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A REGULARIZED PROJECTION METHOD
FOR COMPLEMENTARITY PROBLEMS
WITH NON-LIPSCHITZIAN FUNCTIONS

GOETZ ALEFELD AND XIAOJUN CHEN

ABSTRACT. We consider complementarity problems involving functions which
are not Lipschitz continuous at the origin. Such problems arise from the nu-
merical solution for differential equations with non-Lipschitzian continuity, e.g.
reaction and diffusion problems. We propose a regularized projection method
to find an approximate solution with an estimation of the error for the non-
Lipschitzian complementarity problems. We prove that the projection method
globally and linearly converges to a solution of a regularized problem with
any regularization parameter. Moreover, we give error bounds for a computed
solution of the non-Lipschitzian problem. Numerical examples are presented
to demonstrate the efficiency of the method and error bounds.

_ 1. INTRODUCTION
Let F' : R® — R™ be defined by
F(x) = Mz + ¢(x),

where M is an n x n matrix and ¢ : R — R™ is a monotonically increasing and
continuous diagonal function, but not Lipschitz continuous at the origin. A function
g: R™ — R™is called a monotonically increasing diagonal function if g;(z) = gi (%),
and

A function g : R — R™ is said to be Lipschitz continuous at z if there exist an
open set D C R™, z € D, and a constant such that for all y € D

lg(z) — gl < &llz —yl-
See [5]. In this paper, we consider the nonlinear complementarity problem
(1.1) >0, F(z)>0, 27F(z)=0,

and denote it by NCP(F). Such a non-Lipschitzian NCP arises from various ap-
plications. For instance, reaction and diffusion problems which can be modelled as

free boundary problems.
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Example 1.1 ([2]). Let © be a bounded open set in R? with Lipschitz boundary
0. Civen two positive numbers X and p € (0, 1), consider the free boundary

problem
—Au+ P =0 in Qy,

u=20 inQ(),
u=|Vu|=0 onl,
uw=1 on Of)

where Q. = {z € Qlu(z) > 0}, Qo = {z € Qlu(z) = 0}, and T = g =
904 N Q are unknown. Using finite element approximation or finite difference
approximation, we obtain a nonlinear complementarity problem with F’ (z) = Mz+
¢(z), where

¢(z) = Emax(0,z") + g.

Here E is an n x n diagonal matrix with positive diagonals and ¢ is a vector in
R"™. The function ¢ is a monotonically increasing diagonal function. However, since
p € (0,1), ¢ is not differentiable at the origin, and ¢ (z;) — o0 as z; | 0.

The NCP(F) can be reformulated as a system of nonsmooth equations
(1.2) ' H(zx) := min(z, F(z)) = 0.

A number of algorithms for solving NCP have been developed based on the refor-
mulation (1.2). See [6]. However, most algorithms require the involved function F
to be Lipschitz continuous. For instance, smoothing Newton-methods, semismooth
Newton-methods and generalized Jacobian methods assume that F is continuously
differentiable in order to use the generalized Jacobian of H. The Rademacher
theorem states that a locally Lipschitzian function in R™ is almost everywhere dif-
ferentiable. If F is continuously differentiable in R™, then H is locally Lipschitz
continuous in R™. By the Rademacher theorem, the Clarke generalized Jacobian

of H can be defined by
OH(z) = co{ lim H(z")},

zkeDy

where Dy denotes the set of points at which H is differentiable and co denotes
the convex hull. On the other hand, some numerical methods for nonlinear comple-
mentarity problems have nice global convergence properties for F' being a monotone
function [6, 11], that is, (F'(z) — Fy)T(z—y) >0, for z,y € R™.

Without Lipschitzian continuity and monotonicity, it seems hard to find an ex-
isting efficient method for solving the NCP(F). In this paper, we propose a reg-
ularized splitting method for solving the NCP(F) without assuming Lipschitzian
continuity and monotonicity. Moreover, we give error bounds to verify accuracy
of a computed solution of the NCP(F). In Section 2, for a given € > 0, we define
a regularization NCP which has a unique solution whose every element is not less
than e. We prove that the sequence of the solutions of regularization problems with
¢, converges to the solution of the NCP(F) as €, — 0. In Section 3, we give error
bounds for the non-Lipschtzian NCP(F) and its regularization problems with M
being a P-matrix. In Section 4, based on the error bounds, we present a projec-
tion method for solving the regularization problem which includes the Jacobi-type
method, Gauss-Seidel-type method and SOR-type method as special cases. We
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prove that the projection method is globally and linearly convergent if M is an

H-matrix with positive diagonals.
We list some definitions and notation used in this paper.
An nxn matrix A = (a;;) is called a P-matrix (Po-matrix) if all principal minors

of A are positive (nonnegative).
A is called an Ro-matrix, if the linear complementarity problem z > 0, Az >

0,27 (Az) = 0 has the zero vector as its unique solution.
A is called an M-matrix, if A= >0 and a;; <0 (i # j) for 4,5 =1,2,...,n.
A is called an H-matrix, if its comparison matrix A = (@;;) is an M-matrix,

where
Gij = { lah E=5
N _la'ij|7 i # i,j=12,...,n
A function F : R® — R™ is called a uniformly P-function, if there is a constant
~ > 0 such that

max (zi — %) (Fi(2) = Fi(y)) 2 7llz — yliz.

