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Abst.ract

The paper establishes a computational enclosure or t.he solution of a non-
linear complernent.arity problem .r 2: O,l(x) ;:::0,J7l(x) = 0, "\X;here[(x) =
;.\tIx + «p(x) is a so-called almost linear mapping with an H-matrix AI with
positive diagonal elements and an increasing diagonal mapping .p. The pro-
cedure also deli vers a simple proof for the uniqueness of the solution.
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I<eywo.ds: Almost linear complementarity problem, existence of solut.ions,
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1 Introduct.ion

Let there be given a. (nonlinear) mapping

l : D C }Rn-4 Rn.

':Ve consider the problem of finding a vect.or x such t.hat

x > O

}
lex) ;::: 0

xTZ(x) = 0
(1)

(or to show that DOsuch x exists). 'I'his problem is called nonlinear comple-

mentarit:y problem (NCP) and has man)' applications. See [6] and [7], tor
example. It is ea.s.r to show that (1) is equivalem. t.o solving tlle llonlinear
system of equat.ions

min{x, l(xl} =O. (2)
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Verification of solutions for almost linear complementarity problems

If ~ is a nOl1singular diagonal matrix \vit.h positive diagonal elements, then

(2) is equivalent to the system

min{x,~l(x)} = 0,

which in turn is equivalent. to finding a fixed point of the mapping p defined

by
p (x) =ma..-x{O,:r- ~l(x)}. (4)

In (2); (3) and (4) the minimum and the ma..'{imumare taken component-
\\ise, respectively.

Let h(x) =:r - ~l(:r). Let the derivative ['(x) exist and denote by l'([:r)) its
interval arithmet.ic evaluation for the inten>al vector [:r]. Assume now that
x* E [:r]. Then

h(x*) - hex) = J(x*, x)(x* - x) E h'([x])([x] - x)

for an aJ:bitrary fixed x E [x]. J(x*,x) denotes the Jacobian of h takel1
row-wise at some intermediate point. Since

h' (x) = I - .0.1'(.e),

we obtain

h(x*) E hex) + h'([x]) ([x] - x)

=x - ill(x) + (I - ill'([x]))([x] - :r).
(5)

Für areal interval [0]= [Q,a] we define

{

0,

max{O, [a]}= [~iaL

'. a<O
OE [a]

Q:>O
(6)

För an interva1 veetor [a] = {[~]), lllax{O, [o]} is defined component\\ise. It
holds that

[0] ~ [b] ~ max{O, [a]} ~ max{O, [b]}. ('7)
\ ' j

A.."-Sume HOWt.hat :c* E [J:] is a tL-xed point 01 p. Then using (5) and (7), it
follows that

<;;:ma.x{O,x - "'l(x) + (I - ßl'([x]))([x]- ce))

}=: r(:r, (xLil),

where x E [.r] is arbitrary, but fixed.

.. f *):r =p~x . {O
"'''' Zf *\

}= 1118..-X ,x - L..\'\.X ).

(8)
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Verification of solutions for almost linear complementarity problems

The follo\\ing theorem indeed guarantees the exist.ence of a. fixed point x*
in f(x1 [x],~).

Theorem 1 Let [x]be an interval vector and let [' ([xD denote ehe interval
arithmetic evaluation of t.hc derivative l'(x). If for some diagonal matrix ß
,\ith positive element.s in t.he diagonal and some x E [x]

(9)

holds, 1.hen there exists a. fIxed point x" E [x] of thc mapping p defined by
(4). By the preceding remarks. x"' is also cont.ained in f(x1 [x],~).

The proof of theorem 1 has been given in [5].

If (9) holds, "ve cau try to improve the enclosure of :r* by the following
method

[XO]: =
[l;k+1] : =

[x]

f " k [. k] ;'\. [
. J;

] l. - 0 1 ?\x ,x ,.w.)n X ,1'..- , ,_,...,

\vhere xk = m([xk]) i5 t.he center of [xk] }
(10)

Note 1.hat in this iterative method ,ve keep ~ and l'([x]) = l'([xO]),whieh
are used in the definition off, fixed. See, however, remark 2, after the proof
of theorem 2 beImv and thc numerical examples.

It i8 easy to show tha.t. if [:rO]contains a fixed point x* of p, then a11itera.tes
cont,ain x*, and 1.herefo1'e,that (10) is ,veTIdefined and is converging to an
interval vect.or [:r*],vhich contains all fixed points of p contained in [xO].See
theorem 21 below.

