o.0 + (€E, ¥)o,0 = (f, curly)o.o + (68, ¥)o.a, 1 € Hy(curl, Q).
This problem has a unique solution E € Hy(curl, ). With the same arguments as in the previous cases, we can show that

(H,E) = (f — ' curlE, E) € D(A) solves (6).

3 Linear systems of conservation laws

All problems discussed in the previous section can be considered as a system of linear conservation laws

Mowu(t) + divF(u(t)) =0 for t¢e€(0,7], u(0) = uop, 8)
D

where the linear flux is of the form div F(u) = Z By04u with symmetric matrices By € R7*7. The construction of
d=1

numerical methods will be based on the formulation (8).

3.1 Discontinuous weak solutions for linear conservation laws

Since the discrete approximations will be discontinuous, we introduce the more general concept of weak solutions.
Definition 3.1 A function u € L;((0,T) x ,R”) is a weak solution of (8) if

0— /Q M(x)up(x) - $(0,%) dx + /( (MGou(t.x) - (1. x) + E(u(t, x)) - Vo(t.x) ) di dx

0,T)xQ

for all test functions with compact support ¢p € C((—1,T) x Q,R7).

Obviously, all smooth solutions of (8) are also weak solutions. Note that weak solutions are not unique; in particular,
the definition does not include boundary conditions.

Traveling waves In the case of constant coefficients in 2 = RD, special solutions can be constructed as follows. For
a given unit vector n = (nq,...,np)T € RP, we have n - F(u) = Bu with the symmetric matrix B = Y nyB,.
Then, for all eigenpairs (A, w) € R x R’ with Bw = AMw and any amplitude function a € C!(R), the traveling wave
u(t,x) = a(n-x — At) w solves (8) for up(x) = a(n - x) w.
This can be extended to the case that the amplitude is discontinuous. E.g., consider the piecewise constant function
u(t,x) = aLw %HQL:{(t,X)E[O,T]XRDZH-X—/\ﬁ<0} ©)
aRW inQr = {(t,x) € [0, 7] x RP: n-x — Xt > 0}
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with a, ag € R. Then, by using the Gauf} theorem in R x RP, we observe

0= aL/nx . (=AM + B)w - ¢(t,x) da
= Lo G (et )xnﬂf i) e

ViR [ @) ( i) o) 0%

\/1+/\2/ ) Mo,(t.x) + F(u(t.x) - Vo(t.x)) di dx

for all test functions ¢ € C}((0,T) x 2, R7). Repeating this argument with Qg and testing in C}((—1,7T) x Q, R7) shows
that (9) is a weak solution with discontinuity along the plane {(¢,x): n - x — At = 0} in the time-space cylinder and with
discontinuous initial values ug(x) = apw in Qp, = {X ceQ:n-x< 0} and up(x) = agw in Qg = {x ceQ:n-x> 0}.

The Riemann problem for linear conservation laws Following [27, Chap. 3.8 and 9.9], we now construct a weak
solution of the Riemann problem, i.e., a piecewise constant weak solution for the discontinuous initial function

ur, in QL

up(x) = { . (10)

UR in OQr

with up,ur € R’ and piecewise constant mass matrices My, Mg in Qp and g, respectively. Let (/\jL,ij) and
(A\jr, w,r) be the corresponding M -orthogonal eigenpairs, i.e.,

BWjL = AjLMLWjL with WL - MLWjL = 0,

BWjR = /\jRMRWjR with wig - MRWJ‘R =0,

for j # k. Then, for all coefficients b;i, bjr € R,

u(t, X) = {UL T Zx'“*)\th>0 bjLWjL X € QL (11)

uR + Zx‘n—/\th<0 bjRWjR X e QR

is a weak solution in € U Qg. In order to obtain a weak solution in R”, continuity of the flux on the interface is required
(the Rankine-Hugoniot condition):

B(uL+ Z bjLWjL) = B(UR+ Z bjRWjR) s x € 0L NONR = {X S RP:n.-x= 0}.
)\jL<O )\jR>O

Thus, the coefficients by are determined from the jump [ug] = ug — u solving the equations

WEKR - B[UO} = WkKR - Z bj]_BWjL for Agr <O.
AjL<0
The solution of the Riemann problem defines the upwind flux on 921, N IR by
n-F*(u) = B(uL + Z bjLWjL> .
AL<0

This will be used in Section 4.3 for the construction of discontinuous discretizations.

3.2 The Riemann problem for wave equations

For the specific application to acoustic, elastic, and electro-magnetic waves we compute the eigenvectors and eigenvalues
explicitly, and we provide explicit formulas for the upwind flux.
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Acoustic waves For acoustic waves we have div F(q,p) = ( dZ/p q) and thus n - F(q,p) = B (g) = (qp nn) Let

c=7 be the velocity of sound. Then w = ( T

The solution (11) of the Riemann problem with piecewise constant mass matrices My, My is of the form

) are eigenvectors with Bwy = £cMw_.

a alt+x-n<0
pL
av + br . ct+x-n>0andx-n<0
L —CL
u(t,x) = N
ar + br —crt+x-n<0andx-n >0
Pr CR
R —crt+x-n>0
PR

with the continuity constraint B < (qL> + b < n > > =B ( <qR) + br ( n > ) for the flux at the interface 9. NOR.
bL —CL PR CR

Multiplying with ( r; ) shows that by, can be computed from [q] = qr — qr. and [p] = pr — pL by
—CR

bleter) = bB (_‘;) . (_‘;R) B ((22) - (g)) . (—l) ~[p] - cxla] n.

This finally yields the expression for the upwind flux

nre = ()P (1) = ) ()
o) rata (7)o () awn () a2 ()

1
Elastic waves In the elastic case, we have divF(o,v) = — (s(v) ) andn-F(o,v) = — (2 n@v+ve n)) By

divo on

cp = 4/ 2“/%“ we denote the velocity of pressure waves, and by cg = \/% the velocity of shear waves. The eigenvectors

are of the form Zum @ n+ Al and AT D+ pmeT , where T is a unit tangent vector, i.e., 7 - n = 0.
+cpn FesT

For piecewise constant mass matrices My, Mg and D = 2 the Riemann solution is of the form

IL cprt+x-n<0
VL
2un @ n + A\ I
IL + ar pLn@n 4 AL cppt+x-n>0andegit+x-n<0
VL CpLN
2 Al
L + ay, pLn @m o+ AL + b LT @0 e T cspt+x-n>0andx-n<0
(t,x) VL —cpLIl —CSLT
u(t,x) =
2urn @ n + Mgl n n
TR + ar MRO® N+ AR +bR<uRT® + R ®T> —csgt+x-n<0andx-n >0
VR CprIN CSRT
o 2urn @ n + Mgl
R + ar HRILG T+ AR —cspt+x-n>0and —cprt +x-n1 <0
VR —CprIn
IR —CpRt+X'n>0
VR
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with the continuity constraint for the flux at the interface 9, N Qg

