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Abstract

In this paper we introduce the total step method, the single step method and the symmetric single step
method for linear complementarity problems with interval data. They are applied to an interval matrix
[4] and an interval vector [b]. If all 4 € [4] are H-matrices with positive diagonal elements, these
methods are all convergent to the same interval vector [x*]. This interval vector includes the solution x
of the linear complementarity problem defined by any fixed 4 € [4] and any fixed b € [p]. If all 4 € [4]
are M-matrices, then we will show, that [x*] is optimal in a precisely defined sense. We also consider
modifications of those methods, which under certain assumptions on the starting vector deliver nested
sequences converging to [x*]. We close our paper with some examples which illustrate our theoretical
results.

AMS Subject Classifications: 90C33, 65G30.

Keywords: Linear complementarity problem, total step method, single step method, symmetric single
step method, interval computation.

1. Introduction

Let 4 be a real n x n matrix and b an n-dimensional vector. Then the linear
complementarity problem, denoted by LCP, is defined as follows: Determine a
real vector x such that

b+Ax>o0, x>0, (b+4x)'x=0, (1)
or conclude that there is no such x. The inequalities appearing in (1) are under-

stood componentwise.

The article [9] gives an extensive documentation of applications of complementarity
problems in engineering and equilibrium modeling. Additional applications one can
find in [5], [6] and [13], respectively.

It is well-known and easy to see that (1) is equivalent to solving the non-smooth
nonlinear system

*Dedicated to U. Kulisch on the occasion of his 70th birthday.
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min{x, b + Ax} = o, (2)

where the minimum is taken componentwise. This equivalence has been used in [1]
to verify the existence of a solution of (2) and of (1), respectively, if a somehow
computed approximate solution is available.

In [17] the case was considered in which the input data 4 and b are not precisely
known, but can only be enclosed elementwise in intervals. An important appli-
cation of this problem is the discretization of a free boundary problem without
neglecting the discretization error. For details, see [17].

The present paper is organized as follows. After introducing the notation and
some preliminaries in Section 2, we consider several different iteration methods,
which allow to enclose the solution set

2([4], [b]) := {x : min{x, b+ Ax} = 0,4 € [4],b € [b]} (3)

of real vectors by an interval vector: The total step method (7), the single step
method (), which is a special case of the successive overrelaxation method (SOR),
and the symmetric single step method (SS). We show that under equal assump-
tions (7), (S) and (SS), respectively, are convergent to the same interval vector
enclosing the solution set X([4], [»]) defined in (3). For (SOR) this is generally not
the case. This method is convergent to a limit depending on the relaxation
parameter o used in this method.

With respect to inclusion the limit of (7) ((S) and (SS)) is in general not the
smallest interval vector enclosing X([4],[b]). However, under additional

assumptions on [4] we can show that this limit is optimal. This is proved in
Theorem 3.2.

After having proved these results in Section 3, we consider modifications of (T'), ()
and (SS) which are based on the fact that if for any of these methods one is starting
with an interval vector containing the limit, then all iterates contain the limit.
Therefore, the enclosure of the limit might be improved by forming intersections
after each iteration step. We prove that the corresponding modifications are con-
vergent to the same limit as the unmodified methods. Furthermore we show that the
modified symmetric single step method is in a precisely defined sense optimal.

We close this paper with some numerical examples illustrating the theoretical
results.

In passing we note that for non-interval data generalizations of the total step
method etc. have already been applied to the problem (1). See [4], [6] and [7], for
example.

2. Preliminaries and notation

This section contains a summary of well-known or easy to prove properties and
results which are used subsequently.
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2.1. Interval arithmetic

By R,R”,R™" IR, IR", IR™*", we denote the set of real numbers, the set of real
vectors with n components, the set of real n x n matrices, the set of intervals, the
set of interval vectors with n components and the set of n X n interval matrices,
respectively. An interval always means a real compact interval. Interval vectors
and interval matrices are vectors and matrices, respectively, with interval entries.
We write intervals in brackets with the exception of degenerate intervals (so-called
point intervals) which we identify with the element being contained. Similarly we
proceed with interval vectors and matrices. We denote by / the identity, by O the
zero matrix and by o the zero vector. We use the notation [a] = [a,a] for [a] € IR.
Analogously we write [x] = [x,%] = (jx]) = (v, 1) € IR" and [4] = [4,4] = ([ay))
= (la;;, @;y]) € IR™. For [a], (6] € IR we define

o the diameter d([a]) := @ — a,

e the absolute value |[a]| := max{|a|, [a|},
o the distance q([al, [b]) := max{|a — b|,|a — b|}.

