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Abstract — Zusammenfassung

On the Approximation of the Range of Values by Interval Arithmetic Expressions. If the real-valued
mapping f has a representation of the form f(x) = @, + £(x)" h(x), x € X, where for the diameter of h(X)
the inequality d(h(X)) < ¢d(X) holds and for the absolute value of £(X) we have |£(X)| < 7d(X)", then
we introduce an interval expression for f which approximates the range of values of f over the compact
interval X with order n + 1. Our result contains as a special case the theorem on higher order centered
forms from [2] and a series of representations of f not discussed before.
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Uber die Approximation des Wertebereichs durch Intervallausdriicke. Die reele Funktion f besitze iiber
dem Intervall X eine Darstellung der Form f(x) = ¢, + £(x)* h(x), x € X. Fiir den Durchmesser von
h(X) gelte d(h(X)) < ¢d(X) und fiir den Absolutbetrag von £(X) bestehe die Ungleichung |£(X)| < =d(X)".
Dann geben wir einen Intervallausdruck an, der den Wertebereich von f iiber dem Intervall X mit der
Ordnung n + 1 approximiert. Unser Resultat enthilt als Spezialfall das Theorem aus [2] {iber zentrierte
Formen hoherer Ordnung und auBlerdem eine Reihe von Darstellungen von f] fiir die diese Resultate
bisher nicht bekannt waren.

1. Introduction

A fundamental property of interval arithmetic is the fact that it allows to include
the range of values of real functions over an interval. It is well known that the
distance of such a result to the exact range is strongly dependent on the representa-
tion of the function. For some details see, for example, the discussion in Chapter 3
of [1]. In this paper we discuss a generalization of the following result (see [2]):

Let the real valued function f be defined on the real compact interval X < R.
Assume that for some c € X and for some integer n > 1 the function f can be
represented as

(1) Jx) = fle) + (x — ¢f* h(x)

where h is a continuous function defined on X. Let d(X) = x, — x, be the diameter
of the interval X = [x,, x,] and denote by g(A4, B) the Hausdorff distance of two
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compact intervals A = [a;,a,] and B = [b,,b,]:

2 q(4, B) = max{|a, — by}, la; — b,|}.
Assume that h(X) is a real compact interval for which

(3) h(x) € h(X), xeX

and

4 d(h(X)) < o-d(X)

hold. Defining the compact interval f(X) by

©) J(X) = fle) + W((x — o), X)- h(X)
where W((x — ¢)", X) denotes the range of (x — ¢)" over X then it follows that
(6) f(x) € f(X), xeX

and for W(f, X), the range of values of f over X, it holds
(7) a(W(f, X), f(X)) < xd(X)™

where k is a nonnegative constant.
Because of (7) the representation (5) is called a centered form of f of order n + 1.

It was already mentioned in [2] that it is not an easy task to find a representation
(1) of f (if it exists at all). In this note we show that the representation (1) of f is only
a special case of a more general form which has the same approximation property.
We first consider an example.

2. Example

Let there be given the real polynomial
fB=x*—-6x2+(12—&)x—(8—2%), £>0
which has the zeroes '
x,=2—c¢, X, =2, Xy =2+e¢.

Consider the interval X =[2 — §,2 + d], 0 < < 2, which contains the zeroes if
80,

An elementary discussion gives the following result.

a) If 6 — 6 > %2./3¢> then f assumes on its maximum and its minimum at the
boundary points of X and we get for the range of values of f over X the interval

W(f,X)=[—0>+¢&%,0° — &%].
b) Otherwise, that is if 6> — 26 < %\/g &%, we get
W(f,X)=%./3¢[-1,1].
A) Assume now that we write f(x) in the form
1) = @6 + ¢(x)- h(x)
where g =0, 4(x) = x — 2, h(x) = x> — 4x + 4 — &%
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Then we get
F(X) = @0 + W(t,X)- h(X) |
=[—6,6]([2—8,2+8][2—6,2+8]—4[2—6,2+ 6] +4—¢%)
=[—6,0][6% —&* — 85, 6% — & + 85]
=[-8 + 8e% — 862, 8 — d&* + 85%].
Hence in case a) we get
a(W(f,X), (X)) = 85* = ¢,d(X)?
and in case b) because of ¢ < § = 1d(X)
g(W(f,X), f(X))=max{|—2./3¢> + &° — ¢? + 852, 2./3¢ — 8% + 6¢% — 852|}
= 3./36 — 6° + 662 — 88%| < ¢, d(X)*.

These results are not surprising since they are covered by the quadratic approxima-
tion property of the centered form. See (1) for n = 1 and (7).

B) Assume now that we write f(x) in the form
J(¥) = @0 + £(x)- h(x)
where ¢, = 0,Z(x) =(x —2)(x — (2 + &), h(x) =x — (2 — ¢).
Then we get
fX) = @, + W(£, X)h(X)

- _z(z + g),z(z— 5)}([2 —5,249]-02~-¢)

2
" _%, 5% + sﬁ:l[w(é —¢),8 +¢]

= Lmin{—é(é-lra), —-(5—5)(52+85)}, max {%2—(5—3), (52+£5)(5+8)}:| .

Using again the fact that ¢ < § = $d(X) it is easy to see that both in case a) and in
case b)

a(W(f£, X), (X)) < c;d(X)?
holds.