Given the problem (1)~ which means, given the mapping 1, it remains the
question of how to choose .6. and to find an interval vector [x] for wruch
(9) holds. Furthermore, given [:r] and assuming that (9) holds! under v.rhieh
conditions \\'in (10) converge to an interval vect.or wit.h diameter equal to
the zero vector? In this case the limit. is a solution of (1) aJ1d there exists
no other solut.ion of (1) in [x]. In [5] these questions have been discussed for
the special ~'\Se that 1 is a so-called affine mapping

l(x) = lHx+q, (11', )

where the square matrL : lvI E IRnxn a.nd the vector q E ]Rn are given. If l
has the form (11), then (1) is called linear complementaJ.ity problem (LCP)
in the litera.ture. The purpose 01this paper i8 to extend the results from [5]

to so-called almost linear mappings l. See [13].
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A mapping I : D ~ ]Rn -+ m.n is called almost. linear if l can be ,vritten in
the form

l(x) = jUx +<P(x)~ (12)

where .Al is a real matrix alld q, is a diagonal mapping. A nonlinear mapping

P : D ~ m.n --4 Rn is diagonal if, t~)r i = 1,2,. . . ,n, t.he -i-th component 'Pi
is a function of only the -i-th variable ~Ti'

If l is an almost linear ma.pping "\vith an increasing mapping 1>and an H-

matrix 111with positive diagonal elements, ,ve will show that (10) is always

convergent. to a solution of (1) if .westart v.i.th an interval vector [:rO]: = [:r]

for which (9) holds. \Ve ean const.ruct such an [x] by solving a linear system
of equations. Finally, we give a simple proof tha.t (1) has a unique solution
under our assumptions.

Finding an illten-al vector [x] which contains a solution 01' a given prob...
lem is u.sually called verificat.ion 01'a .solution. In this sense theorem 1 is a

verification result 1'01'solutions of the (NCP). Different approa.ches for the
verification 01' solutions of complemelltarity prüblems have been discussed
in [1] and [3]. Since 110special as.sumptions c011cerning the mapping I have
been made in these papers, the verification procedures are much more com-

plex than those "\vhich we "Willde.rive for almost linear mappings. Final1y~

~le mention that in [4], [14] and [1.5]t.he case was eonsidered, that t.he given
(LCP) has intervaJ data..

2 PreliIninaries aud Notation

Subsequently some basic facts from interval analysis are used. See [2], [9]
or [12], 1'01'exalllple. '\Te denote by Cl,b, . .. real numbers amI real vectors
a = (ai),b = (bd~... ,respect..ively. Compact intervals of real numbers
are denot.ed by [a] = ~,aj~ [b] = [Q.b]~. ... Similarly [a.]= ([ai]),[b]=
(~~i]),'" denote vect.ors .vith interval components. Occasiona]]y .'.Tewrite
81) int.erval veetor as [al = [Q,a], where for [al= ([ai]) the real vectür Q has
the ]ower bounds 01 t.he [ai]as its components and analogously für a. [A.]=
([a'ij]), [B] = ([bij]),... , denote interval matrices. Similarly as for imerv-al
vectors, these are sometimes wTitte11 a.s [A.]= [04,Al, [B]= Ui,TI],. .. . Für
an interval [a] = [~,a]we deßne the absolute vaIue I[a]! by

l[a]1 =max{lgJ,lai}. (13)

Similarly
d([a]) =a - Q (14)
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denotes the diameter of [al. If the intersection of t"\vointervals is not empty
then

d([x] n [y])S d([z]),

d([~1:]n [y]) :; d([y])

(15)

(16)

and therefore

d([x] n [y]) S; max{d([x]),d([y])}. (17)

For interval vect.ors and inter"\'al matrices the absolute vaIue and the dia.m-

eter are defined via the components. Ir we use the componentwise partial
ordering then (15), (16) and (17) hold analogousl)'.

For completeness we recall that a mapping f : Rn ~ ]Rn is c.alled monotone
(or increasing, or isotone) if &om x :::;y it follo\\'"Sthat l(x) < f(y), where

we use the cc'mponentvlise defined pa.rtial ordering in R.n.

A real matrix A. = D - B, "\vhereD clenotes the diagonal part, is cal1ed an
:M(illkU\vski)-matrix if it is nonsingular with B ~ 0 and A.-1 ~ O.The diag-
ona.1elements of an :!\I-matrix are positive. If A. =D - B is an lvI-matrix anel
if b is a nonnegative diagona.l matrix, thell A=A. + b is alsoan lvi-matrix.
See [13] and [16].

Areal (01' complex) matrix "4 = D - B is called an H(adamard)-matrix if
thc sQ-caUedcomparisoli matrix

< A.>:= IDI-IBI

is an lVI-matrix. The diagonal element.s of an H-matrh: a.re different from
zero.

Given a.matrix A., we ca.ll a splitting

A=R-S

of A regular, if S ~ O,R is llonsingular and R-1 ~ o. See [13] and [16].
Assume t.hat A = R - S is a regllk<irsplitting of A.. Then p(R-1S) < 1 (p
denotes the spectral radiusL iff Ais nonsinguJar and A-1 ~ O. See [13]and
[16].