For interval vectors and interval matrices, these quantities are defined element-
wise. For example, if [a] = ([a;]), then d([a]) = (d([a:])) € R". We equip R" and
also R™*" with the elementwise defined relations <, <, >, >. If [a] € IR, we define

([a)) == min{|a| : a € [a]} = { Bniﬂ{leia jal} g:; ¢ [a], } @)

If for two interval vectors [x], [y] € IR" we have [x;] N [] #0,i=1,2,...,n, then
[x] N [y] = ([xi] N [4]), otherwise [x] N [y] = 0. In addition, for [x], [y] € IR" we de-
fine[x] Cp|iff ]Syl i=1,...,n

Furthermore, we repeat some relations concerning the distance:

q(ix, 2]) < q(ixd: ) + (), [2)).
(K] + [, D1 + ) = g (], D),
q([A] - [x], [4] - b]) < [[4]] - q([], D)
q(bx] + ), (] + [2]) < q(Bxl, [u]) + 9 (D), 2D),

if [u], [x],[V], [z] € IR" and [4] € IR™". The so-called Minty map of a € R was
defined in [10] as

(
(
(
(

a” = max{0,a}.

This definition 1s generalized as follows.

Definition 2.1. a) Let [a] € IR. Then

max{0, [a]} := [max{0,a}, max{0,a}].
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b) Let [a] = ([a;]) € IR". Then

max{o, [a]} := (max{0, [a;]}).

Lemma 2.1. Let [a], [b] € IR satisfying [a] C [b]. Then

a) max{0, [a]} C max{0, [b]}.
b) d(max{0, [a]}) < d([a]).

Lemma 2.2. Let [a], [b] € IR. Then
q(max{0, [a]}, max{0, [b]}) < g([al, [B])-

Proof. In[10], Lemma 2 it was shown that the Minty map is Lipschitz continuous
with Lipschitz constant equal to one: For x,y € R we have

| max{0,x} — max{0,y}| < |x —y|.

Therefore g(max{0, [a]},max{0, [b]}) = max{|max{0,a} — max{0,b}|,|max{0,a} -
max{0,b}(} < g([al, [6])- O

2.2. M- and H-matrices

Let Z™" denote the set of real matrices with nonpositive off-diagonal entries:
A= (a;'j) € VAR S— ﬂ'fj S 0if: #_}'

Definition 2.2. 4 € Z™" is an M-matrix if A~ exists satisfying A~ > O.

The diagonal elements of an M-matrix 4 = (a;;) are necessarily positive: a; > 0,
A

Theorem 2.1 Let A € Z"". Then the following two statements are equivalent:

a) A7 exists and A~ > O.
b) There exists a vector u > o such that Au > o.

For the proof we refer to [8]. A useful corollary is the following one.
Corollary 2.1. Let A < B € Z"*". If A is an M-matrix, then B is an M-matrix, too.
The proof can be easily performed by using part b) of Theorem 2.1.

Definition 2.3. For A = (a;) € R we define the comparison matrix
(4) = (cij) € R™" by setting
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oo d Tlagl i i#
i |a1-j| If I :JF
If (4) is an M-matrix, then A is called an H-matrix.

Note that the diagonal elements of an H-matrix are different from zero. However,
they can be positive or negative. It is obvious that every M-matrix is an H-matrix,
but not vice versa.

Definition 2.4. An interval matrix [4] € IRV is called

a) regular, if all A € [A] are nonsingular;
b) an M-matrix, if all A € [A] are M-matrices;
¢) an H-matrix, if all A € [A] are H-matrices.

Interval M- and H-matrices have been introduced in [2] and [14], respectively.

Definition 2.5. For [4] = ([a;]) € IR™" we define the comparison matrix ([A]) =
(cij) € R™" using (4) by setting

B {—Haff]i if i ],
e ([ag]) if 1 =

Using the comparison matrix and Corollary 2.1 we get the following lemma.
Lemma 2.3. Let [4] € IR™".

a) If A is an M-matrix and if A € Z™", then [A] is an M-matrix.
b) If ([A]) is an M-matrix, then [4] is an H-matrix.

2.3. Regular splittings

Definition 2.6. Let A,B,C € R™". Then A =B — C is a regular splitting of A if
C > O and B is nonsingular with B~ > O.

Theorem 2.2. Assume that A € R™" is nonsingular, that A~' > O and that
A =B~ C is a regular splitting of A. Then p(B~'C) < 1, where p(-) denotes the
spectral radius of a matrix.

Regular splittings were introduced in [18], where one can also find the proof of
Theorem 2.2.
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3. Iterative methods for the enclosure of the solution set X(]A],[b])

In this section we assume that the reader is familiar with the concept of P con-
tractions for proving the convergence of a fixed point iteration to a unique fixed
point for an arbitrary starting interval vector. For the details we refer to Chapter
11 in [2], especially to Theorem 11.4, Theorem 11.5 and Corollary 11.6.

