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Abstract

This article gives a short introduction to interval analysis and its possible applications. Furthermore an
overview on existing programming languages for interval arithmetic is given. © 1998 Elsevier Science Ltd. All rights

reserved.

1. Introduction

In this paper we give a basic introduction to the
principles of interval arithmetic and its applications.
The paper is written for readers who have no prelimi-
nary knowledge of interval arithmetic. Therefore after
introducing some notation in Section 2 we introduce
the arithmetic for intervals in Section 3 and discuss its
most important properties. In Section 4 we discuss in
a certain depth the problem of range inclusion of a
real function defined on a set which contains an inter-
val. The next Section 5 repeats one of the most import-
ant applications of interval arithmetic, namely the
inclusion of solutions of real equations. Finally, in
Section 6 an overview of existing programming
languages in which interval arithmetic is realized is
presented.

Meanwhile there exists a whole bunch of interesting
and important applications. A reader who is interested
in more information or details should consult the
corresponding literature. Two references which contain
the state of the art are the following.

Ref. [1].
Ref. [2].

* Author to whom all correspondence should be addressed.

2. Notation

The set of reals is denoted by R, its elements by
a, b, ¢, .... For closed bounded intervals contained in
R we write the notation [a]:=[a@]={x¢e IR]Q e,
The meaning of f{[x]) for a real function f is explained
in the next section.

3. Real interval arithmetic and basic properties

In the set B of real numbers we consider closed and
bounded intervals

[a)=[a:a] = {x € Rla<x<a).

The set of all such intervals is denoted by I/R. Real
numbers a can be considered as special elements of IR
with [a] = [a;a]. We simply write « in this case.

If “*” denotes one of the four operations +, —, x, /
for real numbers then the corresponding operations for
two elements [a] and [b] from /R are defined by

[a]*[b] = (a*bla € [a], b € [b]).

In the case of division 0¢[b] is assumed. Since the
function fla,b) = a*b, aclal, belb], *e\{+, —, x, [}
is continuous, [a]*[h] is contained in JR. A simple
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discussion gives the following rules for the four oper-
ations:

[+ ) =[a+ba+bl, [a-[b]=[a~ba—bl,
[a] x [b] = [min{ab.ab,abab}; max{ab,a,ab,ab}],

[a)/18] = [a53] [5-3].

@ >

As for real numbers the multiplication sign “ x ” is

usually replaced by “.” or even omitted.

The multiplication of two intervals can be reduced
to the multiplication of two real numbers in the case in
which not simultancously 0 € [¢] and 0 € [6]. Otherwise
always four real multiplications have to be performed
in the preceding formula for the multiplication.
Recently Heindl [3] has shown, how to reduce this
number to three multiplications.

Besides of these four basic operations we consider
so-called unary operations in IR: Let r be a real con-
tinuous function defined on R (or a subset of B). Then
for [a] contained in the domain of r we define

r([a)) = {r(a)a € [d]} € IR.

Examples are the elementary functions like sqr, sqrt,
sine, cosine, exp, log, tan, ....

With the help of the four elementary operations
for intervals and the preceding definition of r([a]) we
are in the position to define for a real-valued function
fa, b, ..., u, v) the so-called interval arithmetic evalu-
ation of f'by f{[a), [b), ..., [u], [v]).

For interval arithmetic evaluations the following for
applications important rules hold:

() If [a) < [a], (D) = [B], .... [u] < [d], [v] = [F] then

S (@Bl .. [ul V) < £ Q@) ... [, (7).

This property is called inclusion monotonicity.
(2)Ifaclal, be(b], ..., ueu], ve[y] then

flab,...uv)ef(allb),... [ulD].

This property is a special case of the preceding one
and is called inclusion property. It means that the
interval arithmetic evaluation f{[a], [b], ..., [u], [V])
always contains the range R(f; [d], [A], ..., [u], [¥]) of
the real function f defined on the Cartesian product
la] > [B] x ... x [u] x [v]:

R(filal[b]. ... .[ullv]) = { f(a.b,. .. uv)|a € [a).b € [b],
coueluly ey S F((alfbl, ... ulv).