B ((0L> YL (2,uLn®n+ )\LI) s (,uLT ®n—|—,uLn®T)>
vL cpL CSLT
_ 3B ((o’R) +ag <2uRn®n+)\RI> b (uRT®n+uRn®T>) .
VR —CprIl —CSRT
This yields for [o] = ogr — o and [v] = vg — v

and finally the upwind flux (see also [24] for the case Mg = M)

ZD <2uRn ®@n+ ARl
]
}

—ap(cpL(2ur + AR) + (2uL + AL)epr) = B cprn
B

. ) — —@ux + AV n— cpr (o) n,

URT @ N+ UrN Q@ T
CSRT

[
[
—b(csLpr + HLCSR) = [[0' > = —ur[v] - 7 — csr([o]n) - T,

<

n-Fr(uy) — (O'L> n (2ur + AR)[V] - 1 + cpr([o]n) - nB <2,ULU QRn + )\LI>
vL cpL(2ur + Ar) + (21L + AL)cpr cpL
N pr[v] - T + csr([o]n) - T3 (MLT on+un® T)
CSLUR + HLCSR CSLT
_ (O'L> B (2uR + AR)[V] ' n < cpL @ M )
-\ cpL(2uR + AR) + (2L + AL)cpr \ (200 + AL)n
3 ur[v] - T (;CSL(T(X)II-FI'[@T))
CSLHUR + ULCSR LT
cpr([o]n) - n cpLn @ n
opn(2ur + AR) + (201 + M) err ((QUL + )\L)n>
_ cr(lon) T <éCSL(T ®n+ng® ‘r))
CSLUR + HLCSR QLT '
Electro-magnetic waves Here we have divF(H,E) = —CrilE H) andthusn-F(H,E) = B (g) = <_nn><><]*i{>.

1 . Ven x T FeT . .
Byc= e e denote the speed of light. Then ( + /T ) and ( I ‘r> are the corresponding eigenvectors, where

again T is a unit tangent vector. For piecewise constant mass matrices M, Mg the Riemann solution is

Ho t+x-n<0
c X-n
EL L
H \/ X
- +aL LT + b L xT ct+x-n>0andx-n<0
u(t x) - EL ViLn X T —\//TLT
) - H B y
R +GR< RT br “RI T) —crt+x-n<0andx-n>0
Er LR X T LURT
Hg
—crt+x-n>0
Exr R

with the continuity constraint for the flux at the interface €2 N 0Qg

H; LT eLn X T Hi —\/ERT erN X T
B b =B b .
((EL) o (wwn x T) i L( —LT )) ((ER) o (Wan x T) o ( VIART ))
For the jumps [H] = Hg — Hy and [E] = Eg — Ey, this yields

> < a x )\/;R(HX[E])'T\/;TR(nx[H]).(nXT%

MR X T

—aL(VELER + V/ILER) = BG[EI]] .
H]\
~VHRT

e+ vis) = B (g ) (VRET) = VR x [B) - (nx7) + Vit x [H]) -7
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and thus the expression for the upwind flux (cf. [19])

n-F(u) = B<HL>\/€>R<nX[E])'T\/,LTR(HX[H])-(nXT)B< JELT )

EL VELER + \/HLER ViLn X T
~ VEr(m x [E]) - (n x 7) + /iR (1 % [H])'TB< €Ln><‘r)
VELHR + y/HLER —/HLT

_ B <HL> L R (n X [E]) N 1 ( 0 )
E. ELCL + ERCR 0 pren + prer \0 X (0 x [E])

HURCR < 0 ) 1 (n X (n x [H]))
- + - .
prer + prer \n X [H] ELCL + ERCR 0

We are now in the position to construct the discrete operators for the specific applications.

4 A discontinuous Galerkin approximation for the wave equations

In this section we consider the discrete evolution equation
Moyup(t) + Apup(t) =0, t €10,7) (12)

in a subspace V};, C V associated to the mesh size h. We are interested in the semi-discrete convergence to the solution
of (1), where the discrete operator Ay, € L(V},, V},) is constructed from a discontinuous Galerkin discretization with upwind
flux obtained from local solutions of Riemann problems of the previous section.

4.1 The discrete operator for linear systems of conservation laws

Here we assume that @ C R”, D = 2,3 is a bounded polyhedral Lipschitz domain decomposed into a finite number of
open elements K C € such that Q = |J K. Let F be the set of faces of K, and for f € Fx let K¢ be the neighboring
cell such that f = 0K NJK, and let ng ¢ be the outer unit normal vector on f C K. The outer unit normal vector field
on 91 is denoted by n. Furthermore, we assume that the mass operator M is constant in K, i.e., M (x) = Mg, x € K, is
a symmetric positive definite matrix. Finally, we define Vi = Lo(K,R”).

Integration by parts gives for locally smooth test functions

(Av,0K)o,x = —(F(v), VoK )ox + Z (nk,r F(v),dx)o.r-
fEFK

This formulation is now the basis for the discretization. We fix a polynomial degree p, and we define the local spaces
Vi.n = P,(K)’ and the global discontinuous Galerkin space V}, = {v}, € La(Q,R”): v4|x € Vik.p}. For v, € Vj, we
use Vi, = vi|ix € Vi, for the restriction to K.

For a given function v;, € V}, we define the discrete linear operator A;, € L£(V},V},) by

(Anvh, dxn)ox = —(F(vin), Vorn)ox + Y (ks Fic ((va), dxn)os
fE€EFK

where ng ¢ - Fi ;(vp) is the upwind flux obtain from the solution of the Riemann problem with initial values uy, =
Vi n(x) and ug = v, 5(x) forx € f = 0K NOKy on inner faces f C €. For boundary faces f = 9K N OS2 we define
ug depending on the boundary conditions and the specific application. Again using integration by parts, we obtain

(Apvh, Ox.p)ox = (AVE(Vi L), @i n)o ik + Z (nkf- (Fi ;(vi) —F(vin)), ¢K,h)0’f . (13)
fEFK

Note that the term ng ; - (F*K,f(vh) — F(vik,)) only depends on [vp]k f = Vi, n — VKL Moreover, this definition
includes finite volume discretizations with p = 0, where the discrete operator is defined only by the flux terms on the
faces Fi.