3 R.esults

Given (1), "\\~herel is assumed to be almost linear. Let Al be an H-mat.rix
wÜh positive diagonal elements. \Ve spli t Al into
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where D denotes the diagonal part a.nd - B the off-diagonal part of .1.11,
respectively. If q. is differentiable, then

l'(x) =.AI + <plex). (18)

Furthermore, assuming that (> = (<Pi) is monotone, this is equivalent to
i{)i, i = 1,2,. .., n, being monotone. Let [:-r]= ([~rd) be an intenral veet.or. If
the derivative <P' of <I>exists and if i{>'has an interval arithmetie evaluation

<p'([x]) for [x]. then <I>I ([x]) is a diagonal interval matrix. 'Ve use the notation

(19)

<p'~and q,; are real diagonal matriees \\ith <I>;::; (1);. Sinee <Pis monotone by

assumpt.ion, we ean assume <I>~> 0 subsequently \\ithout loss of generality.
The interval arithmetic evaluation of Z'c.an be written as

l'([x]) = Al + [(1)~ , ~;]. (20)

\Ye define the diagonal matrix

ß := (D + <I>~)-l = (D + I <I>'([x])l)-l (21)

and eonsider the iteration lllethod (10) undel' the assulllption (9).

Theoren1 2 Consider the problem (1) \vhere l is an almost linear lllap-
ping with an H-matrix iU = D - B 'i\ith positive diagona.1 elements in the
diagonaL part D. The mapping <1>is assumed to be increasing. Furt.hermore
suppose that. the derivative <I>'exists and that it has an interva.l arithmetic
evaluation <I>'([x]).Ir t.here exists an interval veetor [x] für whieh (9) holds,
'where D. is defined by (21), then (1) has a solution x* E r(x~ [xL~) ~ [:-r].

The method (10) is weII-defined, a11iterates [~ck]contain the solution :-r*of
'

1\ d 1. [
/'
]

*
( ) an Imk-o,.,> :1.:' =~: .

Proof If (9) hoLds~then by theorem 1, there exists a solution x* of (1)

\",rhieh is contained in r(x~ [:[0],ß), and therefore x* E [~r1],where [xl] is
defined by (10). By the remarks preceding theorem 1 it foIIüwE that .r* E
r(:r\ [xl], D.) and therefore that

By mathema.tical induction we have x* E [xJl k > 0, and therefore the
method (10) is well-defined. Consider 110Wthe diameters of the sequence
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< d{rixi:. [xk ].~))
". \. f . I"

< d(xk -lll(xJ.) + (1 - L\l/([xJ']))([:rJ.]- xk))

d((1 - L\r([xk)))([x"]- :rk))

11 - flf' ([:rJ.])Id ([:rk])

I~(L\ -1 -l'([xk]))1 d([xk])

I(D + <1>;)-1 (D + <I>~- D + B - [<I>~,<1>;])1d([xk])

I(D + <I>~)-l([0,1>; - 1>1]+ B)I d([xk])

< (D + <1>;)-1(<1>;- <I>~+ IBI) d([xk]).

(22)

(Here we haye used the representation (20) of t([xk]). Furthermore [O}<1>2-
.p~] denotes a diagonal interv-al llL.''ttrix. The lmver bounds of the dia.gonal
entries are all equal to zero, the upper bounds are equal to the diameters
of thc interva.l arit.hmetic evaluation Y'i([X.J) of thc derivative of Pi (.Ti), i =
1 <) n\

j , . . . , ,.,)...
Consider no\v the real matrix

A}= D + 1'~ -IBI = D + <I>~- (1); - <I>~+ IBI)

=R-S,
where

R - D +.:hi S.- (T,f rt,! + IBI- ':i!'2, ,- - 'l!z - '.I:1 .

Dis a. diagonal matrLx "rith posit.ive diagonal elements. Since<1>is increasing

it. follows tha.t <I>~> O. Therefore ~ = (D + 1>;)1 ~ 0, aJ1d since <1>;~ <I>~)
we have also S ?::O. Therefore t.he splitting Al = R - S of AI is a regular
splitting. See section 2. Furthermore, since the matrix is by &.."'Sumptionan

H-matrix: it holds tha.t (D -IBj)-l ?: O. By the remark in secHon 2 we also
have Af-1 = (D + cf>~-IBI)-l ?: O. Therefore

p(R-lS) = p((D + <p~)-l(q,~ - q,~+ IBI)) < 1.

By mathemat.ical induction we obtain f:rom (22) that

fr0111which it follows that. limk-.cc [xk] = x*, since

o

Remark1 It is easy t.o see t.hat limk~,x-[X":]= x* also holds if we on1yas-
sume the existence of a solution x* E [xO].(The assumption f(xO, [xOLfl) ~
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[..r0],'las only made to gua.rantee the ex:istence üf a solution x* E [xO].) 0

Remark 2 One could t.hink of computing <pf([X])for each k and using the
new diagonal matrix in the ne:x.-titeration step.

Let <P'([xl:])= [11Lk,<P~,IJbe the interval alithmetic evaluation of <P'(x) for
tbe 1n(,erval vector [xk].

Let

AIk = D + 1>~,k-IBI = D + q,~,k - (~~,I: - <Pl,k+ IBI)

=Rk - Sk,
where

Rk = D + ~;,k , Sk = tf);,k - 1>~,I.+ IBI.

Sinee by the indusion monotonicity of interval arithmetic we ha:ve <p~};<
<P~,j;+l'it fo11O"1.'.15that .

:\7r-1 < .f{:-1-~k+1--!c .