This is the property which makes interval arithmetic so
important in applications.

Proofs of (1) and (2) follow immediately from the
definition of the four basic operations and of ([]).

Example 1. Let

f@=7, x#£1
and

[x] = [2:3].

Then

ROF{x) = [— % - %]

I S I |
f(!x])-—l_[x]— —=[-3-1]
and therefore

R(f3[xD €/ (1xD

as predicted by the preceding considerations.
For x # 0 we can rewrite f{x) as

X 1
e e 0_
MO e T
For the interval arithmetic evaluation over [2; 3] we
obtain

3

=2 —5] = R(f;[xD.O0

~ 1

70 = == |
This example shows that the overestimation of the
range of a given function by the interval arithmetic
expression is strongly dependent on the arithmetic
expression which is used for the interval arithmetic
evaluation of the given function. The reason for this
is based on the fact that interval arithmetic does not
follow the same rules as the arithmetic for real num-
bers. We list a couple of exceptions:

(1) For [x], [], [z] € IR we have

AT+ 2D < X0 y] + (X2

This property is called subdistributivity.
However, for xeR it always holds

x([¥]+ D) = x[ ] + x{z].

(2) For [x]eIR, we have [x]—[x]#0 if [x] is a
proper interval.

(3) For [x] e IR, 0 ¢ [x], we have [x]/[x]# 1 if [x] is a
proper interval.

The distance of two intervals [x] = [x,X] and
[v] = [ ».¥] is defined as the real number

g([x]L[ yD=max{|x — y|,|x — ]).

The absolute value of an interval [x] = [x,X] is defined
as the distance of [x] from 0:

I[x]l:==4([x],0) = max{|x],|x]}.



G. Alefeld, D. Claudio | Computers and Structures 67 (1998) 3-8 5

Among others the following relations hold:

I[x]l = max{|x||x € [x]},

g((x] + [y)[x] +[2]) = ([ y)[2]),

g(x[ y)z]) = Ixlg([¥)IzD). x€R,

q(X][»1LIx1ED < [xDlg( v1.E2D)s

IEPN<IEN 10, X0 = I Y-

The diameter (or width) of an interval [x] = [x,X] is
defined as

w(x]) =% —x.

The following rules hold:

w(lx] £ [¥]) = w(lx]) + w({ »)),

wx[D) = Ixw(y]), xeR,
w(lxJ[ ¥ < w(lxDIyl + [x[w( ¥]),

w([] ¥]) = max {|[x]|w({ ¥]),w(xDI[ ¥]I}-

4. Range inclusion

In Example 1 we have seen that the overestimation
of the range of a real function by the interval arith-
metic evaluation is dependent on the arithmetic
expression which is used for the interval arithmetic
evaluation. Moore [4] has shown that under reasonable
assumptions the following inequality holds for the
distance between R(f; [x]) and f{[x]):

g(R(SIxD, f (D) < yw(lx]), =0,

where [x] is contained in some fixed interval [x]°. This
inequality means that the overestimation of R(f; [x])
by f[x]) goes linearly to zero with the diameter
of [x]. (This estimation analogously holds for the
interval arithmetic evaluation of functions of several
variables.)

Example 2. Let

S =x—x% xex’=[0;1]
and

[x] = [%—r;%+r], 0<r< %

A simple discussion gives
1 1
RO = 3-75 ]

For the interval arithmetic evaluation we obtain

7D = B—!’;%-Fr] . [%—r;%«kr][%—r;%—!-r]

R 5 1
= [4-—2r-—r‘,2+2r-rz}.

Hence

g(R(f[xDf ([xD)

s 1 2 , 1 )’2 1 ) 2 1
._..mdx{ E— r—r‘—z—{— |’Z+ r—r ._4

=max{2r2r— ) = 2r=yw([x]), =1,

as predicted by Moores result. [J

The second part of Example 1 rises the question
whether it is possible to rearrange the variables of the
given function in such a manner that the interval arith-
metic evaluation gives higher than linear convergence
to the range of values. The answer is “yes”. Before we
state the general result we consider again an example.