Since we use the upwind flux from the solution of the Riemann problem, we observe for v € D(A) and v, € V},

(@vE(),vioo + Y ((divF(vin), Viok + . (ks (Fie (V) = F(viea), Vo) = 0. (14)
K feFK

Together with the formulation (13) this will be the basis for the error analysis below.
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4.2 Stability, consistency, and semi-discrete convergence

LetIlk 5 : Vk — Vi be the local Ly orthogonal projection. Then, we have for1 < g <p+1
v —Travlox < Ch|vllgx,  veHI(KR),

which gives |[v — T 5 v]jo,f < Ch?~'/2||v||, x and thus, with some Cg > 0,

1
5 SO v -Tgavlgy < G 7HvIZg, v eH(QRY). (15)
K feFk
Theorem 4.1 Let u € C([0,T],D(A)) be a solution of the evolution equation (1), and let uy, € C*([0,T], V},) be

a solution of the discretization (12). We assume that the solution has the regularity u € L ((0,T), H?(Q, R”)) for some
1 < g < p+ 1. For the discrete operator Ay, we assume that a constant Cy > 0 exists such that

1 N 2

3 Z Z |nk s (FK,f(Vh) . F(VK,h))HOJ < Ca (ArVh, Vh)o,a v € V. (16)

K feFk

Then, the following a priori estimate holds

[u— uh||ig([O,T],V) < 2TCACRR* ! Hu”iz([O,T],Hq(Q,RJ)) + T [[u(0) — un(0)[5 -

For consistent initial values this implies convergence to the solution in Ly of order h9~'/2 and thus also asymptotic
energy conservation. This proof follows the ideas for the finite volume analysis in [38].

Proof. Inserting the orthogonal projection into (13) gives with (14) and (15) for v;, € V}, and v € D(A) N H4(Q, R7)

(Anva,Vioo + (Av,vi)oo = Y ((Ahvh’HK’hV)“’K + (AV’VK’h)O’K>
K
= Z ((div F(vin), g nv —v)o,x
K

+ Z (HKJ : (F;(J(Vh) — F(VK’}L)),HKJLV — V)07f>

feFK
= (ng - (Fx (vi) = F(vin), Mg nv —V)o s
f
K feFk
< D> nky - (Fie s (va) = Fvin)llofITxnv = vio.s
K feFk

< (Anvi.Vi)oq + CACRR* V]2 .

Together with (Av,Vv)g o = 0 this yields (A, vy, — Av,v — vp)o.qg < CACrh?771 ||VH{219
This result is now used for the error estimate. For fixed T' > 0, we define 5 (¢t) = T — t, and the assertion is obtained from

o - wlomy) = - / la(t) — wi ()12 O (t) dt
T
_ / Ayllu(t) — w, () |20z (t) dt + Tu(0) — u, (0)]|2
T
= 2/0 (M@tu(t) — Moy (t),u(t) — uh(t))oﬂnT(t) dt + T'||u(0) — uh(())||%,

T
= 2/0 (Apup(t) — Au(t), u(t) — uh(t))O’QnT(t) dt + T||u(0) —up(0)|3

IA

T
2CACRh2q’1/O )7 onr(t) dt + Tlu(0) — un(0)[f3 -

O
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10 M. Hochbruck, T. Pazur, A. Schulz, E. Thawinan, and C. Wieners: Efficient time integration for wave equations

4.3 The discrete operators for the wave equations
For the application to acoustic, elastic, and electro-magnetic waves we compute explicit expressions of the local operator
A p defined in (13) by inserting the solutions of the Riemann problems from the previous section. We verify the as-

sumption (16) in detail for acoustic waves, and we sketch the arguments for electro-magnetic waves. Elastic waves can be
analyzed analogously.

Acoustic waves For (qy,,pp) € Vi, and (@i n, ¥ 1) € Vi, inserting the upwind flux yields

(An(an, pn), (SOK,h,wK,h))O x = (Von, ex, h)O’K + (div (lhv'(/JK,h)QK

CKCKf 1
+f§ ( e + Cr ([qh}K,f~nK,f,<PK,h~nK,f)o,f*m([ph}x,f,iw,h)o)f
CK CKf

([prl.s rcn - mrcf)g p + (lan)x.s - nK,fﬂ/’K,h)o)f> -

CK +CKf CK +CKf

On Dirichlet boundary faces f = 0K N 9Q, we set [pr|k,r = 2pk,» and [qp ]k, f - N, 5 = 0. This yields

(Ah(%mh)v(%,ph))oﬂ = Z Z ((QK,h'nK,fypK,}JO’f

K feFk
CKCK; 1
Tem t ek, cx, ([q}L]K7f R R Y nK,f)O,f - m([?h}}(,f,pk,h)o,f
CK CK
cr + CK ([Ph]K,f»qK,h-nK,f)w ﬁ([%h{,f . nK,fvpK,h)OJ)
f
CKCK; 2 1 2
_ q , -n ) + — J2 , ) (17)
;fezf: (CK+C H nlK.f Kf“o,f K+ cre, H[ h]KfHo,f
Here, we used [qn]r f = —[Qh]Kf,f, prlr,f = —[ph]Kf,f, ng,; = —Ng, f,
([qh]K-,f-nK,f;qK,h-nK7f)07f+([qh]Kf’f~an’f,qu’h-an7f>07f = _”[qh}Kf,f'an,f”(Q)’fv
(el prn) gy + (Ionliypoprpm) g, = —llonlrslld s
and
CK C[{f )
; f;}( ((CIK,h . nK,ﬂpK,h)o,f + Cx + Cr. Cx, ([ph]K,fa aK,h - nK,f)o,f + m([Qh]K,f IlK,fypKJL)O,f)
= Z Z ( CK —(pKh+[ph]Kf7(lKh ngf) ;+ - CKy ((arn + [an]k.s) - 0 p> Prcn) )
K feFr CK + CK 0,f CK+CKf ) ’ ’ Mo, f
K CKy )
— - - , n L+ — - R , ) =0.
;f; (CKJrC (pth qK,h - Kf) K + K, (CIKf,h K,f PKh)OJ

We have for the norm of the flux

o)

|nk.s - (Fi ;(an,pn) — F(axn px.n)) ||§,f < C(CK,CKf)( [

Together with (17) this allows to verify assumption (16).
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Elastic waves For (o, vy,) € Vi, and (@k n, Y1) € Vi, the discrete operator with upwind flux is defined by

(An(on,vh), (‘PK,hz"/’K,h))O’K = —(E(VK,h)ADKﬁ)QK — (div U'K,hyd’K,h)O’K

3 Z (2ur, + Aij)ep i (

ng - [v g f - n
cp, i (2pK; + Aip) + (2ux + Ak )ep ki, wof Vil nics - (@rcn K’f))o’f

fe€EFK
(2pr, + Ak,) 2k + Ak)

cp i (21K, + Aky) + (20K + AK)ep K,

HEK,Cs K

(nx.s - [Valr. gk Prn),

vilr.r — (K f - [Velr,f)0K 5, Yxpk,r — (i ¢ - (Pr DK, F))NEK,
cS,KquJrchS,Kf([ Ii.r = (g g - [Vl p)nr . = (kg (e RILVN

HK; K
Cs, KK, + WKCS K
4 CP,K;CP,K
cp, ik (20K, + i) + (2px + Ak )ep
cp, i (20K + AK)
cp, ik (20K, + k) + (2px + Ak )ep
CS,K;CS, K