Furthermore, by the same reasoning <I>;J:+l:S1>;,1:,and therefÖre

which h11plies

Hence
O . ~-1-1 S

. < ~-{ -1"
:S 11'1:+1'k+l _ N h 1:.

By the Perron-Frobenius theorem on nonnegative matrices \ve have

Since

(R -1.:;' )
_ p(Jf;;l Sk)

o l' '-k. - - ,
., . 1 + P(A11ißI:) .

and since f(x) = :r/(l +x) is increasil1g für x > 0, it fo11owsthat

(see [16])

IEcan easily be seen tha.t the inequa1ity

in the proof of the last theorem can be replaced by the esÜma.tion

k

d([xJ:+1])~ (TI Rj15;) d([:ro])
j=O
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where, by the preceding discussion~ the spectraJ radii of the matrices Rj1 Sj
are decreasing with increasing j.

It is easy to see t.hat

where 111*=D + p'(x*) -I BI and R* =D + p'(~c*)~S* = IBI. 0

In the next theorem we show how to find an interval vedol' [xL for \X;hich
(9) holds. \~re need the follo1\'ing resu1t, which was proved in [5].

Lernma 1 Let Q~b;c E IRn,a.::; b~ and c 2:a.
Then

(23)

oHf '/o '- c.

For the almost.linear ma.pping l(x) = l\1x+P(:r) \ve obtain for.r = m([x]) =
o (whichmean.s[x]= - [x])

x - .6.l(x) + (1 - ß(AI + [(p.;.,<P2]))([x] - :r) =
t \. , . -1 .

[
' ,

]
.,

[
d[:r] d[x]

]= -~<PtO} + 1.6.~D. -l1H + WbP;2),JI - 2 ' 2

= -ß4>(O) + .6.(<p~- 1>' + I
BI)[- d([x)) , d([x]) ].. . 2 1 2 . 2

Bv (23) we therefore have.. \ .

r(o. [_d([:r]) .d([x])]] .6.]' c [_d([x)) , d([x]) ]" .).? ,)- '). ,)-.;.,.; ~..
iff

-.6. p(a) + .6.(p; _ p~ + IBI) d([x)) < d([x])? - ');

which is equivalent to - ~

(D + p' - IBI' d([x)) > -1>'0).
1 ,I 2 - \.t

lFrom t11is il1equality we get. the proof of the following result.

(24)

Theorem 3 Let l(x) = 1\1J.:+ p(x) be an alm ost lineal' mapping with

an H-matrLx \',ith positive diagonal elements. Assume that P is increasing

and !pr has an int.erval arit.hmetic evaluation for int.erval vector.s [x] 'with
[x] =- [x]. Let r be the solution of the linear system

(D -IBl)r ~ 11.,
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"..here u, = (tl.i) 2::0 is el.ef1l1edas follows. Let 4,(0) = ('Pi(O)). Then

Ui = max{O, -;PiCO)}.

If [x] = a[-r, r] , a 2:: I, then

Proof If 'f~(O) 2::0, then '14= 0, anel. therefore l\Oi(O)12::..ti. IE <PiCO)< 0,
then "lLi= -i.pi(O);anel therefore l'Pi(O)I = 'lli. From these two remarks it
follows timt.

11>(0)1 2:u.,

anel. therefore that

(25)

lEu /- 0 it follows t.hat

d([x]) = 2ar = 2et'(D -IBn-lu, > O.

Since

it. foUmv5 t.bat

anel therefore that

(D + <I>~-IBI) d([x])2 ü(D + q,~-IBIJ(D - IBD-1,u

> ü(D + 1)~-IBI)(D + q'i -IBn-lu

> üu. 2: u 2::--P(O),

where we ha:ve useel Q ~ 1 anel. (25). Because of (24), the proof is com-
pIete if tI / O. If Zl = 0, which is equivalent to 1>(0)2::0, then we can set
[x] = [0,0]= O. 0

If .u. i I 0 then the proof of the preceding theorem shows that we can choo.se

d(Jr]) arbitrarily large by choosing a large enough. Toget.her with theorem
1 t.his gives us the proof of the follmvillg result in t.he case u " O.

TheoreIll 4 If lex) = JIx + q,(x) is an al11105(.linear mapping with an

increasing mapping tp and an H-matri-x .AI '\\ith positive diagonal elements,
then (1) has a unique solution. 0

It remams to be shown that the theorem is also true in t.he case u = 0, ,v-hich
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is quivaleni to <fJ(O)2::0. In this case (24) holds if we choose r = d([x])/2 in
such a manner t.hat

, \ 'T
.where e = t1,..., I} ERn. If .wesolve

(D - IBl)r = e

and set. [J.:]= 0:[-1",rL a ~ 1, thell we see as in the case u / 0, that (1) has
a.unique solution.

Remark 3 The uniqueness statement of theorem 4 is not new. It is con-

tained a.s a special case in [11]. See also [10].