Example 3. The function flx) = x—x% x€[0; 1]
from Example 2 can be written as

f(x)=x—x? =%— (x—%)(x—%), x e [0;1].

Plugging in intervals we get for the interval arithmetic
evaluation

f‘([xn%— ([%—%*] —%)([%‘%+] '%)
= E—rz;l—ll—i—rz]-

Therefore we obtain

a(R(f[x)S(x])

1 1 =
z"z‘(r’*)

-'1 WX ’
= O D),

»

()

which means that the distance goes quadratically to
zero with w([x]). OJ

The general result is as follows:

Theorem 1. (The centered form)
Let the function :R—R be represented in the so-called
centered form

f(x)=f(2)+ (x—z)- h(x)

=max{

for some z € [x]. If h(x) has an interval arithmetic evalu-
ation h([x]) then (under weak conditions on the arith-
metic evaluation h([x])) for f([x]) defined by

f([xD=1(2) + (x] = 2) - h([x])

it holds that

(@) R(E[x]) < f([x])

and

(®) QREEDE (XD) < y(w(xD)*.00

The property (b) is called quadratic approximation
property of the centered form. The centered form was
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introduced by Moore in [4] where he conjectured
that the quadratic approximation property holds. The
conjecture was proved by Hansen in [5].

The question whether for a given (rational) function
there exists a representation f such that

ARCLD, FOD) <y(xD)™, 720

with m>2 is open. Up to now such representations are
only known under special assumptions.

5. Solution inclusion for real systems

We start with a single equation in one unknown.
We assume that the real function

fixlcDcR—R

is differentiable in D and that the derivative f'(x) has
an interval arithmetic evaluation f'([x]) which does not
contain zero. Assume that f has a zero x* in [x]. Then
by the mean value theorem we have for an arbitrary
x €[x] and for some ¢ between x and x*

S ) —f %) =f(x) =f"(O)x — x*)

and therefore

PR .- e .
TETIO ST T
Hence

L @

o e{x ff([x})]n[x]'

Defining [x]%=[x] and denoting by m([x]) an arbitrary
point contained in [x] then by repeating the preceding
steps we arrive at the following: iteration method for
repeated inclusion of x*:

RG]

VE(ESD)
This method is called Interval-Newton-Method. 1f
0¢/([x]°) this method is well defined, it holds
that x*e[x]* and limg_oo[x]=x* Furthermore the
sequence {w([x])},Z is under certain assumptions
quadratically convergent to zero. Proofs and a whole
bunch of other methods for enclosing zeroes of a real
function can be found in [6].

The function

S(x)

N(x)=x——=—xe[x]e IR

D= F ™ < B
is called the Interval-Newton-Operator. It possesses a
couple of interesting properties, which we obtain as
special cases from the following discussion.

[t = {m‘([x]kl xFf, £=0,12,....

Consider now the function
fIxlc DCR" —R"

where [x] is a so-called interval vector. This is a vector
whose components are compact real intervals. Assume
that the partial derivatives of f exist in D and are
continuous. Let f([x]) denote the interval arithmetic
evaluation of the Jacobi matrix f(x). The matrix f([x])
contains intervals as elements and is called an interval
matrix. Then analogously to the case n = 1 we define
the Interval-Newton-Operator by

N(x]) = x = IGA(S'([x]. S (x)). x €[x].

Here IGA(f'([x]), fix)) is an interval vector which
is obtained by formally applying the formulas of
the Gaussian algorithm to the interval matrix
f(Ix]) and to the right hand side f{x). (interval arith-
metic Gaussian algorithm). For more details see
Ref. [7].

The operator N([x]) has the following interesting
properties.

Theorem 2. Let fD<R"—R" be a continuously
differentiable function.
Let the interval arithmetic evaluation f'([x]) exist for
some [X]=D. Let x€[x] and assume that 1GA(I'([x]),
f(x)) exists. Then the following hold:

(1) If £ has a (necessarily unique) zero x* in [x]
then

x* e N([x]).

@ I
N(x]) N[x] =& (empty set)

then f has no zero x* in [x].

©F
N([x]) < [x],

then f has a unique zero in [x].

A proof of Theorem 2 can be found in [7].