1<i
A diagonal matrix W whose diagonal elements are defined by a vector w =
(wi, ..., wn,)T is written as W =diag(w;). Let [a] denote an interval vector (matrix),

and a and @ denote the lower bound and upper bound of [a], respectively, that is,
[a] = {z|a < z < @}. For given two vectors u,v(u < v) the mid function is defined

by

Vi, V; < Yi,
mid(u,v,¥)i = ¥, Ui <Y <
Uj. U; > Yi-

For a given interval vector [a], Ijg(+) := mid (a,q, ) is the Euclidean projector II
onto the interval [a]. The nonnegative orthant is denoted by R;. The max function
max(0,-) is the Euclidean projector IIgx (-) onto RY.

2. REGULARIZATION METHOD

We consider a system of regularization equations of (1.2),
(2.1) H.(z) = min(z, Mz + ¢(z)) — ee =0,
where € is a positive number and e is the n-dimensional vector whose elements are
all 1.

Lemma 2.1. Assume that M is a P-matriz and ¢ is a monotonically increasing
diagonal function. Then for any € > 0, the system of regularization equations (2.1)
has a unique solution.

Proof. It is easy to see that (2.1) can be rewritten as
H.(z) = min(z — ee, Mz + ¢(x) — ee) = 0.

Let y = z — ee. Then we can write (2.1) as an NCP in the following form:
min(y, My + (M — I)e + ¢(y + ee)) = 0.

Let us define
F.(y) = My +e(M — I)e + ¢(y + ee).
Then for any u,v € R", we have
F.(u)—F.(v) = M(u—v)+¢(u+ee)—d(v+ee)
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Since M is a P-matrix, we have

c(M):= min {max z;(Mz);} > 0.

lzfloo=1"1<i<n

See [4]. Therefore, from ¢ being monotonically increasing, we obtain, for any
u,v € R™,

max (u; — v)(Fe(u) — Fe(v)):

= e {(us — ) (M (w = 0))i+ (s = v3) (B(u+-ce) — (v -+ ce))s)
> max (us = v3) (M (u — v))

> () Ju— vl

S

This implies that F, is a uniformly P-function. By Proposition 3.5.10 in [6], the
NCF(F.) has a unique solution, and hence the system of regularization equations
(2.1) has a unique solution. O

Let {ex} be a sequence of positive numbers, which satisfies

€r > €xa1,k=0,1,..., and lim ¢ =0.

k—o0

Let z* be the solution of H, (z) = 0. In the rest of this section, we study the

convergence of the solution sequence {z*}.
Let us denote the level set of the function H (x) by

Sw)={z€R" | |H(x)| <p}
where p > 0.

Theorem 2.1. Assume that M is a P-matriz and ¢ is a monotonically increasing
and continuous diagonal function. Then the sequence {z*} converges to the unique

solution of H(z) = 0.

Proof. Following the proof of Lemma 2.1, we can show that M x+¢(x) is a uniformly
P-function. Therefore, by Proposition 9.1.27 in [6], the level set S(u) is bounded

for every p > 0.
Since H., (z*) = 0 implies that

1H (")l = exllell < eollell,

we deduce {zF} C S(eg|le]|), and thus {z*} is bounded.
Let # be an accumulation point of {2*}. From the equality

H(z*) = H(z*) — H, (z%) = exe,

and by the continuity of H, we find that for a subsequence, which we denote again

by {z*},
1H@)| = lim [HE)] = lm el =0

Hence 7 is a solution z* of H(z) = 0. Since z* is the unique solution of H(z) = 0,
we deduce that the sequence {z*} converges to z*. d
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Theorem 2.2. Assume that M is a Py-matriz and ¢ is a monotonically increasing
and continuous diagonal function. Assume there are positive constants I' and ~

such that for z; > T,

¢i($i)xf ¢i(0) >q, i=1,2,...,n

(2.2)

If (2.1) with small ez > 0 has a solution z*, then the sequence {z*} is bounded,
and any accumulation point of {z*} is a solution of H(z) = 0.

Proof. First we show that the sequence {z*} is bounded. Note that H, (%) =0
implies that
‘ o* > ere and Mz + ¢(3F) > exe.