(Vilrs = (r s [Vali)nmp Yrn — (k- drn)ngy)

(ks - ([on]k.mr ) nry (PranKs)g

(s - ([onlkmr ) nrs Yrn)y

onli k. — (s - ([Onlk nk ))nK f @rnnk s — (0K, - (Px a0k f)) 0K,
CS,KquJrchS,Kf([ Iy — (kg ([On]k )0k s, erpni s — (ks - (PrpDEf)DK )

CS, K WK
Cs, KUK, + HKCS K
f f

(lon]k.miy — (x g (o]l mx )0k s, Yrn — (kg 'de,h)nK,f)o,f) :

On Dirichlet boundary faces f = 0K N0y, we set [V ]k, = 2V, and [0 ]k, f -, ; = 0, and on Neumann boundary
faces f = OK NOQN, we set [vy]| k. f = 0and (o] k.5 -k, ; = 20k - 1k, ;. Note that the solution of Riemann problem
for elastic waves in 3D also yields this full upwind operator [34].

Electro-magnetic waves For (H;,E;) € V}, and (¢ n, ¥ i,n) € Vi, We have

(An(Hp, Ep), (SDK,hv"/JK,h))O’K = (curl Ex n, ¢x,n)o,x — (curl Hg 3, '(»bK,h)(LK

E ' CKsEKy CK, MK,
+ P — U R LTIV R - (ng g x Hulk.pYr

fer chK"’CKfEKf( f [ z] P ,L)Otf CKNK"‘CKfMKf( f [ z] Jo L)O’f
1

CKUK T CK; UK,
1

CKEK + CKEK;

(nxr x (0 g % [Eh]K,f)v’lﬁK,h)w
(HKJ X (IIKJ X [Hh}Kaf)’(pK*h)O,f) .

The perfect conducting boundary conditions on the faces f = 0K N 92 are modeled by the (only virtual) definition of
ng r X EKf = —Dng X EK and ng ¢ X HKf =ngX HK, i.e., ng ¢ X [E]K’f = *2nK,f X EK and ng ¢ X [H]Kyf =0.
With the same arguments as for the acoustic case we obtain

Inres > [Enlresllo . Ine.s % Hils |

(A (B, (1, B) = 237

C C CKE c 9
K fere KMK + CK UK, KEK T CK EK;

using (v x (nic s X [Wnlie,r)sBrcn)g ; + (Rics s % ey g X [Wnlics )i, n)g = s X [onlic gl and

Z Z ((HK,f X EK,}HHK,h)OJ

K feFk
C g C
KycKy (nK,f % [Eh]K,fyHK,h)Of KfMKf

- -7 - ———— (g, XHhK’ EK,h )ZO
CKEK + CK €K, : CKuK+CKquf( Y

Again, this gives (16) with Cs depending only on the material parameters.
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12 M. Hochbruck, T. Pazur, A. Schulz, E. Thawinan, and C. Wieners: Efficient time integration for wave equations

S Time integration for linear systems

In this section we summarize efficient time integration methods for the discrete evolution equation (12). Let ¢1,...,¢dn
be a discontinuous finite element basis of V},. With

M — ((M¢k,¢j)0,ﬂ) . A= ((Ah¢ka¢j)0,9> i

Js J»
denoting the (symmetric, positive definite, block-diagonal) mass matrix, and the non-symmetric stiffness matrix, respec-
tively, we can write (12) as

Moyu + Au =0, u(0) = uog, (18)
where
v N
u®) = (0) 0wl = w0 € Vi
j=1

denote the coefficient vector of the solution at time ¢ with respect to the finite element basis and its corresponding
discontinuous finite element function uy,. The corresponding inner product is defined by (u,v)y = v Mu, so that

lan @)y = [[u(t)]lyg-
The solution of this finite dimensional linear problem is given by

u(t) = exp(—tM ' A)ugy, >0, (19)
where exp(+) is the familiar matrix exponential function. For a fixed time step 7 > 0 we seek approximations
u™ = u(t,), th,=n1, n=0,1,....
For simplicity, we restrict ourselves to onestep methods. Then the approximations to the solution of (18) can be written as
u"t =, (—TM A", n=0,1,..., (20)
where ®,, denotes the stability function of the method.
Explicit Runge-Kutta methods For an m-stage explicit Runge-Kutta method, ®,, is a fixed polynomial of fixed degree

m, which approximates the exponential function in a neighborhood of zero. For instance, for the classical forth-order
Runge-Kutta method we have m = 4 and

_ Lo 1 14
(I)n(f)—1+§+2f +6£ +24£, for all n.

Each time step requires m multiplications with A and m solutions of linear systems with the block-diagonal matrix M.
These methods are simple to implement and computationally cheap but the main disadvantage is the stability issue: all
explicit Runge-Kutta schemes have a bounded stability region requiring time steps proportional to h~! for first-order
systems (CFL condition).

Implicit Runge-Kutta methods Implicit m-stage Runge-Kutta methods use a fixed rational function ®,, with fixed nu-
merator and denominator degree at most m to approximate the exponential function. For hyperbolic problems as considered
in this paper, GauB collocation methods are particularly attractive [17, Chap. IV]. Here, ®,, is the (m, m) Padé approxima-
tion to the exponential function. It is well-known that Gaufl methods are A-stable and thus do not suffer from restrictions
on the time step size 7 for stability reasons. The price to pay is that implicit methods are more expensive and thus the
efficient solution of the linear systems arising is crucial. We consider two specific examples, namely the implicit midpoint
rule

n n T -1 n
u Tt =" —7(M+ ZA) TAu",
and the 3-stage Gauss method where

= — (M4 allA)_l (v+ Za)(M+ QLZA)_l (M- Za)(M+ @A)_lAu%
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with ag = iv/60, and

2 s
a;=4-—2¢ +22/34/1 + V5 ~ 4.6444
! 1+ 5

2 1
=4+ (1-iV3) ¢ —— — (1+iV3){/=(1+ V5) ~ 3.6778 — 3.5088i, a3 = as.
2 ( )”1+\/5 ( )i/ 5( ) 3= 0p

Each time step requires one matrix-vector multiplication with A, two with M + y7A for some (complex) coefficient ~y
and three solutions of linear systems with such coefficient matrices. Note that the stability property (16) for the upwind
discretization shows that the linear system is dissipative, so that the implicit Gauss collocation methods are well-defined
for all time steps 7 > 0.

Polynomial Krylov methods An alternative to explicit or implicit Runge-Kutta methods, for which the stability function
®,, in (20) is fixed for all time steps, is to choose ®,, adaptively. This can be accomplished by Krylov subspace methods.

Standard Krylov subspace methods compute an approximation to = exp(—7M~1A)u" in the polynomial Krylov
space

Ko i= Kp(MTPA, u™) = span{u™, M~ Au™, ..., (M1A)™ 1y"}.