4 N unlerical Experinlents

\\Te consider examples
l(x) = AI x + <I>(x)

where AI is an H-ma.tri..x with positive diagonal elements and an il1creasing

diagonal mapping P = (!f~iJ.Let 11/= D - B where D denot.es thc diagonal
part and - B thc off diagonal part. of 1\1. According to theorem 3 thc interval
vedol'

where r is t.he solution of the linear system

(D -IBlk = max{O,-<I>(O)} (26)

contains the solution x* of problem (1). In an numerical examples we
have computed r (and therefore [rO]) by sohing (26). By the definition
01 r(O, [x°], L\):= h.l, ~12],(see (8) and (6)), its lower bound is nonnegative,
11 ~ 0, and therefore, x* E r(O, [x°],~) ~ [0,r]. Hence, instead of [-1",r]
we can use [xO] = [0, r] and, according to re mark 1, follmving the proof of
theorem 2; the convergence of the it.erative method (10) is guaranteed.

In our numerical examples .wecompare the original method (10) for [xO]=
[0,r] wit.h two additional modilkations of (10). In the original method ",v-e
compute the diagonal ma.tri..x[~i, <p~]for [xO]and this mat.rLxis kept fixed
for a11k in order t.o save work. Therefore we have for all k ~ °

and (10) reads
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(

I) [, 1~+I] - r l}; [ h] ,,\ n [x.k] k,. - 0 1 .)
\ X - ~.l ,x ,U) .', ,- , ,.........

In the first modificat,ion we only improve the upper bound P;, \,;hieh means

that we use the enclosure [~i, <I)~)d,~vhere q,;,k i5 an upper bound of q,' on
thc inter val [xi;]. Thcrefore, \\'e have

A ( D ;r.",-11..J.1.= I + '.!:'');.J .t" \ . .:..,"" r r

l' ([xhn = AI + [q,~,q.~)k] ,

al1d the modified method reads

In the second modific.at.ioll we also improvc the lower bound pi in each step.
Therefore, \ve ha.ve

~j~ = (D + <P~ 1.)' -1 .
~ _,.f,- r

['([xl:]) = 111 + [<I>~,k'P;"z.] ,

and the modified method can again be written as

\Ve test the luethods (I) - (IH) for three examples with the above imple-
mentat.ion details, via :Matlab 6.5 on a PC. The methode; 'will not terminate
umil the ra.dius rk of the computed interva.l i8 less t.han € component~Tise,
or the number of iterations is over 20000. Thc experiments are perfonned
for the choices E = 1e - 5 and le - 10. Numelical results reported are as
folIows:

N: the number of iterations;
th: IIrl:II.:x;j
(~2: 11min {xk ) 1\1 ;rk + <I>( ;rJ;)} 11O<J;

cpu: thc cpu time(seconds) needed für the iteration.

1
1Jl=

I ')- )-"

H -1

-1 H
. . -I

H-1
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where h = l/(n + 1))

4 -1

H =' -1 4
-1

-1 4

Set x* = (0,1) 0, 1, . ..) l)T ERn and choose c = (cz_)TE Rn as in [3]:

if xi > 0
otherwise,

where ~-iis a random nOllnegative number. The corresponding problem (1)
is the result of the applic..~tion oE centered five points differelice method to
the equi1ibriull1 problem given in [8]. \Ve generate 1.henOl1negative ralldom
numhers in [f-\1]. The matrix 1\1 is an H-matrix ~,ith posit,iv€ diagonal
elements. <I>is a monotone diagonal mapping.
By the definition of <1>(:r)we can set W~= I, (fJ; = diag( eTtL ".~herer = (r-i)
is the solution of (26).

'fable A for example 1 (€ = le - 5)

EuropeanAcademyof Sciences -223-

n l'l 81 02 epu
(I) 21 1.74791.7.-007 4.9116e-005 4.700013-002

9 (II) 20 3.2243e-007 8.309ge-005 4.7000e-002

(lU) 19 9.5896e-006 3.8612e-003 3.1000e-002

(I) 64 3.7588e-006 1.0153e-002 2.8100e-001
25 /In 63 4.9967e-006 2.2765e-003 2.9700e-001I

(III) 62 4.204 7e-006 1.8347 e-003 2.9700e-001

(I) 88 8.668ge-006 2.3886e-002 5. 1600e-001
36 (II) 87 6.5721e-006 1.7844e-002 6. 2500e-001. I

(lU) 87 6.2550e-006 1.692ge-002 6. 2500e-001

(1) 163 7.5861e-006 6.086ße-002 2.2660e+000, .-
64 (II) 161 7.8401e-006 6.2421e-002 2.9370e+000

(lU) 161 7.5784e-006 6.0752e-002 2.9850e+00O

(I) 278 7.0333e-006 1.4841e-00l 6.5f)40e+OOO
100 (II) 259 f).4748e-006 1.329ge-OOl 9.281Oe+000

(lU) 259 6.317ge-006 1.2f)12e-OOl 9.2970e+000
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Ta.ble B for example 1 (f = le - 10)

and let 4>(:r)= q + sex)? where sex) = (Si(.rt)) with Si(X:) = (Xi + 1)3 -i?
i - 1,2, ..., n. Furthermore, let x* = (xnT "\\ith

:r~
.