The sequences {z*} and {Mz* + ¢(z*)} are bounded below.
Assume that there is an i such that z¥ — oco. Let

T ={i] 2t - o)

and

k
k x

[Ead
Since {v*} is bounded, there is a convergent subsequence of {v*}. By working with
an appropriate subsequence of {v*} if necessary, we may assume without loss of
generality that

v

lim v*=9>0 and || =1

k—oo
Now we show that there is a matrix N € R™*™ such that
x* ¢ 9@
(2.3) lim min( M + ) = min(v, M7+ Nv) = 0.
k—oo |2k (2Kl (|2l
Obviously, we have
ok
koo ||k
k
To prove (2.3), we only need to consider the limit of i?%cl—i) First we observe that
k
the limit of %g—i—‘ﬁ exists, since for all ¢ € J

(Mz* + ¢(zF)); = ex, for large k,

which implies

(zF € xk
(2.4) tim 285 _ iy (ﬂkan - (M”—xk—”),) = —(M?b);.

By the assumption (2.2), for large k, we have

¢Z($f) ; ¢:(0) >, forieJ.

Z;

Let
J = {i| v; > 0}.
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It is easy to see that [J; is a nonempty subset of 7, since ||t]| = 1. Moreover, for
i € J1, by (2.4) and

i Sy (B8O ot 40 4 )

k=0 [l2¥] koo I R
(kY — &, k
— hm ¢'L($z) = ¢Z(O) . :L.'L
sl Edl
we find i
i(xg) — ¢:(0) Mv);
k—o0 z; Vs
Therefore, for i € J;, we have
(xk
lim d)z('ﬁz ) = ;5.
koo [lz*||

For i ¢ J, {zF} is bounded. Since ¢;(x;) is monotonically increasing and continu-
ous, {¢;(x¥)} is also bounded, and hence
(xF
lim 242 _ g
koo |lz¥]|
Therefore, we can define the i-th row of the matrix N as follows:
ael, i€,
nf ={ —m], ieJ/Nn, i=1,2,...,n,
0el,  otherwise,

7

where el is the i-th row of the identity matrix and m7 is the i-th row of M. Note
that (2.3) implies that ¥ is a solution of the linear complementarity problem

(2.5) >0, (M+N)z>0, zI'(M+ N)z=0.

Let (M + N)y,.5, and Ny, j, be the submatrices of M + N and N with rows and
columns indexed by J1, respectively. Let 0, be the subvector of ¥ with components
indexed by J;. Note that for i ¢ J1, ¥; = 0. Hence (2.5) implies that oy, is a
solution of

(2'6) xg 2 0, (M + N)Jl,-hmJl >0, .'IJ?;I (M + N)J1,J1x-]1 =0.

Since M is a Po-matrix and Ny, j, is a positive diagonal matrix, (M + N)j, s, is a
P-matrix, and thus (2.6) has the zero vector as its unique solution. This contradicts
to ||o, || = 1. Therefore the sequence {z*} is bounded.

Let Z be an accumulation point of {z*}. From

H, (z%) — H(zF) = —exe = —H(z*)
and by the continuity of H, we have for a subsequence, which we denote again by

{*},

IH@I = Jim [HE)] = lim ] =0
Hence Z is a solution z* of H(z) = 0. O
Example 2.1. Consider n = 1, M = 0, and ¢(z) = [[j /;(vV) + max(B, z),

where 0 < a < (3. Assumptions of Theorem 2.2 hold for this example. However,
F(z) = Mz + ¢(z) is not a uniformly P-function, since for any z,y € [o, 0],

(z —y)(F(z) - F(y)) = 0.
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From the proof of Theorem 2.2, we can immediately get the following corollary.

Corollary 2.1. Assume that M is an Ro-matriz and

(2.7) im 2% - %) _o  iz19,...,n

Z;—r00 5137, ;
If (2.1) with e, has a solution z*, then the sequence {x*} is bounded, and any
accumulation point of {x*} is a solution of H(x) = 0.

3. ERROR BOUNDS

In practical applications, it is very important to know the accuracy of a computed
solution. Error bounds and numerical verification methods for complementarity
problems have been studied in [1, 3, 9, 10]. In this section, we give error bounds
for the NCP(F) and its regularization problems. The error bounds are based on

the observation [3] that for every z,y,u,v € R",

(3.1) min(z;,y:) — min(u;, v;) = (1—ws) (T — us) +wi(y — vi), i=1,2,...,n,

where

0 if yi > 24, Vi 2 U,

1 if yi <z, v < ug,

min(z;, y;) — min(u;, v;) +u; — 5
Yi — Vi T U — T

Moreover, we have w; € [0,1]. Hence putting y = Mz + ¢(z) and v = Mu + ¢(u)

in (3.1), we obtain the following lemma.

w; =
otherwise.

Lemma 3.1. For any z,u € R", there is a diagonal matriz W =diag(w;) with
w; € [0, 1] such that
(3.2) H(z)—Hu) =T -W+WM)(z —u) + W(¢(z) — ¢(u)).
We say that the NCP(F') satisfies the strictly complementarity condition at a
solution z* of (1.1) if
z* + F(z*) > 0.

