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Abstract: We present an overview on existing methods for including the range of

functions by interval arithmetic tools.

1. Introduction
In this paper we do not try to give a precise definition of what we mean by an

enclosure _method. Instead we first recall that the four basic interval operations

allow to include the range of values of rational functions. Using more appropriate
tools also the range of more general functions can be included. Since all enclosure
methods for the solution of equations which are based on interval arithmetic tools
are finally enclosure methods for the range of some function we concentrate our-
selves on methods for the inclusion of the range of functions. We limit our dis-
cussion to the case of functions of one real variable. Most of the material in the
present papér is well known. See [1], Chapter 3 and the books [9], [10] by
Ratschek and Rokne, for example. However, there are also some new results. See

Theorem 2, for example.
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2. Notation

The notation in this paper is essentially the same as in [1]. We repeat the most
important ones in order that the non-specialist can also read this paper. Real
intervals [31;32]’ [bl;sz,... are denoted by [a], [b],... . The four arithmetic

operations for intervals are defined by

[a]«lb] = {asbla € [a] , b e ]} , * € {+~x/}

The result is an interval whose bounds can be computed from the bounds of [a]
and [b] . Similarly, vectors with intervals as components, so-called interval
vectors, are denoted by [a] = ([a]) , [b] = ([b}) ,... . Analogously, [A] = ([a]l-]-)

denotes an interval matrix. mfa] is the center of [a] , dfa] = ay-a, is the

diameter of [a] , q([a],[b]) max{lal—b1| , lay-by|} denotes the distance of
[2]] and [b] and q([al,0) = |[a]| is called the absolute value of [a] . These
concepts are defined for interval vectors and interval matrices via the components.

For additional details we refer to [1].

3. Interval arithmetic evaluation

The four basic operations for intervals are inclusion monotone:

If faJcfe], bIc[d  then  [aJ«[b] C [c]x[d] , * € {+-x/}

From this it follows that for rational functions (and more generally for all
functions f which have an interval arithmetic evaluation (see [1]; Chapter 3)) the
range R(fi[x]) of f over the interval [x] is contained in the interval arithmetic

evaluation f([x]) :



Enclosure Methods

(1) R(&[x]) ¢ f([x]) -
Example 1. Let

f(x) =15 , x#1
and [x] = [2; 3] . Then

REXD) = [-25- 3] ,

() = 1k = 5 = 311,

and therefore R(f;[x]) C f([x]) holds.

For x # 0 we can rewrite f(x) as

f(x)z%zil—l L x40 .
L.

For the interval arithmetic evaluation of this function over [2;3] we get

£ (k) = = (23 - 31 = R0

The preceding example shows that the overestimation of R(f;[x]) by f([x])

strongly dependent on the arithmetic expression which is used for the interval

arithmetic evaluation of the given function.
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Moore [6] has shown that under reasonable assumptions the following inequality

holds for the distance between R(f;[x]) and f([x]):
2 qREX) , {(x)) < 7dix], X xI°, 72 0.

This means that the overestimation of R(f;[x]) by f([x]) goes linearly to zero

with d[x] . We illustrate this using the following example.

Example 2. Let

f(x) =x- x5, xe[xP° =[01].
Set [x]={%-r;%+r],0£r§%.

A simple discussion gives

7|

RERD = G-173 3.

For f([x]) we get

() =G-r;3+Md-B-r54+0G-r;5+1]

=[%——2r—r

i

;21[+2r—r2].

From this we get

2 1

QRERD 5 £([x) = max {|J-2r -2~ F+ 2], |5+ 2 -0

-2
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max {2r , 2r - r2}

21 = Xk 5 = 4,
as predicted by Moore's result (2). a]

The second part of Example 1 rises the question whether it is possible to rearrange
the variables of the given function in such a manner that the interval arithmetic
evaluation gives higher than linear convergence to the range of values. The answer
is "yes". Before we state the general result we consider again an example.