_
{

0
1 - '

Z
.
"

if imod7 = 0
other",ise.

q is chosen sud1 that

if imod7 = 0
otherwise.

111 is an H-matrix with positive diagonal elements and <P is a monotone

diagonal mapping. It's easy to verify t.hat x* is the exact solution 01 the

problem. By the definiiion of 1>we can set <Pi = 3I, <P;= diag(3(ri + 1)2),
where r = (ri) is the solution of (26).
Extensive numerical e: periments shü\\~tl1at, if the row index i ie;bigger than

n/2, t.he radius of the components of the initial enclosure is very large, which

is mainly due to the fact that the elements of (D -IBD-1 increase strongly
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n i\T 81 52 cpu

(I) ')'> 4.3S38e-Oll 6.6316e-009 4.7000e-002,)

9 (Il) 22 5.Sß97e-012 3.7483e-01O 6.3000e-002

(IH) 20 1.2415e-012 5.6843e-0l4 3.1OO0e-002

(I) 69 2.021f3e-Oll 5.1912e-008 2.9700e-001
25 (Il) 66 5.034ge-013 4.5475e-013 3.1200e-001

(lU) 65 2.2204e-015 5.0022e-012 2.9700e-001

(I) 102 6.233ge-Ol1 1.867ge-007 5.9400e-00l
36 (Il) 101 8.9348e-Oll 2.7046e-007 7.3400e-00l

(IH) 101 8.3784e-Oll 2.5478e-007 7.3500e-001

(I) 179 5.1870e-Oll 4. 7094e-OO i 2.4370e+OOO
64 (Il) 176 7.S307e-Oll 7.0722e-007 3.2190e+OOO

(lU) 1'71: 7.5263e-Oll 6.9269e-007 3.281Oe+000.0

(I) 29t) 7.S705e-Oll 1.7902e-006 7.0940e+OOO
100 (Il) 275 8.0302e-Ol1 1.7890e-006 9.8280e+OOO

(IH) 275 7.6904e-Oll 1.7322e-006 9.8590e+OOO

Example 2 Let

1 2 2 .. . 2
0 1 2 " . 2

AI - f 0 0 1
I E IRnxn

2
0 0 .. . 0 1
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a10üg with its eolullm index. The Iarger the dimension of the problem is, the
more obvious the phenomenon iso St.udying the case oEn = 5, 10,20,50,100,
\:!''"elist the maxima and t.he minima of the mdii of the components oE the
initial enclosure; which are denoted by the abbreviat.ions: TIl1aXand TIIÜn,

respeetively.

Table A for example 2 (c = 1e - 5)

Table B for example 2 (c = 1e - 10)
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1'1 5 10 20 50 100

nnax 1.5008e+04 2.3317e+07 1.0105e+13 2.4212e+28 1.6210e+53
rn11n 2.2000e+02 1.3400+e03 9.2800e+03 1.3270e+05 1.0304=+06

N (h &n 2 epu

(I) 20000 1.ö274e+002 1.8274e+002 2.235ge+001
5 (II) 528 9.723ge-006 O.OOOOe-OOO 6.8800e-001

(IH) 190 5.2661e-006 7.0218e-008 2.3400e-001

(I) 20000 2.8545e+005 2.8545e+005 3.4141e+001, ,

10 (II) 1949 9.8942e-006 O.OOOOe-OOO 3.8120e+000

(IH) 363 2.6325e-007 2.7536e-009 7.0300e-001

(I) 20000 1.2371e+011 1.2371e+011 5.9594e+001
20 (H) 9246 9.9713e-006 O.OOOOe-OOO 3.3547e+001

(IH) 6f38 1.997.5e-00 7 2.0453e-009 3.2660e+000

(I) 20000 2.9641e+026 2.9641e+026 1.6347 e+002
50 (II) 20000 4.0368e+001 4.0010e+001 2.1833e+002

(IH) 2594 5.1084e-007 1.1155e-009 3.4812e+001
(l) 20000 1.9845e+051 1.9845e+051 4.7777 e+002.

100 tID 20000 9.5978e+001 9.5007e+001 7.3158e+002, I

(IH) 9630 3.8565e-007 8.2764e-010 3.5580e+002
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Notice in the above data that at rhe end of the iteration of method (lU),

one more iteration sharpens the enclosure t.o a. surprising degree. Studying
the case 11= .5that after 190 iterations of metbod (IH) an enclosure with
the radius r(190) = (5.2661e - 6.0, O.O,O)Tis ohtained. anel we record thc

matrix D.(190)(B + q;~,190- q)~,19~)=' . . ,

9.721ge - 6
o
o
o
o

1.5385e- 1
o
I)
o
I)

1.5385e - 1

7.142ge - 2
I)

I)
o

1.5385e- 1
7.142ge- 2
4.0816e - 2

o
o

1.53S5e - 1
7.142ge - 2
4.0816e - 2
2.6316e - 2

o

It is verified that.

that is, one more iteration reduces the ma..ximum radius of the enclosure by

a factor of approximately le - 5. The similar phenomenon appears for the
remalnmg cases.