. Theorem 3.1. Assume that M is a P-matriz and ¢ is a monotonically increasing
and continuous diagonal function. Suppose that the strictly complementarity con-
dition holds at the solution =* of (1.1), and for any p > 0, there is v, > 0 such
that for z € S(eollel]), zi > p, x; # 7, it holds that

¢i(zi) — ¢i(=7)

:L'i-—:lt,’; .

(3.3) < Y-

Let 2% again denote the solution of He, (z) = 0. Then there is a ¢ > 0 such that
(3-4) lz* — 2*|| < cllH ()]

Proof. We observe that {z*} C S(eo|le])), since H(z*) = exe and € < €o.
Let us denote
J={i|zf>0} and K ={i|z] =0}
By the assumption of the strictly complementarity condition, 7 NK = 0. Moreover,
by the continuity of H, there are a neighbourhood B of z* and a positive constant
o such that for all x € B

T, <o, (Mz+¢(z);>a i€K,
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and
(Mz+¢(z))i<a, z;>20a, i€J.

By Theorem 2.1, there is a positive integer ko > 0 such that for all k& > ko, we
have €; < « and z* € B. This implies that for k > ko,

zf > (Ma* +¢(a"))i, 1€J,
and
zf < (MzF + ¢(2%));, ieK.
Therefore, we deduce
H;(zF) — H;(z*) = 2 -z}, i€k,

Hia¥) - Hi(a®) = (Mo — )+ B0 gy e g,k 2,

and
H;(z*) — Hy(z*) = (M(2* — 2*));, i€ J, ¥ =z}
Note that assumption (3.3) implies that for k > kg and i € J, xF £ x¥, there is a

7Y such that
Ak _ A (>
0 S ¢7A(x212 ¢:(x7,) S ’Ya.

Therefore, for k > kg, we have
H(z") — H(z*) = (I - D* + D*(M + T¥))(z* - 2%),
where D* =diag(d’) and T* =diag(t}) with

g = 1, 1€ J,
i 10 ek
and .
di(xf) — gilx]) . .
N e
0 otherwise.

Since M is a P-matrix and T* is a nonnegative diagonal matrix, the matrix
M + T* is a P-matrix. It is known that a matrix A is a P-matrix if and only if
I —W + W A is nonsingular for any diagonal matrix W with 0 < w; <1 [7]. Hence,
for all k > ko, the matrix I — D* + D*(M + T*) is nonsingular. Moreover by the
continuity of the norm with respect to the elements of the matrix, thereis a c¢; > 0

such that for k > ko,
ok ot < max (7= D"+ DM + TN G < eal &)
Now we consider k < k. Since e€x > e, for k < ko, we have zk > €k, e for
k < ko. Let S* =diag(s¥) with
AR — A (p*
¢7«(le2 ¢’L(xz), xf: #x;k,
s, = x zy

i i
0 otherwise.

SR

By the assumption of this theorem, we have sk e [0, Ve, - Using (3.2), for k < ko,
we can write

H(z%) — H(z") = (I - W* + WHM + §9))(a" - 27),
where W* =diag(wl) with wf € [0,1].
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Note that M and M + S* are P-matrices. We find

|#¥—2* <  max ~ max (I =WE+ W (M +S8%) [ H () || < col H (2],
s E[O"Yék(,]n wke[0,1]™

where s* = (s¥). Let ¢ = max(c1,c2). We obtain the estimate (3.4). O
It is known that an H-matrix with positive diagonals is a P-matrix. In the

following, we give a computable error bound of a nonnegative approximate solution
of (2.1) for M being an H-matrix with positive diagonals.

Lemma 3.2 ([3]). Suppose that A is an H-matriz with positive diagonals. Then
for any diagonal matriz W =diag(w;) with w; € [0,1] the matriz I — W + WA 1s
an H-matriz with positive diagonal elements and

(I —W +WA)™ < At max(A, 1), 4
where A is the comparison matriz of A and A is the diagonal part of A.
Theorem 3.2. Suppose that M is an H-matriz with positive diagonals. Then for
any x > 0, and e > 0, we have

& — 2*| < M~ max(D, I)| He, ()],

where D is the diagonal part of M and M is the comparison matriz of M and we
set H, (z) = H(z) if e, = 0.
Proof. For a fixed x, let V* =diag(vF) with

v = T, — T
0 otherwise.