The approximation proceeds in two steps. First, a basis of /C,, is computed by the Lanczos or by the Arnoldi algo-
rithm. Here, we only consider the Arnoldi algorithm with respect to the inner product (-,-)y. This yields a matrix
Vi = [v1, -+, vm] € RNX™ and an upper Hessenberg matrix H,,, € R™*™ such that

AV, = MV, Hy, + hyp 1 mMup, 41l

m?

VIMV,, = I,,.. (1)
The M-orthogonality of V;,, shows that H,,, = V, AV,,,. Now the approximation is given as

exp(—TM ™ A)u" ~ V, exp(—7H,, ) VI Mu™
see [11,32]. Inserting V,. Mu™ = ||u™||,,; €1 this yields the polynomial Krylov approximation

u" T = ||u ||y Vin exp(—7Hy,)er = @, (—7M T A)u” (22)

for some polynomial ®,, of degree at most m — 1, which is chosen automatically. Since m < N, for the small matrix
exponential exp(—7H,,) established approximation techniques can be applied (e.g., rational Chebyshev approximation,
Padé approximation or diagonalization [20]).

The cost of m-steps of the Arnoldi algorithm is the same as for an m-stage explicit Runge-Kutta method in terms of
matrix vector multiplications and solutions of linear systems with M. In addition, we have to compute inner products and
linear combinations of vectors. In [21] it was shown that the error of Krylov approximations to the matrix exponential
always decays superlinearly and that the superlinear error decay starts at m ~ ||7M~'A|| iteration steps for discretizations
of hyperbolic problems. Hence, the time step 7 is not restricted by stability but by the maximum number of Arnoldi
steps. Another significant advantage is that Krylov approximations exploit properties of the starting vector, while the fixed
polynomials of Runge-Kutta methods do not. For instance, if the starting vector corresponds to a smooth function, then
the convergence is significantly better than for an arbitrary starting vector [12]. Moreover, it is well-known that Krylov
approximations are quasioptimal, i.e., for a fixed degree m, they provide the optimal polynomial approximation to ©™*! up
to a constant.

An implementation of the Arnoldi algorithm with respect to the M inner product to compute (22) is given in Alg. 1.
To avoid pathological cases, the algorithm may be extended by checking if /41, is not too small. The algorithm might
also be combined with substepping, i.e., dividing a time step of length 7 into M > 1 smaller time steps of length 7/M, as
proposed and implemented in [1,35].

The stopping criteria in Line 17 of Alg. 1, was introduced in [37], see also [2] for a detailed investigation of residuals
of the matrix exponential. Here, d,, is an estimation of the relative error ||, — x|y, / ||zo — 2|l in the mth Krylov step.
Note that y,,, has to be measured in the Euclidean norm; since for z,,, = Vi, ¥y, we have ||, |y = |[ym |-
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14 M. Hochbruck, T. Pazur, A. Schulz, E. Thawinan, and C. Wieners: Efficient time integration for wave equations

Algorithm 1 Polynomial Krylov method
1: Input: M, A, v, 7, Maxlter, Tol
2: Output: z,, ~ exp(—TM_lA)v, m < Maxlter, estimated error < Tol
3 B= HUHMv U1 = U/ﬁ

4: form = 1,2,..., Maxlter do

5 w = Av,,

6 solve Muv,, 41 = w

7: fork=1,...,mdo

8 Bk = vEw

9 Um+1 = Um41 — hk‘,mvk
10: end for

11 hmt1,m = ||vm+1||M

12: Um+41 = vm+1/hm+1,m

13: Ym = Bexp(—7Hpm)e1

14 5m = ||ym - [ym—l; 0]” / ||y'm||
15: em = 1+ |lymll

16: if 6,,, < 1 then

17: €m = Min (1 +1Ymll s 6m /(1 = 0m) [[ym|| )
18: end if

19: if €,,, < Tol then

20: break

21: end if

22: end for

23: if m > MaxlIter and ¢,,, > Tol then

24: no convergence

25: end if

260 Ty = [V1, -+ s Um|Ym

Rational Krylov methods A drawback of polynomial Krylov methods is that the number of iteration steps to reach the
superlinear convergence behavior is proportional to HTM_ LA || for our applications. If the maximum number of iterations is
not sufficient to reach this regime, one either has to reduce the time step 7 (i.e., add a substepping algorithm like in [1, 35])
or use some kind of restarting procedure, see, e.g., [8].

Due to these shortcomings, rational Krylov methods became popular recently, cf. [16] for a review. For a fixed shift
parameter y > 0, we approximate the exponential flow exp(—7M~1A)u" in the rational Krylov space

Ko (4T +7MTEA) L ™).
The Arnoldi algorithm yields an M-orthonormal basis V;,, and an upper Hessenberg matrix H,, such that

(YM + 7A) MV, = Vi Hy + Bt mUmsret,,  V.EMV,, = I,. (23)
The projection matrix H m = V,.LAV,, can be extracted from the quantities of the Arnoldi method via

—TH,y = 4Ly — H' + 7V,E Avy, el H ! (24)
leading to the rational Krylov approximation

exp(—TM A" ~ "t =V, exp(—7Hyp ) VI Mu” = lu"™ Iy Vim exp(—7H,, )er.

For the exponential function, it can be shown that under certain regularity assumptions, the convergence is independent of
the spatial mesh [14].
The additional matrix vector multiplication with A in (24) can be avoided by neglecting the last term:

—7H,, ~~I,, — H;;. (25)

In practice, we did not see a significant difference in the convergence behavior if we use this approximation instead of the
projection matrix H,,.
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Algorithm 2 Rational Krylov method for computing z,,, ~ exp(—7M~1A)v
1: Input: M, A, v, 7, Maxlter, Tol, 6
2: Output: z,, ~ exp(—TM~1A)v, m < Maxlter, estimated error < Tol
3 w=Mv, B=vVvTw, vi=v/8, w=w/E, e =1-Tol
4: form =1,2,...,Maxlter do
5: solve (YM + 7A)vp, 11 = w for vy, 11 approximately s. t. [[(YM + 74) vy, 11 — w]| < 0Tol/ (€, —1 + Tol)

6: w = Muv, 41

7: fork=1,...,mdo

8: higm = vaw

9: Um+1 = Um+1 — hk,mvk

10: end for

11: w = Muv,, 41

12: Ront1,m = vgﬂ_lw

13: Um+1 = Unz+1/hm,+1,m7 w = w/hm+1,m

14: compute —7 H,,, from (24) or approximate it by (25)
15: Ym = Bexp(—TH,,)er

16: O = |lym — [Ym—1; 0]l / lym|

17: em = 1+ ||lymll

18: if 0,,, < 1 then

19: € = min (14 [yl 8o/ (1= 810) )
20: end if

21: if €,,, < Tol then

22: break

23: end if

24: end for

25: if m > Maxlter and ¢,,, > Tol then

26: no convergence

27: end if

28 Ty = (U1, -+ s Umn|Um

The full algorithm is given in Alg. 2. The stopping criteria for the outer iteration (the rational Krylov method) is the same
as for the polynomial Krylov method above, see [2,37]. If the linear systems arising in each step of the rational Krylov
method are solved by an inner iteration, e.g., by a preconditioned iterative solver, then the efficiency can be improved by
using a relaxed stopping criterion proposed in [37]. This is implemented in Line 5 of Alg. 2 (with a safty factor 6 € (0, 1)).
More details on the preconditioner are given in the following section.