EXaJ:nple 3a Letg ::RxJR-+IR, g(t,tt) = 2(u-4t+l)3, .p(x) = (tpi(Xi))
v>ith '.f)~(Xi ') = 9( t~,x. ). t; = i/( 11+ 1), i = 1. . ", n,. emd. ~ I J ' . ' ,.

2 -1

-1 2 . .
E JRn:><11 ..A1=

~1

-1 2
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n N 81 8.2 cpu
]) 20000 1.8274e+OO2 l.ö274e+OO2 2.235ge+00ll J

5 (II) 836 9.6792e-Oll O.OOOOe-OOO 1.0950e+OOO

(III) 191 5.1196e-Oll 3.4817e-013 2.3400e-00l

(I) 20000 2.8545e+005 2.8545e+005 3.4141e+OOl
10 (II) 2990 9.924ge-Oll O.OOOOe-OOO 5.S430e+OOO

(IH) 364 1.2795e-013 1.4211e-014 7.0300e-00l

(I) 20000 1.2371e+Oll 1.2371e+Oll 5.9594e+001
20 (Ir) 20000 4.4928e-01O O.OOOOe-OOO 7.1218e+00l

(III ) 669 7.3830e-0l4 .5.6843e-0l4 3.2820e+000

(I) 20000 2.9641e+026 2.9641e+026 1.6347e+002
50 (II) 20000 4.0368e+OO1 4.0010e+OOl 2.1833e+002

(III) 2595 4.S178e-0l3 O.OOOOe-OOO 3.482Se+00l

(1""1 20000 1.9845e+051 1.9845e+051 4.7777 e+002\ J

100 (II) 20000 9.5978e+00 1 9.5007e+OOl 7.3158e+OO2

(IH) 9631 2.748ge-013 O.OOOOe-OOO 3.5583e+OO2
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The functioll lex) = AIX + q,(x) is obtained via discretizing a t:wo-point
boundary va.lue problem: see [13]. lex) is an alm ost linear ma.pping with
a.n H-matrix AI and an increasing diagonal mapping <I>.In the numerical

experiments the phenomenoll, similar to the example 2~ is observed. vVe
also list the ma.xima and the minima of the radii 01 the components of the

initial enclosure, for tbe cases n = 5,10,20,50,100.

Ta.ble A for example 3a (f = le - 5)
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n 5 10 20 50 100

nnax 1.5508e+03 6.0806e+Ü.5 4.6975e+10 1.147ge+25 8.7401e+48

rmin 2.5407e+01 3.6648e+01 4.4354e+01 4.9874e+01 .5.188ge+01

n N 81 82 epn

(I) 20000 5.2385e-001 3.5397e-002 1.6797e+OOl
5 {In 300 9.4733e006 2.2204e-016 3.1200e-001" I

(lU) 205 8.9808e-006 1.0.582e-007 2.1900e-001

(I) 20000 3.3758e+00O 3.3758e+000 2.4078e+001

10 (Ir 624 9.7657e-006 2.2204e-016 9.0600e-001. )
(IlI) 426 9.6042e-006 3.3927e-008 6.0900e-001

(I) 20000 7.0287 e+OOO 7.0287 e+OOO 3.9782e+OO1

20 (Il) 1545 9.9252e-006 4.440ge-016 3.8750e+000

(IIl) 1011 9.8453e-006 4.0524e-009 2.5620e+OOO

(n 20000 3. 1985e+00 1 3.1985e+001 1.095.5e+002, .
50 (H) 6825 9.9838e-006 5.0654e-016 5.3641e+001

(IH) 4257 9.9806e-006 1.0134e-010 3.4250e+OOl

(I) 20000 1.2005e+002 1.2005e+002 3.4120e+002
100 (H) 20000 1.7331eOO4 Ll102e-015 5.8323e+OO2

(IlI) 14932 9.9848e-006 4.1072e-012 4.453ge+OO2
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Table B für example 3a (€ = 1e - 10)

Notice that the methods (I) - (lU) converge slowly for the abüve problem. In
fact the numeric& perfOrmaJ1Cedepends not only on the matrL"\':1\1 but aL"O
on the mapping <P. \Ve use the speetral radü of the correspondillg matrices

u(k) = p((D+ cP~)-1(1BI+ cP2- cI>D)

r(k) = p((D + 4>;.k)-1(IBI + ~;.1; - <p~»

p(k) = p( (D + ~;:JJ-1 (lBI + <I{k - <I>;,k»)

to explain the convergence rate. \~ie compute the spectral railli for tbe case
n = 5:u(k) = u(l) = v(l) = p(l) = 9.99921e - 1 where k = 1,2, ..., see

Fig.2 at the end of the paper for the decrea.-<;eof tbe spectral radii l)(k) and
p(k) W.r.t. k. The spect.ral radii of the matrices at the points: where the
methods (I) - (TII) tenninate aJ'e reported below.