e

By Lemma 3.1 and the definition of V*, there is a diagonal matrix Wk=diag(wF)
with w¥ € [0, 1] such that
He, (CL‘) = H, (z) — He, (xk) = H(.’I}) - H(xk) = - W + Wk(M + Vk))(w - xk)
Since ¢ is monotonically increasing, v¥ > 0 for ¢ = 1,2,...,n. This implies M + vk
is an H-matrix with positive diagonals. Hence, I — W* + W¥(M + V*) is also an
H-matrix with positive diagonals, and
@ — 2| < |(T = WF+ WM + VF)) 7 He, (2)].
By Lemma 3.2, we deduce that
|z — 2*| < (M + V*) ' max(D + V*,I)|H, (2)].
Let |B| = D — M. Then we have
(M +V*)™ =T - (D+VE)B)HD+ V)™
Since 0 < (D + V¥)=1|B| < D!|B], the spectral radius p((D + V*)7!|B|) <
p(D~YB|) < 1. See [12]. Hence we can estimate the inverse of I — (D + VEY~1B|
as follows:
(I-(D+V"UB)™ = I+D+VH) B+ (D+ VB +...
< I+D7YB|+ (D YB)?+... '
— (-DB)™
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Therefore, we have
(M +V* max(D+V* 1) = (I—(D+V®YB ™ Ymax(I, (D +V*)™)
< (I-D7}B|)"'max(I,D™?)
= M 'max(D,I).
We complete the proof. O

Remark 3.1. Let z* be the solution of the non-Lipschitzian NCP(F). Since Hy(z) =
H(z), Theorem 3.2 yields a componentwise error bound for any z > 0,

(3.5) |z — 2*| < MY max(D, I)|H(z)|.

Moreover, for any monotone vector norm and the corresponding operator norm, we
have

(3.6) |z = 2"l < [|M~" max(D, N)||[|H ()
(We say || - || is a monotone vector norm if for any z,y € R", |z| < |y| implies that
|lz|| < ||lyll, which is equivalent to ||z = |||z|||. Any p—norm (p > 1) is a monotone

vector norm. See [8].)

4. PROJECTION METHODS

In this section we consider a projection method for the solution of (2.1). We use
Theorem 3.2 to construct an interval vector, which contains the solution of (2.1).
Starting from a point in the interval, we generate a sequence by the projection
method. We prove that the sequence converges to the solution of (2.1). Using
(3.5) or (3.6), we can provide error bounds of an approximate solution to the exact

solution of (1.1).
By rewriting (2.1) as in the proof of Lemma 2.1, we obtain the following NCP:
(4.1) min(y, My + ¢(y + ee) + (M — I)e) =0,

where y = z — ce. By Lemma 2.1, if M is a P-matrix, then (4.1) has a unique
solution y* > 0, and thus (2.1) has a unique solution z¥ = y* + ee > 0. Defining a
diagonal function

U(y) = ¢(y + ee) +e(M —Ie,
(4.1) can be written as
(4.2) min(y, My + % (y)) = 0.

Here v is a monotonically increasing and continuous diagonal function. Further-
more (4.2) can be rewritten as a fixed point problem

(4.3) y = max (0, y— A(My + zb(y))),

where A is a diagonal matrix with positive diagonal elements.
For all u,v contained in some interval vector [y] we have

P(u) = p(v) = 6¢(u, v)(u —v),

where the diagonal matrix ¢ (u,v) is the slope of ¥ for u and v. Assume that for
all u, v, € [y], the slope 69 (u,v) can be bounded by some diagonal interval matrix,

59 (u,v) € [8,6],u,v € [y].
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Since 1 is a monotonically increasing diagonal function, we can assume that § > 0.
We assume that the bounds for the slope behave inclusion monotone:

WSzl = [§6]y C &0,

where the indices [y] and [2] indicate that the bounds for the slope belong to
the corresponding intervals [y] and [z]. This inclusion monotonicity is a natural

assumption.
Let D be the diagonal part of M and B =D — M. Let § be a diagonal matrix

with positive diagonals. Set
A=w(D+6§)1

with w > 0 in (4.3). We find that y* solves (4.2) if and only if y* is a fixed point of
the following equations:

1—
(4.4) y = max{0,w(D + §)71 (Ry + Sy + oy —¢(y) + —we}—(D + 5)y> 1,
where matrices R and S satisfy B = R+ S and |B| = |R| + |S|.

Now we propose a projection method for solving (4.2).

Projection Method.
Initial Step. Choose y% > 0 and compute the nonnegative matrix C :=
M~Ymax(D,I).
Set a vector

r := Clmin(y’, My° + ¢(y°))|
and an interval vector
[ =[y° —r%,4° + % n RY. (See Remark 4.1.)
Iteration. For [ =0,1,2,...

Step 1. Compute [él,gl], such that for all u,v € [y/!]

-
P(u) —p(v) € [6,8](u—v).
Step 2. Compute §'*1. (See Remark 4.2.)
Step 3. Compute [y"*!] (with the property [y**!] C [¢'] and y* € [y*+1]).
(See Remark 4.3.)
Step 4. Compute the projection

yl+1 = H[yl+i] (ﬁl+1).