3.1. The total step method (T)

Theorem 3.1. Let [b] € IR" and [A] € IR"". Assume that [A] is an H-matrix sat-

isfying a; > 0,i=1,...,n. We define the interval matrices
0 f[an] --- [a1n)
1
it ¢ [an] O - '
o :
o= R T :
0 [al Y 5 % “u [a,,_]n]
" [anl] S [arm—l] 0

the function

f0; D7, R,b) := max{o,D”'(Rx—b)}, x€R"
for arbitrary but fixed D™' € [D]”', R € [R], b € [b] and its interval extension
S (s [D]‘lﬂ [R], [b]) := max{o, [D]_l([R”x] - [B])}, k] eIR

(Since [D) ™', [R], [b] are fixed, we simply write f([x]) instead of f([x];[D]™", [R], b))
in the following).

Then the following holds:

a) The iteration (total step method)

(T) { [°] € IR, x° > o arbitrary,
B s (), e =0,1,20m0

converges to a unique interval vector [x*| satisfying [x*] = f([x*]).
b) (4], b)) < [x'].
Proof. a) Let [x], [y] € IR". Then we have by Lemma 2.2
a(f ()7 (BD) < q (101 (A1 - (8], (D' (RID] - [8)).
Using |[D]”'| = (D))" we get

q(f (D), (D) < (D) [Rlg(i], [)-
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Define B := (|D]), C:=|[R]| and 4 := B — C. Obviously B~' > 0 and C > O.
Since 4 = ([4]) and since [4] is an H-matrix, it follows A~! > O. According to
Theorem 2.2 (applied to 4) we can conclude that p(B~'C) < 1. Hence, f is a P
contraction with P = B~'C and assertion a) follows by Theorem 11.4 in [2].

Note that we have in the proof of a) not yet used a; >0, i = 1,...,n. Further-
more we do not use x” > o. However, if X # o then x! > o.

b) Let x € Z([4],[b]). Then there is an 4 = (a;;) € [4] and a b € [b] satisfying (2).
We define

0 az =+ ain
ap (0] 0
aszj
D= ) . K=
8 Apn 2 5 3 An—_1n
(25 N . | 0

Then we have
o = min{x, b + Ax} = min{x, D(D~'b +x — D™'Rx)}.

Since a; > a; > 0,i=1,...,n, this equation is equivalent to

o =min{x,D”'b +x — D™'Rx} = min{x,x + D~'(b — Rx)}
and to

o =x +min{o,D™' (b — Rx)} = x — max{o,D”'(Rx — b)},
which leads to

x = max{o,D"'(Rx — b)} = f(x; D", R, b).

Using Corollary 11.6 in [2], we get x € [x*]. O

Remark 3.1. a) As was already mentioned above the assumption g; > 0,
i=1,...,nwas not used in the proof of part a) in the preceding theorem. In fact,
without this assumption the total step method (7') can be convergent to a fixed point
[x*], although the set (3) is empty. Consider, for example, the case [4] = —I and
[b] = —e, where all components of e are equal to one. The corresponding LCP has no
solution. On the other hand even for arbitrary [x°] we obtain the fixed point o.

b) Consider the special case that [4] =4 € R™”, that 4 is an H-matrix with
a; >0,i=1,...,nand that [b] = b € R". Then, as a special case of Theorem 3.1,
it follows that the LCP defined by 4 and b has a unique solution x. This fact is
well-known and was proved in [6] (Theorem 3.3.15) by different means. See also
Lemma 3.5 in [4].
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c) Let [x*] = ([x]]) € IR” be the limit of the total step method (7') from the pre-
ceding theorem. Then, in general, there is an interval vector [x] = ([x;]) € IR" with
the property that it also holds X([4],[#]) C [x] and furthermore [x;] C [x]],
i =1,...,n, where at least for one i strict inclusion holds. In this sense [x*] is not
an optimal enclosure of Z([4], [5]) in this case.

Example 3.1. Let

a= (5% B3) w- (7))

It is easy to verify that [4] is an H-matrix and that the unique fixed point of the
total step method (7') applied to [4] and [5] is

1= (03)

However, we will show that for any ¢ € [0,%]

0= (30) = (3) #2010,

Let b € [b] and 4 € [A]. Then for the second component of & + 4 - x(¢) we have

3
by + (4-x(1)), > —1 —tt5.

Since x,(f) = 3 > 0, by complementarity —1 — ¢ + 3 = 0 has to hold, and therefore
t = 3. However, for r = 1 we have x,(t) > 0 and

3
by + (4 - x(1)), >-2+42+7>0,

which contradicts the complementarity.

Under additional assumptions on the matrix [4] we now show that the case
described in part ¢) of Remark 3.1 and illustrated in the preceding example cannot
occur.