Studying the matrices (D+<P;.JJ-1(IBI+tP~.J;- q,iJ~)~ ~ith a larger (P;.l: anel

a. smaller <fJ;.1;- .p~.k' we can gei the sman~r p(k) = p((D + <I>~,k)-1(IBI +
<I>~,k - <I>;,k)), anel amore rapid convergence ,vilI be expected. The claim
holds also for the method (U).
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'n i\' 61 82 epu
'I) 20000 5.2385e-00l 3.5397e-002 1.6797e+001I, l

5 rrIi 427 9.2691e-011 2.2204e-016 4.2200e-OOl
\ ,

(III) 236 8.1467e-Oll 9.5988e-013 2.3400e-001

(I) 20000 3.375Se+OOO 3.3758e+00O 2.4078e+001
10 (II) 904 9.9050e-011 2.2204e-0!G 1.2970e+000

(III) 510 9.3701e-Oll 3.3135e-013 7.5000e-001
'J) 20000 7.028/e+000 7.0287 e+OOO 3.9782e+001l l

20 (II) 2350 9.9243e-011 4.440ge-016 5.8280e+000

(In) 1273 9.6921e-011 3.9693e-014 3.2030e+OOO\ .

(I) 20000 3.1985e+001 3. 1985e+001 1.0955e+002
50 (II) 10994 9.9784e-011 5.0654e-016 8.5297e+001

(lU) 5578 9.9222e-011 1.6015e-015 4.5125e+001
(1' 20000 1.2005e+OO2 1.2005e+002 3.4120e+002, )

100 (II) 20000 1.7331e-004 1.1102e-015 5.8323e+002

(lU) 19671 9.991ge-011 1.1102e-015 5.8147e+002

n 5 10 20 50 100
1.1. 9.9992e-1 1 1 1 1
v 9.1318e-l 9.6656e-l 9.8tH7e-1 9.9819e-l 9.9953e-l

p 6.8761e-1 8.7325e-l 9.5718e-1 9.9132e-l 9.9757e-l
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EXaluple 3b To demonstra.te this~ we choose a functiol1 .p "ith a large
derivative ip~aJld a 5111a11second delivat.ive 'Pr for its components 'Pi. Set

<p(x) = (~(Xi+100)~)T +c, where c= (c.JT, and CbC2,"',Cn are random
numbers dist.ributed in [0, 1000]. "\Vith the same matrix Iv! given in case of
example 3a, 'we get the follm\ing results for thc cases n = 5, 10,20,50,100.

Table A for example 3b (f =1e - 5)

Table B for e:x.-ample3b (f =1e - 10"1

The speetral radii of the matrices at the points, where the methods (I) -

(IH) terminate are also reported:
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....

n IV .51 02 epn

(I) 37 6.7092e-006 8.4681e-006 4.6oo0e-002
1) (H) 14 2.6593e-006 4.0522e-007 3.2oo0e-002

(IH) 12 5.7832e-006 2.4246e-005 1.5000e-002

(I) 57 7.7647e-006 2.2974e-005 1.4100e-001

10 (H) 15 8.1186e-006 1.9215e-006 4.7000e-002

(IH) 14 3.1606e-006 1.465ge-005 4.7000e-002

(I) 121 8.7738e-006 1.33ßOe-005 6.2500e-001
20 (H) 18 9.7205e-006 7.1337e-007 1.0900e-001

(IH) 16 8.5548e-006 4.3016e-005 9.4000e-002

(I) 221 9.199ge-006 2.8874e-005 4.4680e+000
50 (H) 22 6.3337e-006 3.0242e-006 5.1600e-001

(IH) 21 4.6MOe-006 2.2213e-005 4.8400e001

'1) 444 9.7295e-006 3.4103e-005 4.0437e+00lI.. J

100 (H) ')..,. 2.5037e-006 1.0994e-006 2.9850e+000I

(IH) 26 1.6306e-006 7.fI528e-006 2.8280e+000

n 1V 151 02 epn
(r 60 8.8800e-011 3.4291e-011 ( .8000e-002. )

5 (Il) 21 1.8932e-Oll 2.4158e-013 4.7000e-002

(IH) 18 2.5231e-011 1.0581e-010 3.1000e-002

(I) 93 7.2673e-011 1.0370e-010 2.1900e-001
10 (Il) 22 5.7824e-0 11 9.7700e-013 7.8oo0e-002

(HI) 20 1.3781e-011 6.3878e-011 6.3000e-002

(I) 194 9.4062e-011 4. 1506e-011 1.0000e+OOO
20 (H) 25 2.5342e-0 11 4.4764.e-013 1.4000e-(Kn

(IH) 22 3.0866e-Oll 1.8796e-OlO 1.4100e-001

(I) 354 9.2170e-011 1.4f366e-01O 7.1560e+OOO
50 (Il) 29 4.3856e-011 2.9292e-012 6.8800e-001

(IH) .,'"" 3.2127e-011 1.5333e-Ol0 6.2400e--001-.

(I) 709 9.5834e-011 1.8690e-010 6.4f)Qge+OO1

100 (Il) 33 9A371e-Oll 7.6934e-012 3.6880e+OOO

(IH) 31 8.0705e-Oll 3.933ge-01O 3.4060e+OOO
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n 5 10 20 50 100
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