Remark 4.1. By Remark 3.1, the initial interval vector [y°] contains a solution y*
of (4.2), if M is an H-matrix with positive diagonal elements.

Remark 4.2. §'* in Step 2 is computed by
(4.5)

§*1 = max{0,w(D + 3')~? <Rg‘+1 + Syt + 3y — w(y!) + l——:;“—’(D + Sl)y’)}

which includes the following two cases:
(i) Relaxed Jacobi-like method: R =0, S =D — M.
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(ii) Successive overrelaxation-like method: R = L, S = U, where —L and

—U denote the strictly lower and strictly upper triangular part of M, re-
spectively.

Case (i) contains a Jacobi-like method as a special case (w = 1). Moreover, case

(ii) contains a Gauss-Seidel-like method as a special case (w = 1). In general, any

splitting method for which the spectral radius p(£!) < o1 < 1 can be used for the

computation of §'+! where
LL=(D+3 —wR])* (w[Sl Fw@ -8+ 1 -w)(D+ Sl)) .

],

Remark 4.3. The simplest choice in Step 3 is [y*+!] = [¢!], which means [y!] = [y
for all [ = 1,2, .... However, one can also spend some work for the calculation of

[y*+1] by two additional steps:
Step 3a. r't = Clmin(g", My + (')
Step 3b. ] = [ — g ) N .

By Remark 3.1, and y* € [y°], we have y* € [y!] for all [ > 0. Moreover, one can
also use (3.6) with the infinity norm for the calculation of [y'*1]. In particular, we

can replace Step 3a by
' = |Clloo | min(g™, MG™! +9(51)) |-

If M~ >0, then C = M~ max(D,I) > 0. Since ||Cl|os = ICelloo =: [|v]|cos We
can compute ||C| by solving a system of linear equations, Mv = max(D, I)e.

Now we study the convergence of the projection method for M being an H-

matrix with positive diagonals.
The projection method generates a sequence {y'}. We will show that the se-

quence 4 will converge to y*.
<l . . . . .
Note that 6 > 0 since 9 is monotonically increasing. Moreover, we have y* € [y']

forall I > 0.
By the definition of [y°] combined with Step 3b, we have gl > 0 and thus [y!] =

[gl,yl] C RZ for all I > 0. By the substitution y = = — ee, the value z; = 0
corresponds to y; = —e < 0. Hence the slope of 1; is bounded for each interval
[vi] = [y,,¥;] with lower bound y. > 0. This means

[él7gl} g [51762],
where [d1, d2] is a fixed interval diagonal matrix. We can assume §; > 0 since all ¥;

are monotonically increasing.
It is easy to see that for any z,y € R", | max(0,z) —max(0,y)| < |z —y|. Hence,

from (4.4) with 6 = § and (4.5), we have

~ * =l = ~ * *
34 =y <D+ 5) (IR = v+ ISl - v
= 1-w ~ " N
+8'+ 2D+ ) = b0t ]
Since §9(y', y*) € [Ql,gl], we have for 0 < w < 1,

B+ 048 v <8 -8+ 22D +)
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Therefore, we obtain
—l . " — —l .
((D+3) —wlR|) 3 = y*| < (wIS| + (@ - 8) + 1 =)D +8)) Iy — 37|

By Step 4 and the property of the projection of §'*1 onto the interval [y!*!] which
contains the solution y*, we have

lyl+1 _ y*’ < l,gl+1 _ y*l
Therefore, we obtain
(4.6)
- ‘ -1 — —
Y -y < (D43 —wlR])  (wIS|+w@ - &)+ A -w)D+3) Iy -y,

provided (D + - w|R|)™! exists and is nonnegative, which is obviously true for

the two cases in Remark 4._21. B
Since the sequence {[¢",3]} converges to [0*,3 ], it follows that for

£l = (D43 —wlRl) " (wlS]+0@ -8+ (1 -w)(D+8))

we have
(4.7) Jlim L =rcr
where

—% -1 —% B —%
Lr = (D+5 —wlRl) (w|S| +w@ =)+ (1-w)(D+3 )) :
Now we show that under certain conditions, which hold especially for the two cases
in Remark 4.2, p(£}) < 1. Consider the matrix A = P — @ with
1 —x
P=—(D+¢ —wlR)|)
w
and 1
Q= —(IS| +w@" — &) + (1 -w)(D+3).
It is easy to verify
1 —x —x
A=P-Q== (w(D+5 ) — w|R| — w|S] — wd -|—w§*)
—D+§ —~|R - |S|=D+6 ~|B|.
Since ¢* > 0 and D — |B| is an M-matrix, A is also an M-matrix, and therefore
A™' = (D +§" — |R| —|S])~! > 0. Furthermore, P~! > 0 and Q > 0. Therefore,
A = P — @ is a regular splitting of A, which implies
p(Ly) =p(P7'Q) < L
See [12].
Using (4.6), we have

l
(4.8) ' =y < (T £D1° - vl
=1

Since the spectral radius p(L£}) < 1, for any given o € (0,1 — p(L})), there exists
a matrix norm such that ||£}| < p(L%) + o < 1. By the continuity of the norm,
there exist an L > 0 and o1 € (p(L)) + 0,1), such that for all [ > L, '