Theorem 3.2. Let [4] € IR™" be an M-matrix and [b] € IR". Let u € R" be the
unique solution of the LCP defined by b and A and let correspondingly v € R" be the
unique solution of the LCP defined by b and A. Then it holds:

a) inf (Z([4], [b])) = u and sup(Z([4], [b])) = v.
b) [x*] = [u, v] for the fixed point [x*] of (T).
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Proof. Note that by part b) of Remark 3.1 the LCPs under consideration have
unique solutions u > o and v > o, respectively.

a) Let 4 = (a;;) € [A], b= (b;) € [b] and let x > o be the unique solution of the
LCP defined by 4 and b. Setting S :={i:u; =0} we define 4 = (a;) and

b = (b;) by

EU‘ lf!gg}, - 7. i Cx
=40 ifieSandj#i b={% HIES
. . 0 ifies
a; ifieandj=i, '

i,j=1,...,n. For example, let n = 5 and $ = {2,4} then

an an a3 au as b
. 0 a 0 0 0 i 0
dsi dsp dsy dss Qss bs
We will show
3+Hu:0§l;+A~x (9)

Case 1: If i € G, then

Case 2: If i € G, then
B;‘ + ZE;juj =0 b; + Zafjxj < Bf + Zﬁijxj.
j=1 j=1 j=1
Because of 4 < 4 € Z"" we can conclude according to Corollary 2.1 that 4 is an

M-matrix. Hence, it follows from (9) that u < x.

Setting R := {i : x; = 0} we define 4 = (4;;) and b = (b;) by

aff:: O lflegfeandj#h bi::{o iff‘e%’

a; ifieRand ;=i

i,j=1,...,n. We will show
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Case 1: If i € R, then

Case 2: If i € R, then

n

b; + Zg_,-- 5 DA iaijj =0<b+ iﬁfjvj-

Because of 4 < 4 € Z"™" we can again conclude according to Corollary 2.1 that 4
i1s an M-matrix. Hence, it follows from (10) that x < v.

b) Let [D]™", [R] and f([x]) be defined as in Theorem 3.1. Since [4] is an M-matrix
we have R > O and

f([u, v]) = max{o, [D]"'[Ru — b,Rv — b]} =: [¢,d].

For fixed i € {1,...,n} we have to consider three cases and we will show that in
every case [u;v] = [ci,d;] holds. Note in the following that
[y 7yl = [ry] = —lay] = [-@y, —a,] if i # .

Case 1: (Rv—b), <0.

Then ¢; = d; = 0 and we have to show v; = 0. Assume that v; > 0. Then by the
complementarity one would have b; + (4v), = 0. But this is not true, since
(Rv — b); < 0 is equivalent to

n
bi+ Y a;v >0,
j=lj#i

and if v; > 0 one has

=
a

Case 2: (Ru—b), > 0.

Then we have to show that u; = ¢; and v; = d; where

i :_i(gu—E)‘. and d; :i(}-i’u—g)i.

a;; a;;

Assume that u; = 0. Then by the complementarity one would have b; + (4u); > 0.
However, since (Ru — b); > 0 is equivalent to

g;—l— Z E;juj <0
J=lj#
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one has

5,— - Zﬁijuj = B,: -+ Z “a‘;juj i 0
j=1 j=1j#i
if u; =0. Thertzfore, u; > 0and b; + > aj;u; = 0. Hence, u; = ¢;. Since 0 < u; < v;,
we have b; + ) a,v; = 0. Hence, v/=d;.
= _
Case 3: (Ru — b); < 0 and (Rv — b); > 0.

Then one can show as in Case 1 that ¢; = 0 = »; and

d; =L(EU—Q5) =0

aj;

as in Case 2. O

3.2. Successive overrelaxation (SOR)

We now consider a method for enclosing X([4], [b]) which can be considered as a
generalization of the well-known (SOR) method. For w =1 this method spe-
cializes to an iterative method which may be considered as a generalization of the
Gauss-Seidel- or single step method (S).

Theorem 3.3. Let [b] € IR" and [4] € IR"*". Assume that [4] is an H-matrix sat-
isfying a; > 0,i=1,...,n. We define

TI—T " 0 - .. 0
2 ayy 0
D" = , [L=- [_2] _ ;
0 . : 5 i,
Bl . lan] -+ [ama] O
0 [an] [a1n]
U:=-|" 0 [ : | and [R] := [L] + [U].
: Ap—1n
O e s 0

Let [x*] be the unique fixed point of the equation
[x] = max{o, [D] ™ ([R][x] — [¢])}

(see Theorem 3.1). Then the following holds:
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a) For

O<w< 2 = =: Wy
L+ p(([D]) "1[RII)

the iteration

[x°] € IR",x" > o arbitrary,
(SOR){ (1] := max{o, (1 — )] + @[D]™' ([UI¥*] + [LI**'] - [8])},
Fs0 4.0
converges to a unique interval vector [X] satisfying