The choice of the shift v and the step size 7 is a nontrivial task and subject of current research, see [12, Section 5] for a
theoretical investigation.

6 Numerical experiments

All our simulations have been implemented using the parallel finite element software M++ [40]. For the implicit time
integration methods the linear systems with coefficient matrix yYM + 7A are solved with a Krylov method and multigrid
preconditioner [39] with block Jacobi smoothing. We use a p-version of the multigrid method with a finite volume hierarchy
(using a direct parallel solver for the coarse problem [29]) and the transfer to the DG space on the finest level [28]. Since the
discontinuous Galerkin spaces are nested, the embedding directly yields the multigrid prolongation. On the other hand, the
discretization is nonconforming and A is non-symmetric, so that standard multigrid theory does not apply. Nevertheless, if
7/~ is sufficiently small and the coarse problem is sufficiently fine, we always obtain convergence, but we clearly observe
that the spectral bounds for the multigrid preconditioner applied to the matrix YM + 7A depend on ~y and 7.

6.1 Maxwell equation in 2D

In the first experiment, we investigate the convergence in time and space for a 2D reduction of Maxwell’s equations, where
we assume that the fields are constant in z-direction. Then, we set u = (H,, Hy,EZ) andH, = E, = E, = 0. We
use the parameters © = ¢ = 1, an unstructured triangular mesh in a locally tapered domain Q C (0,10) x (—1, 1) with
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t=20
t=2
t=4
t=6
t=28

Fig. 1 Initial distribution of E, and time evolution at selected time steps.

quadratic polynomial approximations in each cell, and perfectly magnetic boundary conditions (H x n = 0). We start with
a local pulse

0
wy(x,y,z) = 0 for0.5 <z <1, uy(z,y,z) =0 else.
cos(m(dx —3)) + 1

Results at sample times are shown in Fig. 1.

Let V4 be the finite element space of the coarse mesh, and by uniform refinement we obtain the finite element spaces
Vi1, Va,..., Vg of dimension N;. In time, we use K; uniform time steps 7, = T//K;, j = 0,...,J. The solution on level
l'in V; at the final time T = 8 computed with K; time steps is denoted by u;;. In all tests we use J = 4 and L = 3 with
Ny = 27216, N; = 108864, No = 435456, and N3 = 1741 824.
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H Ko=3200 K;=6400 K,=12800 K;53=25600 K,=>51200

m =2 || multiplications with M~ A 6400 12800 25600 51200 102400
llu;ollv 1.16307 1.16302 1.16302 1.16302 1.16302
llu;qlv unstable 1.21983 1.21981 1.21981 1.21981
lluj2|lv unstable unstable 1.22450 1.22450 1.22450
lujs|lv unstable unstable unstable 1.22473 1.22473
W10 — wollv 5.18¢-03 1.30e-03 3.24e-04 8.09¢-05
w11 — wjally 2.29¢-03 5.72e-04 1.43¢-04
||U.j+1}2 — u‘j’QHV 6.82e-04 1.71e-04
||u]‘+1,3 — Uj73||v 2.00e-04
fio 4.0006 4.0001 4.0001

fin 4.0003 4.0001

fi2 4.0002

w1 — w0y 1.81e-01 1.81e-01 1.81e-01 1.80e-01
w2 —wji|lv 2.46e-02 2.46e-02 2.46e-02
||u]‘,3 — uj‘72||v 4.66e-03 4.66e-03

m = 4 || multiplications with M"1A 12 800 25600 51200 102 400 204 800
llwjollv 1.16302 1.16302 1.16302 1.16302 1.16302
[wj v unstable 1.21981 1.21981 1.21981 1.21981
llu;2|lv unstable unstable 1.22450 1.22450 1.22450
llu; sllv unstable unstable unstable 1.22473 1.22473

lajs1,0 —wjollv 3.84e-07 2.40e-08 1.50e-09 9.38¢-11
||1,lj+1,1 —Uuj1 ||V 6.99¢-08 4.37e-09 2.73e-10
lwjt12 —ujallv 1.24e-08 7.77e-10
lwjt13 —u;slv 2.92e-09
fio 16.0022 16.0011 16.0005

fin 16.0006 16.0003

Fio 16.0003

;1 —ujollv 1.80e-01 1.80e-01 1.80e-01 1.80e-01
||11j,2 — U1 ||V 2.46e-02 2.46e-02 2.46e-02
lw;z — w2y 4.66e-03 4.66e-03

Table 1 Estimated convergence in time (evaluated at the final time 7") and space for explicit Runge-Kutta methods with two or four
stages for the example of Section 6.1

For this example the exact solution is not known. To study the convergence of the time integrator, we consider the
approximated error ||u;41,; — w;;||v. The spatial error on level [ is estimated by |[u; ;11 — uj||v.

Explicit Runge-Kutta methods We test the second and the fourth order method (m = 2 and m = 4) with K; = 3200-27
time steps, 7 = 0, ...,4. The results are presented in Tab. 1. Due to the small elements in the tapered region of the spatial
domain, the CFL condition requires small time steps. The order of convergence of the time integrator on the mesh of level
[ can be estimated from the factor

fir= [w—10 = vjzillv _ om
” uj —uwj—1flv

As can be seen from Tab. 1, the time integration shows the expected order two and four. However, even for the second
order method, the error in space dominates the time discretization error in this example. Hence it is sufficient to use
time steps which just match the CFL condition. Neither a further reduction of the time step nor using a higher order
method improve the overall accuracy. The regularity in space is limited by the regularity of the initial function uy €
H2(02)3 \ H?(Q)3, so that we observe a convergence factor between 4 and 8 for quadratic elements in space.
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Next, we investigate the overall convergence in space and time. Since Tab. 1 confirms that the numerically observed
order of the time discretization coincides with the theoretically expected order, we can construct a better approximation of
the semi-discrete solution u;: [0,7] — V) by extrapolation as

fr 1

ul(T) %u?x = f” ’_ 111J,l — le 1

uj—1,-

In a second step, extrapolation in space yields the approximation

I
-1

1 ex ||u?—1 B u‘z(—2HV
——uy eV f= .
bt ’ [u —u?_4llv

f—-1

u(T) ~u* =

The results shown in Tab. 2 confirm that the total error for the explicit methods is dominated by the error in space.