124 <oy < 1. -
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Therefore for | > L, we have

l L-1 l
ITTLol < U TT T €00 < eot 242,
i=1 i=1 i=L

where

L-1

e=|l TT £l

=1

Therefore, we deduce that

l
Jim llgﬁwll =0,

l

lim || £ =o.
l—oo
i=1

which is equivalent to

From (4.8), we find that lim;_,, y* = y*. Moreover, we have for [ > L,

Iy =y < oy’ — ¥
This means that the sequence {y'} is convergent to y* linearly. We summarize our
analysis as follows.
Theorem 4.1. If M is an H-matriz with positive diagonals, then the projection
method with M = D — B = D — R~ S is convergent to the solution y* of (4.2)

for any initial point y° > 0, provided that 0 < w < 1 and R is chosen such that
(D — w|R|)™! exists and is nonnegative. Furthermore, the convergence is at least

linear.

Remark 4.4. The spectral radius is continuously dependent on the matrix elements.
It is clear that there is an w; > 1 such that for all w € (1,w;) Theorem 4.1 also
holds.

Remark 4.5. The projection method also generates a sequence of intervals which
satisfies

y* €yt C ly]. |
The sequence is therefore convergent to some interval vector [y*]. From the in-
equalities

' =y <3 -yt < -y

the convergence of {y'} to y* implies that the radius r* of the interval [y*] is zero
if we use Steps 3a and 3b in Remark 4.3, which means that [y*] = y*.

Remark 4.6. The projection method provides intervals containing the solution z*
of the non-Lipschitzian NCP(F). In particular, if M is an H-matrix with positive
diagonals, from
¥ —ee = y* €[],
H(a?) = H(z}) — H.(a}) = e
and _
|zt — 2*| < M~  max(D, I)|H(z})| = Cee
we can easily find that for all [ > 0,
(4.9) z* € [y + €[(I — C)e, (I + C)e].
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We can also use Remark 3.1 to get
(4.10) z* e [§ - ClH(Y)], 9" + ClH(Y)]-

5. NUMERICAL EXPERIMENTS

We have done very extensive numerical experiments. Numerical results show
that the regularized projection method is efficient to solve the non-Lipschitzian
complementarity problems. Moreover, the error bounds (4.9) and (4.10) provide
computable error estimation for verifying the accuracy of a computed solution.

We report numerical results for a free boundary problem in [2].

Example 5.1. Let Q = (0,1) x (0,1), and let p € (0,1). We consider
—Au+ (—l—fpﬁup = f(z) in Qy,

u=20 in Qo,
u=|Vu|=0 on T,
u = g(2) on 012,

where Q4 = {z € Q|u(z) > 0}, Qo = {z € Q|u(z) =0}, and T’ = 0Qy = L N
are unknown. Let 72 = 22 + 22. We choose

fz) = r(l 219)2 <3T2_ 1>-1%% rax (O’T B %)

and

g9(z) = (3r2— 1)%max(0,r—%>, z € 0N).

This problem has a unique solution

3r—1\1% 1
= 0,7 — —).
u(z) ( ) ) max ( 3
Using the five-point finite difference approximation, we obtain a nonlinear com-

plementarity problem with F'(z) = Mz + ¢(x), where M is an M-matrix,
¢(z) = Emax(0,z") + ¢,

E is an n x n diagonal matrix with positive diagonals and ¢ is a vector in R"™. Here
the components of = are the approximations to the exact solution u(z) at the grid
points of Q. Our experiments were performed with 900 interior points of ().

In Table 1 and Table 2, we report some numerical results of the projection
method for solving Example 5.1. We used the successive overrelaxation-like method
described in (ii) of Remark 4.2. In all experiments we used the vector y° =
(1,...,1)T for computing the interval vector [y°] in the initial step of the projection
method.

In Table 1, we list iteration numbers with different relaxation parameter w for

solving
(5.1) H, (y) = min(y, My + ex(M — I)e + ¢(y + exe)) = 0

with different values of €, = 27% and p. For a given value of €k, we stopped the
projection method when the following inequality holds:

(5-2) 154 = ' lloo < 20715 .



394 GOETZ ALEFELD AND XIAOJUN CHEN

To save computation time, we set

[y = [y"]
in Step 3 of the projection method. The value Wopt, for which the smallest number
of iterations was taken to get (5.2), was determined experimentally.