% = max{o, (1 — @) + o[D] ' (V][] + LI — [6])}-
b) Z([4], [b]) < [x].
OF=K]if0<w<1.
d) {2 K]if 1 << w.
Proof. a) For fixed D € [D], L € [L], U € [U], b € [b] we define the function
f(x; D7 L, U,b) :== max{o, (1 — w)x + oD~ " (Ux + Lx — b)},x € R,

its interval extension

/() := max{o, (1 - 0)[x] + w[D] " (U] + [Z][x] - [£])}, ] € IR"
and the function

g([x], ]) == max{o, (1 - ©)y] + [D] ' (UID] + [L]ix] - [B])},
[], [v] € IR". Obviously |
g9([x, [x) = £ (x])
holds. Using Lemma 2.2 and |[D]™"| = ([D])~', we can conclude that
q(9(], [2), 9(b], ) < Ja([x], )

where J = o([D])""|[L]| and

q(9([), &), 9([2], b)) < Ga(x], )

with G = |1 — w|l + o([D])"'|[U]]. We show that
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p(J)<1 and p((I-7)'G) < 1
hold. Then using Theorem 11.5 in [2] we can conclude assertion a).

To verify p(J) < 1, we set B := L([D]), C :=|[L]| and 4 := B — C. Since Aegm

(4]

is a triangular matrix with positive diagonal entries, 4 is an M-matrix. Using
Theorem 2.2 we get p(J) < 1. Setting H,, := (I —J) "' G we have

= |

Ay = (1= (D) 12)) (It - ol + o0~ [[U]]).

Using Lemma 2 in [12] with B := ([D])"'|[R]| and L,, := H,, it holds p(H,) < 1.

b) Let x € £([4],[b]). Then there are D € [D], L € [L], U € [U] and b € [b] satis-
fying

o =min{x,b+ (D — L — U)x}
=min{x,b+ (0”'D—L-U+ (1 — 0 ")D)x}
= min{x, o 'DwD™ (0 'Dx + b — Lx — Ux + (1 — ™ ")Dx)}.

Because of a@; > 0,i=1,...,n, this is equivalent to
o =min{x,x + oD~ (b — Lx — Ux + (1 — 0™ ")Dx)}.
This equation can be rewritten as

0 =x+ min{o, D" (b — Lx — Ux + (1 — 0™ ")Dx)}
=x — max{o,wD™' (Lx + Ux — b — (1 — 0™ ")Dx)},

which leads to
x = max{o, (1 — ®)x + oD~} (Ux + Lx — b)} = f(x; D', L, U, b).

Using Corollary 11.6 in [2] we get x € [X].

c) We have
"] = max{o, [D] "' ([R]lx"] - [B])}
= max{o, [D] ™ ([L]lx"] + [U]"] — [B])}-
Leti € {1,...,n}. Then we use the following notation

el = (— 3 fall] - m). (11)

j=Ti#
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Case 1: Suppose [x;] =0 then ¢; < 0 and we can conclude that
[x/] = 0 = max{0, (1 — w)[x]] + w[ci]}.

Case 2: Suppose x; =0 and X; > 0. Then ¢; <0 and ¢; > 0. Since 0 < w < 1 we
have the following equalities

max{0, (1 — w)[e;] + w[ci]} = [0,
= max{0, (1 — w) max{0, [¢;]} + w[ci]}

and

[x/] = max{0, [¢;]} = max{0, (1 — w)[ci] + w[ci]}
= max{0, (1 — o) max{0, [¢;]} + w[ci]}
= max{0, (1 — o)[x}] + w[c;]}.

Case 3: Suppose x; > 0. Then it is ¢; > 0 and it holds
max{0, (1 — o)[e;] + w[ei]} = max{0, (1 — w) max{0, [¢;]} + w[ci]}.

Then [x}] = max{0, (1 — o)[x!] + w[c;]} follows as in Case 2. Due to the unique-
ness proved in a) we have [x*] = [x].

d) We start (SOR) with [¥] := [x*] and show that
K1 C®], k£=0,1,2,....

Then using a) we can conclude that [x*] C [x] = Jim [%].

Let i € {1,...,n} and suppose that for some k > 0
[#*l e [jfk] and
RIS ®Y] forj=1,...,i—1
We will use the notation (11) and
1 i—1 B n r
[di] == @l (— > lalE = > ey - [bf])-
L J=1 J=i+1
Case 1: Suppose [x;] = 0. Then 0 = [x}] = max{0, [¢;]} implies

0 = max{0, (1 — ) - 0+ w[c;]}
€ max{0, (1 - )[F] + w[d]} = [FF*'].
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Case 2: Suppose x; = 0 and X; > 0. Since w > 1 we have
[x7] = max{0, [c;]} € max{0, w[c;]} = max{0, (1 - ») - []] + w[e]}
C max{0, (1 - ) - [#] + ofd]} = ],
Case 3: Suppose x7 > 0.-Then it is ¢; > 0 and it holds
[c;] = max{0, [c:]}.
Hence, since @ > 1 we get
[xi] = max{0, [¢;]} € max{0, (1 - w)[e;] + wlci]}
— max{0, (1 - w)[x}] + wle]} € [#*). O

The special case @ = 1 of the (SOR) method is usually called Gauss-Seidel- or
single step method (S). The preceding theorem shows that for all 0 < w <1 the
(SOR) method and the single step method have the same limit, whereas for @ > 1
the limit of the (SOR) method is with respect to inclusion in general bigger.
Subsequently we only consider the case w = 1.