The property (2) allows to prove that a given inter-
val vector [x] contains no zero whereas (3) proves the
existence of a zero in [x].

If [x] contains a zero x* in [x] then analogously
to the case n = 1 we consider the Interval-Newton-
Method for repeated inclusion of the zero:

L = () — IGA(F' (@), £ om0 [,
=012z

In contrast to the case n =1 this method is in
general not convergent to x* (provided it is well



G. Alefeld, D. Claudio [ Computers and Structures 67 (1998 ) 3-8

defined at all). However, we always have x*e[x]"
under the assumptions of Theorem 2. Conditions for
limy_,o[x]* = x* in the case n> 1 can be found in [7].

6. Languages for interval computation

In the preceding sections we have seen that inclusion
monotonicity of interval arithmetic is of fundamental
importance for interval arithmetic. If some algorithm
— like the Interval-Newton-Method — is performed
on a computer then inclusion monotonicity has to
hold also on the computer. Otherwise it cannot be
guaranteed that the final result on the computer really
includes the unknown solution.

In this section we shortly report on a series of exist-
ing programming languages and implementations for
performing interval arithmetic.

Interval arithmetic has been implemented in hard-
ware, in firmware and in software on many different
platforms and is supported by powerful programming
languages.

The XSC (extended scientific computation) library
provides powerful tools necessary for achieving high
accuracy and reliability. It provides a large number of
predefined numerical data types and operations to deal
with uncertain data.

6.1. PASCAL-XSC [8,9]

It is a general purpose programming language. It
provides special support for the implementation of
numerical algorithms with mathematically verified
results. )

Compared with PASCAL, PASCAL-XSC provides
an extended set of mathematical functions that are
available for the types real, complex, interval and
cinterval (complex interval) and delivers a result of
maximum accuracy. Routines for solving numerical
problems have been implemented in PASCAL-XSC.
These routines compute an accurate enclosure of the
solution and prove the existence and the uniqueness of
the solution in the given interval.

PASCAL-XSC systems are available for personal
computers, workstations, mainframes and super-
computers.

[ 2.0E + 000,
[ 2.0E + 000,
[ 2.05E + 000,
[ 2.05903E + 000,
[ 2.059045253413E + 000,

Example 4. (This can also be found in Ref. [10]).
Interval-Newton-Method in PASCAL-XSC.
Function f{x)=./x+(x + 1)cos x.

programm inewt (input, output);
use
i_ari; {i_ari: interval arithmetic}
var
x, 1y: interval;
function f{r: real): interval;
var
x: interval;
begin
x:=r; {Converts r to type interval.}
f=sqrt(x) + (x + 1)*cos(x)
end;
function der (x: interval): interval;
begin
der == 1/(2*sqrt(x)) + cos(x) — (x + 1)*sin(x)
end;

{The interval notation for I/O in PASCAL-XSC

is [inf, sup]}
{mid(x) is the midpoint of the interval x}
function criter (x: interval): boolean;
begin

criter == (sup( flinf(x))*f(sup(x))) < 0) and not

(0 in der(x));
end;
begin

read(y);
while inf( y) < > sup(y) do
begin
if criter( y) then
repeat
X=y;
writeln(x);
y = (mid(x) — fimid(x))/der(x))**x;
until x = y
else
writeln(*“Criterion is not satisfied!™);
writeln;
read(y);

end;

end.

The results with the starting interval [6, 9] are:

3.0E + 000]
2.3E + 000]
2.07E + 000]
2.05906 E + 000]

2.059045253417E + 000]

[2.059045253415143E + 000, 2.059045253415145E + 000]
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6.2 CXSE [11]

It is a programming environment for verified scienti-
fic computing and numerical data processing and is a
tool for the development of numerical algorithms deli-
vering accurate and automatically verified results. C-
X8C allows highlevel programming of numerical appli-
cations in C and C + + .

C-XSC provides the basic numerical data types real,
interval, complex and cinterval with the corresponding
arithmetic operators, relational operators and math-
ematical standard functions. Additionally the standard
functions for the types interval and cinterval enclose
the range of values in tight bounds, that means it sup-
ports the programming of algorithms which automati-
cally enclose the solution of a given mathematical
problem in verified bounds.

