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Abstract

This article gives a short introduction to interval analysis and its possible applications. Furthermore an
overview on existing programming languages for interval arithmetic is given. cg 1998 Elsevier Science Ltd. All rights
reserved.

1. Introduction

In this paper we give abasie introduction to the
principles of interval arithmetic and its applications.
The paper is written for readers who have no prelimi-
nary knowledge of interval arithmetic. Therefore after
introducing some notation in Seetion 2 we introduce
the arithmetic for intervals in Section 3 and discuss its

most important properties. In Section 4 we discuss in
a certain depth the problem of range inclusion of a
real function defined on a set which contains an inter-

val. The next Section 5 repeats one of the most import-
ant applications of interval arithmetic, namely the
inclusion of solutions of real equations. Finally, in
Section 6 an overview of existing programming
languages in which interval arithmetic is realized is
presented.

Meanwhile there exists a whole bunch of interesting
and important applications. Areader who is interested
in more information or details should consult the

corresponding literature. Two references which contain
the state of the art are the following.

Ref. [1].
Ref. [2].
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2. Notation

The set of reals is denoted by IR, its elements by
a, b, c, For closed bounded intervals contained in
IRwe write the notation [al,= [Q;a]= {x EIRIQ~ x ~ a.
The meaning of jUx]) for areal function f is explained
in the next section.

3. Real interval arithmetic and basic properties

In the set IRof real numbers we consider closed and
bounded intervals

[a}=[Q;i1]= (x E 1R1~~%~iji).

The set of all such intervals is denoted by ffl. Real
numbers a can be considered as special elements of ffl
with [al = [a;a].We simply write a in this case.

If "*,, denotes one of the four operations +, -, x, /
for real numbers then the corresponding operations for
two elements [al and [b]from ffl are defined by

[a]*[b] = (a*bla E [al, b E [b]).

In the case of division 0 rf=[b] is assumed. Since the
function f{a,b) = a*b, a E [al, bE [b], * E\{ +, -, x, /}
is continuous, [a]*[b] is contained in ffl. A simple
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Example 1. Letdiscussion gives the foIlowing rules for the four oper-
ations:

[a]+ [b]= [g+ Q;Zi+ b], [a]- [b]= [g - b;a - Q],

[a]x [b]= [min{ab,gb,ZiQ,Zib];max{ab,g,ZiQ,Zib}],

[a]/[b]= [g;Zi]x [~;~l

As for real numbers the multiplication sign " x " is
usually replaced by " . " or even omitted.

The multiplication of two intervals can be reduced
to the multiplication of two real numbers in the case in
which not simultaneously 0 E [a]and 0 E [b].Otherwise
always four real multiplications have to be performed
in the preceding formula for the multiplication.
Recently Heindl [3] has shown, how to reduce this
number to three multiplications.

Besides of these four basic operations we consider
so-caIled unary operations in IIR: Let r be areal con-
tinuous function defined on IR(or a subset of IR).Then
für [a]contained in the domain of r we define

r([a]) = {r(a)[a E [a]} E IIR.

Examples are the elementary functions like sqr, sqrt,
sine, eosine, exp, log, tan, ....

With the help of the four elementary operations
for intervals and the preceding definition of r([a]) we
are in the position to define for a real-valued function
f(a, b, ..., u, v) the so-called interval arithmetic evalu-

ation of fby f([a], [b], ..., [u], [v]).
For interval arithmetic evaluations the following for

applications important rules hold:

(I) If [a]<;;[5], [b]<;;[6], ..., [u]<;;[u], [v]<;;[17]then

f([a],[b],... ,[u],[v]) ~f([a],[b],... ,[ü],[V)).

This property is called inc/usion monotonicity.

(2) If a E [al, bE [b], ..., UE [u], VE [v] then

f(a,b,... ,u,v) Ef([a],[b],... ,[u],[v]).

This property is a special case of the preceding one
and is called inclusion property. It means that the
interval arithmetic evaluation f([a], [b], ..., [u], [v])
always contains the range R(j; [al, [b], ..., [u], [v]) of
the real function f defined on the Cartesian product
[al x [b]x ... x [u]x [v]:

R(f;[a],[b],... ,[u],[v])= {f(a,b,... ,u,v)laE [a],bE [b],

...,U E [u],vE [v]}~f([a],[b],... ,[u],[v]).

This is the property which makes interval arithmetic so
important in applications.

Proofs of (1) and (2) follow immediately from the
definition of the four basic operations and of r([a]).

x
f(x)=I-x' x=l-I

and

[x]= [2;3].

Then

R(f;[x])= [ - 2;- n,

[x] - [2;3] = [-3; - I]
f([x]) = I - [x]- 1-[2;3]

and therefore

R(f;[x]) cf([x])

as predicted by the preceding considerations.
For x =F-0 we can rewrite fex) as

x I
f(x)=-=-, x =1-0.

I-x I/x-l

For the interval arithmetic evaluation over [2; 3] we
obtain

I

j([x]) = 1/[2;3]- I [- 2; - n = R(f;[x]).D

This example shows that the overestimation of the
range of a given function by the interval arithmetic
expression is strongly dependent on the arithmetic
expression which is used for the interval arithmetic
evaluation of the given function. The reason for this
is based on the fact that interval arithmetic does not
follow the same rules as the arithmetic for real num-
bers. We lista couple of exceptions:

(I) For [x], [y], [z]E ffl we have

[x]([y]+ [z))~ [x][y]+ [x][z].

This property is called subdistributivity.
However, for xEIRit always holds

x([y] + [z)) = x[y] +x[z].

(2) For [x]Effl, we have [x]- [x]=F-0 if [x] is a
proper interval.

(3) For [x] E ffl, 0 rt [x], we have [xl/lx] =F-I if [x] is a
proper interval.

The distance of two intervals [x] = ~,x] and

[y] = [~,y] is defined as the real number

q([x],[y))'=max{l~ - ~I,[x - yl).

The absolute value of an interval [x] = ~,x] is defined
as the distance of [x] from 0:

l[x]l'=q([x],O) = max{l~[J\'I).