3.3. The symmetric single step method (SS)

Theorem 3.4. Let [b] € IR" and let [A] € IR"™" be an H-matrix. We define [L], (U],
(D] and [R] as in Theorem 3.3. Then, the sequence {{"]} o, calculated according
to the iteration method (symmetric single step method)

4] = max{o, D] (V][] + (L] - 5]) },

(SS)] [+ = max{o, o)™ ([U] 4] + (L)) - [b]) }
k=002 a0

converges for all interval vectors [u°] € IR" to [x*], where [x*] is the unique fixed
point of the equation

(x] = max{o, [D] " (RIix] - [b)) }.

Proof. From [R|[x*] = [U][x*] + [L][x*] it follows as in the proof of Theorem 3.3
that g([u**'], [x*]) < Pg([u"], [x*]), where P :=

(7= on"1wn) ™ " wi (2 - @) )

1s the symmetric Gauss-Seidel iteration matrix of the M-matrix ([4]) which is
known to satisfy p(P) < 1 ([3]). Since

("], *]) < P*q (), ")),

it follows that lim [*] = ). O
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4. Modifications of (T), (S) and (SS)

In this section we consider modifications of the preceding iterative methods
which are based on the fact that if for any of these methods one is starting with
an interval vector containing the Iimit, then all iterates contain the limit.
Therefore the enclosure of the limit might be improved by forming intersections
after each iteration step.

4.1. (T), (S) and (SS) with intersection
Theorem 4.1. Let [b] € IR" and let [A] € IR™" be an H-matrix with a; >0,

i=1,...,n. We define [L], (U], [D]”" and [R)] as in Theorem 3.3. Furthermore, let
[x*] be the (due to Theorem 3.1) unique fixed point of

£ () = max{o, [D] ™ (RJix] - 8] }.

We assume that we have an interval vector [start] € IR" satisfying [x*| C [start].
We consider the iteration methods:

«) Total step method with intersection.

(1] := [start]
(m{ [#+1] := [#] n max{o, (D] (RI[#] — [8)) )

p) Single step method with intersection.

( [s°) == [start]
fori=1tondo
(s1){ Isit'] =
[s7] ﬂmax{ "l ( E[au][ o gl[au][ = [b,—])}.

y) Symmetric single step method with intersection.

( [°] := [start]
fori=1tondo

1
AU

(551)4 [Zf]ﬂmax{O,[;j]( E:Zi[ag][ ) El[a”][] [bs])}

for i = n downto 1 do

1] = [)n

]

m{oﬁ (— AT 1) }

j=1 Jj=i+l
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Then it holds:

AEI2 12, £=0,1;2::4-

b im )= Jim 4] = Jim[e]) = ]

¢)If[A] = A € R"" and [b] = b € R”, then (TI), (SI) and (SST) are convergent to
the unique solution of the LCP defined by A and b.

Proof. a) The proof is by induction. We have

[°] = [s°) = [£°] = [star1].

First, we show [¢A*1] D [s**!] assuming [£] D [s*]. It is

[51] = max{ (Z[QU] )} N [s%]

C max{ Tan] ( Z[‘IU 6] - )} Nl ="

Since [s**1] C [s%] C [#] we have

[s5] = max{o,@ (—[azll[S'fH] = i[azj][b‘f] - [bz]) } N [s3]
= maX{Oj [a;] ( [an](t} Z[az; )} ally

=[5"]

Continuing in this manner we can show [ D [¥*!] fori=1,...,n.

Finally, we verify [+1] C [s**1] assuming [£] C [s¥]. It is easy to see that
[Z+3] C [s**1] since both interval vectors are defined in the same way. Then using
[a] N [b] C [b] we get
caniicas Ity
b) With [°] O [x*] and assuming [#] D [x*] we have
=D F 2 /() N R = -
Hence, [g] := lim (%] 2 [x*]. It is

l9] = f([g]) N [g] € f([g))-
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Now, we consider (7) with [x°] = [g]. Assuming [x*] D [g] we have

P = £ () 2 £((g) 2 [g)-
Then we get via Theorem 3.1

] = Jim (] 2 [g].

Using Theorem 3.3 and Theorem 3.4 one can show
klim = ] = klim []

in the same manner.