| gy —u™ly  Juy —u®|lv Jugy —u™y Jlusy —u|yv [ugy —uy | Juf* —u™|y

m =2 Ky =3200 K, = 6400 Ko =12800 K3 =25600 K4 =51200
0 1.99e-1 1.97e-1 1.97e-1 1.96e-1 1.97e-1 1.97e-1
=1 2.81e-2 2.76e-2 2.75e-2 2.75e-2 2.75e-2
=2 5.86e-3 5.75e-3 5.73e-3 5.73e-3
3 1.08e-3 1.09e-3 1.08e-3

m=4 Ko = 3200 K; =6400 Ky =12800 K3=25600 K4 =51200
=0 1.97e-1 1.97e-1 1.97e-1 1.97e-1 1.97e-1 1.97e-1
=1 2.75e-2 2.75e-2 2.75e-2 2.75e-2 2.75e-2
=2 5.75e-3 5.75e-3 5.75e-3 5.75e-3
=3 1.09e-3 1.09e-3 1.09e-3

Table 2 Error estimates by extrapolation in space and time for second and fourth order explicit Runge-Kutta methods.

Implicit Runge-Kutta methods We test the Gaull methods with m = 1 and K; = 800 - 27 and with m = 3 and
K; = 32-27. Again, the convergence properties are investigated by extrapolation, see Tab. 3. Since GauB methods are
A-stable, they remain stable for any positive time step and thus the experiments use significantly fewer time steps than for
the explicit Runge-Kutta methods: 12800 time steps for m = 1 and only 512 time steps for m = 3 are required on level
[ = 3 to obtain approximately the same accuracy estimate in time as in space.

[uzg —uly  Jlusg —u*y  Jlugg —u*y | [Juf — ]y

| luoy —u™[ly [luy; —u™v

m=1 Ko = 800 K; = 1600 K, = 3200 Ks; = 6400 K4 = 12800
0 1.89%-1 1.92e-1 1.96e-1 1.97e-1 1.97e-1 1.97e-1
=1 1.01e-1 3.44e-2 2.72e-2 2.75e-2 2.80e-2 2.85e-2
=2 1.09-1 2.99¢-2 9.05¢-3 5.85¢-3 5.70e-3 5.74e-3
3 1.09-1 3.15e-2 8.79¢-3 2.48¢-3 1.19¢-3 1.05¢-3

m=3 Ko = 32 K, =64 K, = 128 K5 = 256 K, =512

1=0 3.88¢-1 1.92e-1 1.96e-1 1.97e-1 1.97e-1 1.97e-1
1=1 4.89%-1 4.95e-2 2.72e-2 2.75e-2 2.76e-2 2.76e-2
1=2 5.78e-2 9.45¢-3 5.73e-3 5.79¢-3 5.79¢-3
1=3 5.89¢-2 1.11e-3 2.00e-3 1.15¢-3 1.10e-3

Table 3 Convergence estimates by extrapolation in space and time for Gaul methods with m = 1 and m = 3 stages of order 2m.

We clearly observe that implicit methods require far less time steps then explicit methods in order to reach the full
accuracy in time and space. On the other hand, m large linear systems have to be solved in each time step of an m-stage
method. In Tab. 4 we list the overall number of required preconditioning steps. Here, the 3-stage method is more efficient
(with resepct to the number of preconditioning steps) than the second order implicit midpoint rule.
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m=1 Ko =800 K;=1600 Ko=23200 Kj=06400 K4= 12800
I=0] 3178 5325 9600 19200 38400
I=1| 3708 6384 10885 19200 38400
=2 5408 7457 12763 22099 38400
1=3| 6731 9147 14181 25517 39020

m=3 Ko =32 K; =64 Ko,=128 K;=256 K4=512
=0 2273 3218 4821 7746 12786
I=1| 3501 5469 6931 9809 15478
1=2| 4298 7552 10598 13163 19534
1=3| 4480 8653 14749 19339 24255

Table 4 Total number of preconditioning steps for solving m K; linear systems (yM + 7A)v = b with a GauB method with m = 1 and
m = 3 stages.

Polynomial Krylov methods Alg. 1 is tested with MaxIter = 150 and Tol = 10~°. Here, the restriction of the time step
size 7 comes from the fact that the limit of MaxlIter = 150 is exceeded if 7 is too large. Note that in the case that the method
is converging within MaxIter time steps, a further reduction of 7 leads to a corresponding reduction of Krylov steps. Hence
the overall efficiency is similar for a broad range of time step sizes giving the same accuracy for the final solution in space,
cf. Tab. 5 and 6.

| Ko=64 K; =128 K,=256 K3=512 K,=1024

=0 2739 2898 3268 3696 5128
=1 5415 5568 5838 6254 7489
=2 | noconv. 11236 11484 11946 12595
[ =3 | noconv. no conv. 23493 23989 24671

Table 5 Total number of multiplications with M~* A for the polynomial Krylov method.

[ Nluoy —u vy Jugy —u™y Jugg —u|lv Jusy —u™y [ugg —u™|v | [Juf* —u®y

=0 1.97e-1 1.97e-1 1.97e-1 1.97e-1 1.97e-1 1.98e-1
l= 2.80e-2 2.81e-2 2.83e-2 2.83e-2 2.82e-2 2.84e-2
l= 6.63e-3 6.96¢-3 6.69¢-3 6.73e-3 6.81e-3
=3 2.85¢e-3 1.89¢-3 1.61e-3 1.47e-3

Table 6 Convergence estimates by extrapolation in space and time for the polynomial Krylov method.

Rational Krylov methods Alg. 2 is tested with several parameters, and for all tests in Tab. 6.1 we set MaxIter = 150,
Tol = 107°, and v = 20. Similar results have been observerd with v € (5,20). A conservative choice would be v = 2
which corresponds to using the same denominator polynomial as for the implicit midpoint rule. Experimentally we found
that larger values of y increased the efficiency of the algorithm.

For the rational Krylov method we use a smaller tolerance Tol than in the polynomial case, since otherwise the approxi-
mation (24) is not accurate enough. On the finest level the full accuracy in space is already obtained with 64 time steps and
less than 15 000 preconditioning steps.