TABLE 1. Number of iterations: K for w =1, Kopt for w = wypt

p €k Wopt Kl Kopt
1 1.8 | 1570 | 142
0.3 275 | 1.8 | 1578 | 175
27101 2.1 | 2060 | 169
27151 46 | 7573 | 558
1 1.7 | 822 | 111
05| 275 | 1.8 | 1022 | 126
27101 20 | 1251 | 128
27151 2.0 | 2694 | 847
1 1.6 | 431 | 88
071275 | 1.7 | 517 | 86
27101 1.8 | 603 | 106
27151 20 | 842 | 187
1 1.4 | 108 | 42
09|25 | 15| 123 | 44
27101 16 | 143 | 48
27151 1.8 | 171 | 45

In Table 2, we show the total iteration number N with a fixed relaxation pa-
rameter w for solving (5.1) for ¢, = 27% k = 0,2, ..., 30, and error bounds of an
approximation solution of (5.1) with ez = 2739 to the exact solution of the NCP(F).
In our numerical test, if §**! satisfies (5.2), we change e, =27% to ¢, = 27%-2 and
set y° = §'*! as the initial vector for solving (5.1) with the new e;. The error
bounds were obtained by (4.10).

TABLE 2. Error bounds ||z* — ¢!||oo < errb

p | w N errb | w N errb
0.3 | 1.0 | 40030 | 3.5¢-5 | 1.8 | 18764 | 1.9¢-5
0.5|1.0| 16647 | 7.4e-6 | 1.8 | 6169 | 4.0e-6
0.7 1.6 | 2025 | 2.1e-6 | 1.8 | 1643 | 1.9¢-6
09]1.6| 442 |54e-5|1.8| 774 |9.1e-5

The numerical results were obtained by using the programming language
PASCAL-XSC on an HP-9000 workstation in the University of Karlsruhe.



REGULARIZED PROJECTION METHOD FOR COMPLEMENTARITY PROBLEMS 395

ACKNOWLEDGEMENT

We are grateful to Dr. U. Schifer for carefully reading this paper, and for checking
the numerical results.

REFERENCES

[1] G.E. Alefeld, X. Chen and F.A. Potra, Numerical validation of solutions of complementarity
problems: The nonlinear case, Numer. Math., 92 (2002) 1-16. MR1917363 (2003£:65109)

[2] J.W. Barrett and R.M. Shanahan, Finite element approximation of a model reaction-diffusion
problem with a non-Lipschitz nonlinearity, Numer. Math., 59(1991) 217-242. MR1106381
(92¢:65122)

[3] X. Chen and S. Xiang, Computation of error bounds for P-matrix linear complementarity
problems, Math. Programming, 106(2006) 513-525. MR2216793 (2006k:90131)

[4] R.W. Cottle, J.-S. Pang and R.E. Stone, The Linear Complementarity Problem, Academic
Press, Boston, MA, 1992. MR1150683 (93£:90001)

[5] J.E. Dennis and R.E. Schnabel, Numerical Methods for Unconstrained Optimization and
Nonlinear Equations, Prentice-Hall, Englewood Cliffs, 1983. MR702023 (85j:65001)

[6] F. Facchinei and J.-S. Pang, Finite-Dimensional Variational Inequalities and Complementar-
ity Problems I, II, Springer-Verlag, New York, 2003.

[7] S.A. Gabriel and J.J. Moré, Smoothing of mixed complementarity problems, Complementar-
ity and Variational Problems: State of the Art, eds by M.C. Ferris and J.-S. Pang, (SIAM
Publications, Philadelphia, PA, 1997), 105-116. MR 1445075 (98¢:90161)

[8] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Vari-
ables, Academic Press, New York, 1970. MR0273810 (42:8686)

[9] J.-S. Pang, Error bounds in mathematical programming, Math. Programming, 79(1997) 299-
332. MR1464772 (98j:90075)

[10] U. Schifer, An enclosure method for free boundary problems based on a linear complementar-
ity problem with interval data, Numer. Func. Anal. Optim., 22(2001) 991-1011. MR1871871
(2003d:90110)

[11] P. Tseng, An infeasible path-following method for monotone complementarity problems,
SIAM J. Optim., 7(1997) 386-402. MR 1443625 (98¢:90169)

[12] R. Varga, Matrix Iterative Analysis, Second Revised and Expanded Edition, Springer-Verlag,
New York 2000. MR1753713 (2001g:65002)

INSTITUTE OF APPLIED AND NUMERICAL MATHEMATICS, UNIVERSITY OF KARLSRUHE (KARLSs-
RUHE INSTITUTE OF TECHNOLOGY KIT), D-76128 KARLSRUHE, GERMANY
E-mail address: goetz.alefeld@math.uni-karlsruhe.de

DEPARTMENT OF MATHEMATICAL SCIENCES, HIROSAKI UNIVERSITY, 036-8561 HIiroOsAKI, JAPAN
E-mail address: chen@cc.hirosaki-u.ac.jp