¢) Starting (T) with [x°] = o we have d([x*]) = o for all k. Since lim [x*] = [x*] we
have d([x*]) = 0. So, [x*] =x*, a point vector, which by Théoi®m 3.1 is the
solution of the LCP defined by 4 and b. By part b) of the present theorem we
know that (77), (SI) and (SS) all converge to x*. O

Remark 4.1. a) Implementing (SI) we can propose the columnwise procedure
given in [15]. This is especially advantageous if one uses Pascal-XSC ([11]), since
this language supports the multiplication of a column vector of an interval matrix
by an interval.

b) Using the idea described in [2], p. 168, it is easy to see that (SS/) can be
performed with essentially the same amount of work as (S7). An exception is the
first step. Furthermore the division by [a;] has to be performed twice in every step.
This could be avoided by computing once and for all the intervals [a;;]/[aiil, i # j.
However, proceeding in this manner would increase the limit [x*] in the set the-
oretic sense. This 1s, of course, undesirable.

c¢) Statement a) of the preceding theorem shows that (SS7) is the method of choice.

4.2. How to get an interval vector [start]?

We assume that [b] € IR” and that [4] € IR™” is an H-matrix with ag; > 0,
i=1,...,n Let [D]”", [R] and [x*] defined as in Theorem 3.1. Then we consider
(T) with an arbitrary [x°], xX° > 0. We have seen in the proof of Theorem 3.1 that

p(P) <1, where P:=([D)7"|[R]l.
With

g(], 1) = a(F (D). L)
<P-gq(), ") < ... < P"-g(IY], %))
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we get for [ > k:

a(], 4]) < q(I], X)) + - + g (K], )
< P g(@'], 1) + -+ P ('), )
=Pk-(1+P+---+P*’* - q(ix'], &%)

(zfv) ()
=P (1 =P g(', ).
Since !lin;[x‘] = [x*], it holds that (set & := 1)
a(WLET) <P (=P q(W'], ) =,
which is equivalent to
*—xl|<v, F*-F|<v
and which implies
X —v<x, ¥ <¥ +o.

Hence, we get [x*] C [x' — 0,x! + v] =: [start].

5. Examples

253

We have implemented (77), (SI) and (SS7) as in Theorem 4.1 using PASCAL-XSC
([11]), where we have also taken into account the statements a) and b) of Remark
4.1. The iteration (77) is stopped as soon as there is an iteration step k& with

[**1] = [t*]. The stopping criteria for (S7) and (SS7) are analogous.

In the sequel we present some examples where the interval matrices [4] are

H-matrices satisfying a; > 0,i=1,...,n.

Example 5.1. Let

[A]:([—[%%:i]r%] [—%;—%1), [b]z([]zfjil])'

The shape of X([4], [b]) has already been discussed in [16] and is depicted in Fig. 1.

Note that the line from (1,0) to (4,0) belongs to Z([4], [b]). For (7T) we get

[ 1.000000000000000E + 000, 4.400000000000001E + 001]
[ 0.000000000000000E + 000, 1.000000000000001E + 001]
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22

10

1 4 20 44 z

Fig. 1. The shape of Z([4], [b])

after 100 iteration steps. For (S7) and (SS/) we get the same result after 51
iteration steps. According to Theorem 3.2 this interval vector is the smallest
interval vector enclosing X([4], [b]), since [4] is even an M-matrix. Using the (SOR)
method with w = 1.0001 we get

[ 9.956987396218869E — 001, 4.401260378113437E + 001]
[ 0.000000000000000E + 000, 1.000415126037813E + 001]

after 52 iteration steps which corresponds to part d) of Theorem 3.3. Using the
(SOR) method with @ = 0.95 we get

[ 9.999999999999998E — 001, 4.400000000000003E + 001]
[ 0.000000000000000E + 000, 1.000000000000001E + 001]

after 58 iteration steps.

Example 5.2. Let

2 =1, B 0 © 2
-] 2 =1 © 0 -3

=0 -1 49 -1 0o, B=][-1]
0 0 -1 3 1 2,4]
0 0 0 -1 1 0
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We get the inclusion

[ 0.000000000000000E + 000, 0.000000000000000E + 000]
[ 1.529411764705882E + 000, 1.857142857142858E + 000]
[ 5.882352941176469E — 002, 7.142857142857144E — 001]
[ 0.000000000000000E + 000, 0.000000000000000E -+ 000]
[ 0.000000000000000E + 000, 0.000000000000000E + 000]

of 2([4], [b]) after 40 steps using (77), after 21 steps using (SI) and after 20 steps

using (SSI), respectively. Note that [4] is not an M-matrix due to the (4,5)-entry of
the matrix.