Ko = 16 Ky =32 Ky = 64 Ks =128 Ky = 256
=0 | 390 (2540) 514 (2823) 758 (3475) 1161 (4513) 1728 (6350)
= 593 (4502) 667 (4433) 964 (5140) 1483 (6425) 2244 (8214)
1=2| 1064 (9339) 963 (7757) 1178 (7855) 1860 (9376) 2946 (11844)

[=3|1974 (19742) 1581 (16301) 1630 (14399) 2215 (14238) 3319 (16279)

Table 7 Total number of approximate solutions of (yM + 7A)v = b (and total number of preconditioning steps) for the rational Krylov
method with y = 20,7 =T/K; and T = 8.
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| uoy —u™y  Jluy —u™|y [ugy —u vy Jugy —u™[ly  [Jugy —u®|v | Juf* —u™[|y

=0 6.56e3 1.97e-1 1.97e-1 1.97e-1 1.97e-1 1.97e-1
l= 7.55€e3 2.75e-2 2.76e-2 2.76e-2 2.76e-2 2.76e-2
=2 5.76e3 5.76e-3 5.76e-3 5.76e-3 5.76e-3 5.76e-3
=3 1.54e3 1.36e-3 1.09e-3 1.09e-3 1.09e-3 1.09e-3

Table 8 Convergence estimates by extrapolation in space and time for the rational Krylov method.

Comparison The computational results (evaluated by counting the number of matrix operations) show clearly that for
this example the polynomial Krylov method is far more efficient than fixed order explicit Runge-Kutta methods. This is
confirmed by the parallel execution time™ in Tab. 9. In all explicit methods, the required number of steps is proportional
to 2!, since the CFL condition requires O(7) = O(h). For the implicit methods, the required number of time steps is
independent of the spatial discretization, see [22] for a rigorous error analysis for Maxwell equations. Obviously, implicit
Runge-Kutta methods and rational Krylov methods are only more efficient than explicit methods, if a suitable precondi-
tioner is available. Nevertheless, even without using an optimized preconditioner, our results show that implicit methods
outperform explicit even on the coarse grids. The advantage of implicit methods over explicit ones becomes significant on

finer grids.

In general, we found that the Krylov methods are not very sensitive with respect to the choice of the time step size (the
computational cost is almost constant for the polynomial Krylov methods for different time steps).

explicit Runge-Kutta method m = 4 Ky=3200 K;=6400 K5=12800 K3=25600 K,=51200
=0 0:12 0:25 0:49 1:39 3:20
=1 1:17 2:34 5:17 10:32
=2 9:31 19:31 39:03
=3 134:56 270:27
implicit Runge-Kutta method m = 1 Ky =800 Kq1 = 1600 Ko = 3200 K3 = 6400 K4 = 12800
=0 0:12 0:21 0:40 1:20 2:41
=1 0:28 0:49 1:25 2:41 5:23
=2 1:43 2:40 4:34 8:20 15:46
3 6:58 10:20 17:13 30:03 53:15
implicit Runge-Kutta method m = 3 Ko=32 K =64 Ky =128 K3 =256 K4 =512
0 0:14 0:20 0:30 0:50 1:24
= 0:47 1:13 1:38 2:24 3:55
=2 2:56 5:11 7:26 9:51 15:02
=3 10:15 19:35 32:53 43:07 57:07
polynomial Krylov method Ky =64 Ky =128 Ky = 256 K3 =512 K, =1024
=0 0:06 0:06 0:06 0:09 0:14
=1 0:46 0:29 0:27 0:34 0:47
=2 2:51 2:09 2:17 2:55
=3 24:31 20:34 21:02
rational Krylov method Ky=16 Ky =32 Ky =064 K3 =128 K, = 256
=0 0:13 0:18 0:29 0:49 1:28
=1 0:36 0:40 0:54 1:21 2:11
=2 3:09 2:43 3:00 3:59 5:46
3 21:48 17:46 16:25 17:46 22:56

Table 9 Comparison of the parallel execution time in minutes (128 processes) for the full simulation of the 2D Maxwell example.

6.2 Maxwell equation in 3D

In the second example, we study a resonator configuration in 2 C (0,1088) x (—133, —133) x (—133,—133) using an
unstructured tetrahedral mesh. Some snapshots of the H, component of the magnetic field are shown in Fig. 2. The

* Since M++ is general purpose parallel finite element code, it is not optimized for discontinuous Galerkin methods with explicit time stepping; a
more efficient implementation which is specially designed for this problem class is introduced, e.g., in [25].

Copyright line will be provided by the publisher



ZAMM header will be provided by the publisher 21

t=0
t =60
t =180
t =260

Fig. 2 Initial distribution of H, and time evolution at selected time steps for one resonance period on the planes y = 0 and z = 0.

DG discretization on 1045072 tetrahedra with quadratic elements leads to a system of 62704 320 ordinary differential
equations. For the simulation we used a polynomial Krylov subspace method with 30 time steps, which required a total
number of 3449 Krylov steps. The computation on 96 processor kernels took about 7:10 hours.

6.3 Elastic wave equation in 2D

In this example we consider a configuration motivated by a new technique in seismic tunnel exploration [23]: an artificially
generated surface wave in the tunnel propagates into the solid, and measurements of the reflected shear wave turned out
to be a successful forward looking approach. In Fig. 3 we show the approximate solutions of the 2d elastic wave equation
with Lamé parameters ¢ = 1 and A = 3 on the domain Q C (—2,2) x (—4.5,3.25). For these parameters, the pressure
wave is significantly faster than the shear wave. Note that the domain is quite large so that the (artificial) reflections from
the other boundaries do not interact with the first reflected shear wave front.

For the simulation we use discontinuous Galerkin elements of degree p = 1 on a mesh with 528 384 triangles resulting
in 7925760 degrees of freedom. The full simulation requires a total of 16706 Krylov steps for the polynomial Krylov
method. A detailed study of the convergence in time and space is given in [34].

In this application we are only interested in a high resolution near the tunnel. This can be achieved by adaptivity or
non-reflection boundary techniques. The combination of these methods with the efficient time integrators discussed in this
paper will be reported elsewhere.

6.4 Conclusion

In this paper we have shown our first numerical experiments illustrating the efficiency of different time integration schemes
for solving wave equations discretized by discontinuous Galerkin methods. We have explained theoretically and verified
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t=20.0 t=14 t=2 t=28

Fig. 3 Distribution of the velocity component v, at sample time steps. The starting impulse at the tunnel surface (¢ = 0) induces two
wave fronts, a shear wave and a pressure wave (¢ = 0.6). The shear ware reaches the right boundary (t = 1.4) and is reflected (¢t = 2).
This can be measured at the tunnel boundary as surface wave (t = 2.8).

numerically that polynomial Krylov subspace methods clearly outperform standard explicit Runge-Kutta methods. More-
over, even though our implementation of solving the linear systems arising in implicit Runge-Kutta or rational Krylov
methods was not optimized for the particular application, the results show that implicit methods can outperform explicit
schemes in particular on fine grids. This shows the great potential of implicit schemes for linear wave equations. However,
much more research is necessary to provide optimal (multigrid) preconditioners for the linear systems and to determine the
parameters 7 and y to minimize the overall computational time. Moreover, a reliable error control has to be developed to
balance the error in space and time and to determine suitable bounds for the truncation error of iterative solvers. This is a
topic of our future research.
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