Note that this result is not covered by the Theorem mentioned in the preceding
Chapter. It is a special case of a more general result which we are now going to state
and to prove.

3. Results

The result of the example from the preceding chapter is covered by the following
main result of this paper.

Theorem. Let the real valued function f be defined on a compact interval X < R.
Assume that the function f can be represented as
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@® | f&x)=¢o+/(x)h(x), xeX,

where ¢, € R and where £ and h are continuous functions on X. Assume that h(X) is
a real compact interval for which

(9) h(x) € h(X), xeX

and

(10) d(h(X)) < ad(X).

Furthermore assume that £(X) is a real compact interval for which

(11) {(x) e £(X), xeX

and

(12) 1£(X)] < rd(Xy"

where |-| ;= q(-,0) denotes the absolute value of an interval. Defining the compact
interval f(X) by

(13) J(X):= @ + W(£, X)- h(X)

it follows that

(14) q(f(X), W(f, X)) < xd(X)y"*

where K is a nonnegative constant. O

Of course, we also have W(f, X) < f(X) since by (9)
W(f,X) = {@o + £(X)h(x)]x € X}
< oo+ W, X) W(h,X)
< @ + W, X) h(X).
Before we go into the details of a proof of this Theorem we include some remarks:

1. Assume that £(x) = (x — ¢)" for some c € X. It follows from (8) that ¢, = f(c). If
we define £(X) := (X — ¢)” (product of n terms each equal to the interval X — c), we
have

X)) =X —cf] < |(X — X)|
= |X — X" =d(X)
and therefore (12) holds.
Hence our Theorem contains the results from [2] as a special case.

2. Assume that £(x) = (x — x{)(x — x;)-...-(x — x,) where x;€ X, i = 1(I)n. It
follows from (8) that ¢, = f(x;),i = 1(1)n.

If we define /(X) := (X — x,) (X — x,)-...-(X — x,) (product of the n intervals
X — x;,i=1(1)n), we have '

[£(X)] = (X — x;)(X — x3) ... (X — x,)|
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<|X - X)X — X)-...-(X — X)|
— dCx
and therefore (12) holds.

For x; = ¢, i = 1(1)n, we have the special case which was discussed in Remark 1.
Hence the Theorem of this paper is more general than the results from [2].

3. Assume that £(x) = (5;(x) — ¢;)-..-(s.(x) — c,) where the real functions s;,
i = 1(1)n, are continuous over the compact interval X. Denote by s;(X) compact
intervals for which s;(x) € s{X), x € X, and d(s,(X)) < 1;d(X), i = 1(1)n, hold. Choose
¢; € s(X), i = 1(1)n. Defining

£(X) = (s1(X) — ¢1) ..~ (s4(X) — ¢,)
it follows that
I£(X)] = [(5,(X) — €4) ... (X)) — c,)]
< I(s1(X) — 51(X)) ...~ (s4(X) — s,(X))]
< d(sy(X)) ... d(s.(X))
£ ot r g XV - rd{ XY,
where 7 = 1, -...- 1, and therefore (12) holds.

4. As the example from the preceding chapter shows there may exist a representa-
tion (8) of f(x) with £(x) = (x — x,)-...-(x — x,) where the x; are pairwise distinct.
However a representation with all x; equal does not exist or may not be readily
available. On the other hand it must be stressed that W(Z, X) can be computed easily
only in very special cases. This is for example the case if £(x) = (x — ¢)" for some
integer n. For 4(x) = (x — x,)-...*(x — x,) with pairwise different numbers x,,
i = 1(1)n, only small values of n are of practical value.

Proof of the Theorem.
Let hy € h(X). Defining g(x) = ¢, + £(x)hy, r(x) = £(x)- (h(x) — h,) we have

(15) f(x) = g(x) + r(x), xeD.
Setting
(16) r(X) :== £(X) - (h(X) — ho)

we have r(x) e r(X) because of (9) and (11).
For f(X) defined by (13) we have
fX) = @0 + W, X) h(X)
= @o + W(£,X)"{ho + h(X) — ho}
S @o + W(£, X) ho + W(£,X)" (h(X) — ho)
< W(g, X) + r(X) =:f(X).
f(X) is a remainder form of f over X (see the Appendix).

Because of

W(f,X) < f(X) < f(X)
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it follows from property b) of remainder forms (see the Appendix) that
a(W(£, X), (X)) < g(W(£, X), (X)) < 2|r(X)|.
Using the definition (16) of r(X), we get by (10) and (12)
Ir(X)| = [£(X)- (h(X) — ho)]

= [£(X)]-[h(X) — hy

< [£(X)]- |h(X) — h(X)]

< 1£(X)]-d(h(X))

< dd(X)- od(X)

=kd(Xy'*', k=ot. 0

4. Appendix. Remainder Form (Cornelius-Lohner [2]).

Let f: D — R be a real function and suppose that f can be represented as

(17 f(x) =g(x) + r(x), xeD,

where g: D — R is continuous and r: D - R is bounded. Assume that for some
compact interval X < D we have a compact interval r(X) which contains W(r, X).

Define

(18) f(X) == W(g,X) + r(X).

Then

a) W(f,X) < fix)

b) g (£, X), f(X) < d(r(X)) < 2Ir(X)).

These results can be found in [2], [4].

(18) 1s called a remainder form of f over X.
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