Example 5.3. Let

| 2 [5,6] [-1,0] [-1,2] —1,0]
=11-4-3 1,1 665 pso8 ] D= o

We get the inclusion

[ 0.000000000000000E + 000, 0.000000000000000E + 000]
[ 0.000000000000000E + 000, 2.068965517241380E — 001]
[ 0.000000000000000E + 000, 3.448275862068967E — 002]
[ 0.000000000000000E + 000, 0.000000000000000E + 000]

of X([4], [b]) after 27 steps using (77), after 14 steps using (SI) and after 14 steps
using (SS7), respectively.

Considering a point problem

75 21 0.7 —03 0.2
S5 BW. G 2R <06

A4=1 33 1 62 07 | 2= o |
1 -1 025 5 1.3

we get the inclusion

[ 0.000000000000000E + 000, 0.000000000000000E + 000]
[ 1.052631578947368E — 001, 1.052631578947369E — 001]
[ 0.000000000000000E + 000, 0.000000000000000E + 000]
[ 0.000000000000000E + 000, 0.000000000000000E ~+ 000]
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of the unique solution of the LCP defined by 4 and b after 3 steps using (77), after
3 steps using (S7) and after 2 steps using (SS7), respectively.

Example 5.4. Let

[ [20,21] [-1,-05] [0,0.1] [0.1,0.2] [-2,—1]
[~03,-02] [20,21]  [0.8,1] [0.2,04] [-0.2,0]
4 =] [0,0.1] [0.1,0.2] [20,21] [0.1,0.2] [-2,—1]
[-03,-0.2] [0,0.1]  [0.8,1] [30,31] [-0.2,0]
[-1,-0.5]  [0,0.1] [0.1,02] [-2,—1] [30,31]
[ 02,04
[~1,-0.8]
] = | [-0.2,0.2]
0.2,0.4]
\ el i8]

We get the inclusion

[ 0.000000000000000E -+ 000, 0.000000000000000E + 000]
[ 3.746923870762879E — 002, 5.033333333333335E — 002]
[ 0.000000000000000E + 000, 1.314598713979520E — 002]
[ 0.000000000000000E + 000, 0.000000000000000E -+ 000]
[ 2.555927320124862E — 002, 3.333333333333334E — 002]

of Z([4], [b]) after 11 steps using (77), after 7 steps using (S/) and after 6 steps

using (SS7), respectively.

Example 5.5. Let

[1,1.5) —0.5 -0.5
0 :
=1 : 05 = | SIS
: 0 [1,1.5] -0.5"
0 0 [1,1.5]

and

ifi =2k+1, -
if = 2k, } P By 10s
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We get the inclusion

[ 3.081847279378140E + 000, 1.951054687500001E + 001]
[ 2.911385459533605E + 000, 1.380703125000001E + 001]
[ 1.583539094650204E + 000, 8.404687500000004E + 000]
[ 1.787654320987653E + 000, 6.403125000000002E + 000]
[ 7.407407407407402E — 001, 3.468750000000001E + 000]
[ 1.155555555555555E + 000, 3.112500000000001E + 000]
[ 2.666666666666664E — 001, 1.275000000000001E + 000]
[ 7.999999999999998E — 001, 1.650000000000001E + 000]
[ 0.000000000000000E + 000, 3.000000000000001E — 001]
[ 5.999999999999998E — 001, 1.000000000000000E + 000]

of 2([4], [b]) after 10 steps using (77), after 10 steps using (S7) and after 2 steps
using (SS7), respectively.

Example 5.6. We consider Example 5.1 in [17]. There, a free boundary problem
was discretized taking into account the discretization error. This leads to an LCP
with the matrix

1 -1 0 0
41
A= 0 0 €R
oo, =2 1 =3
0 = 0 =L 1

and an interval vector [b]. Since 4 is an M-matrix, (77), (SI) and (SS/), respec-
tively, will converge to a limit which is the smallest interval vector containing
2(4,[b]). For n = 10 we get the inclusion

[8.210179430213943E — 002, 8.276674431625078E — 002]
[6.605772783177625E — 002, 6.717240846882514E — 002]
[5.182710250343162E — 002, 5.321876250425957E — 002]
[3.937435778530811E — 002, 4.090743764525911E — 002]
[2.866892713400047E — 002, 3.023994094279071E — 002]
[1.968505647879717E — 002, 2.121766916763587E — 002]
1.240158636605719E — 002, 1.384192182526096E — 002]
6.801700849114046E — 003, 8.113913186310685E — 003]
2.872647508163023E — 003, 4.034783240482190E — 003]

[
[
[
[6.054339940538283E — 004, 1.605607503113720E — 003]
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of X(4, [b]) after 884 steps using (77), after 443 steps using (S7) and after 242 steps
using (SSI), respectively.

Final remark. For LCPs with interval data it is not yet precisely understood how
the speed of convergence of the methods considered in this paper is dependent on
the given data. However, this understanding is a prerequisite for the construction
of methods which are faster convergent. This will be part of research done in the
future.
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