6.3. ACRITH-XSC [12]

It 1s an extension of FORTRAN 77. It was devel-
oped in a joint project between IBM/Germany and the
Institute of Applied Mathematics of the University of
Karlsruhe (Professor Kulisch). It can be used unfortu-
nately only on machines with IBB/370-architecture
that operates under the VMCMS operating system.

It is a FORTRAN-like programming library. Its fea-
tures are dynamic arrays, subarrays, interval and vec-
tor arithmetic and problem solving routines for
mathematical problems with verified results.

6.4. FORTRAN-XSC [13]

This language consists of a number of FORTRAN
90 modules providing accurate matrix arithmetic also
with real and complex interval entries.

It is an easy and powerful programming tool for en-
gineering applications. It provides problem-solving
functions and programs that compute an accurate in-
clusion of the true solution and automatically proves
. the existence and uniqueness of a true result, that
means that these programs provide solutions with
error bounds and prove mathematical statements.

References

[1] Numerical Methods and Error Bounds. Proceedings of
the IMACS-GAMM  International ~ Symposium  on

Numerical Methods and Error Bounds, held in Oldenburg,
Germany, July 9-12, 1995. ed. G. Alefeld, J. Herzberger.
Akademie Verlag, Berlin, 1996.

Scientific  Computing and  Validated Numerics.

Proceedings of the International Symposium on Scientific

Computing, Computer Arithmetic and Validated Numerics,

SCAN-95, held in Wuppertal, Germany, September 26—

29, 1995. ed. G. Alefeld, A. Frommer, B. Lang.

Akademie Verlag, Berlin, 1996,

Heindl, G., An improved algorithm for computing the

product of two machine intervals. Report JAGMPI -

9304, Universitat Wuppertal, 1993.

[4] Moore, R. E., Interval Analysis. Prentice Hall,
Englewood Cliffs, NJ, 1966.

[5] Hansen, E. R., The centered form. In Topics in Interval
Analysis. Oxford University Press (Clarendon), London,
MNew York, 1969.

[6] Alefeld, G., Herzberger, J., Introduction to Interval
Computations. Academic Press, New York, 1983,

[7] Alefeld, G., Inclusion methods for systems of nonlinear

equations — the interval Newton method and modifi-

cations. In Topics in Validated Computations, ed. J.

Herzberger. Elsevier Science B.V., Amsterdam, 1994, pp.

7-26.

Klatte, R., Kulisch, U., Neaga, M., Ratz, D_, Ullrich, C.,

PASCAL-XSC Language Reference with Examples,

Springer-Verlag, Heidelberg, 1992.

Allendorfer, U., Shiriaev, D., PASCAL-XSC to C. A

Portable PASCALXSC Compiler. In  Computer

Arithmetic, Scientific Compurtation and Modelling, ed. E.

Kaucher, S. M. Markov and G. Mayer, IMACS Annals

on Computing and Applied Mathematics 12, J. C.

Baltzer, Basel, 1991, pp. 91-104.

[10] Gedrg, S., Hammer, R., Neaga, M., Ratz, D. and
Shinaev, D., PASCAL-XSC, A PASCAL Extension for
Scientific Computation and Numerical Data. Processing
Publication of the Institute of Applied Mathematics,
University of Karlsruhe, Karlsruhe, 1993.

[11] Kilatte, R., Kulisch, U, Lawo, Ch., Rauch, M.,
Wiethoff, A., C-XSC. A C+ + Class Library for
Extended  Scientific  Computing,  Springer-Verlag,
Heidelberg, 1993.

{12] IBM High Accuracy Arithmetic- Extended Scientific
Computation (ACRITH-XSC), General Information. GC
33-6461-01, IBM Corp., 1990.

[13] Walter, W. V., FORTRAN-XSC: A portable fortran 90
module library for accurate and reliable scientific com-
puting. In Validation Numerics — Theory and
Applications, Computing Supplementum, 9, ed. R.
Albrecht, G. Alefeld, H. J. Stetter. 1993, pp. 265-285.

2

3

[8

9