2

Example 3. The function f(x) = x - x, x € [0;1] , from the preceding

example can be rewritten as

f() = x - x> = - (x- ) -2), xe[01]

Plugging in intervals we get for the interval arithmetic evaluation

) =2-@G-rsl+a-Had-r;l+n-)

Hence we get

aRERD , @) = max (13- 2 - d-D), k21
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= 1 = J(dix)°

which means that the distance goes quadratically to zero with d[x]

The general result is as follows:

Theorem 1. (The centered form). Let the (rational) function f : R - R  be

represented 1n the form

©) f(x) = f(z) + (x-z) - h(x)

for some z € [x] . If we define

(4) f(Ix]) := f(z) + (x] - 2) h([x])

then (under weak conditions on the interval arithmetic evaluation h([x]) , see

Theorem 2) it holds that

a) R(f[x]) € f([x])

and

) b) aRERX) 5 (X)) < 7 (@dx)° o

Inequality (5) is called "Quadratic approximation property" of the centered form.
(3) was introduced by Moore in [6), where he conjectured that (5) holds. (5) was

first proved by E. Hansen [5].
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How can one find the centered form?

Consider first the case that f(x) is a polynomial

= n
f(x)—ao+a1x+...+anx .

Using the Taylorpolynomial (which can be computed by applying the complete

Horner-scheme) we get

f(x)

i@) + L8 (x2) + . 4 f(%)r@l (x-2)"

f(z) + (x-z) h(x)

where

b(x) = ') + 521 '(0) + ... + iﬁf@ S

If f(x) is a general rational function then (see Ratschek [7], [8]) for s(x) # 0
we can write

f(x)

1 - ) + 1= 1) 50

f(z) + (x-z) & X—sz Z) stx

= f(z) + (x-z) h(x)

Il

where
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h(x) = r(x) - f(z) s(x) )

(x-z) s(x)

Since 1(z) - f(z) s(z) =0 and s(z) # 0 the term x-z appears both in
the nominator and in the denominator of h(x) and therefore can be cancelled

out.

Example 4. Let

2
f(x)=§§ =%, x#3 .

For z =% we have f(z) = - %0 and therefore
il g Ok 1o s
. 7 x-Hsw
=g rice-ha-h-chaw-d-3
== tE-3 N T T
(x g)((x 2) 2)
1 1
=_%0+(x—%)m_(p7)
-y
=~ 15+ (x - 2) h(x)
where
L o B
h(x)=T0 ( 2) ¢ a] %

iy, ¥ i )
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The question whether there exists a representation of f  such that for the

interval arithmetic evaluation of this representation it holds that

qR(EX]), £(xD) < 7 (dxD™

where m > 3 is an open question. However, in special cases this can be

achieved.

Theorem 2. (Generalized centered forms). Let the (rational) function f: R - R

be represented in the form

6)  fx) =g, + () - he) , x€lx,

where @ € R . Assume that there exist intervals {([x]) and h([x]) such

that

M a9 e U, x € (),
® () eh(x), xek,
©) ldxD)| < (dix)”,

(1) d(h(x)) < o dix] -

If we define
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(1) (X)) := ¢, + RERK) - h(x)
then
(2)  REX) C KX
(1) qRERD , (D) <&@ L o
A proof of Theorem 2 has been performed in [1].
Example 5. a) Assume that
(14) (x) = (x-0)", ce[x] .
Then
)] = (0 - 9" < @x)"
and therefore (9) holds.

For n =1 in (14) we have the classical centered form (see Theorem 1). For

n > 1 in (14) the result of Theorem 2 was already proved in [2].

b) Assume that

(15) f(x) = (xxp) + - (%), x, €[x], i=1n.
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Then again
% n

|A[xD)| < (d[x])
and therefore (9) holds.
Whereas R({[x]) is easy to compute in case a) this is in general not true in
case b). On the other hand it might be much easier to find a representation of
f(x) of the form (6) with {x) defined by (15) compared with finding such a
representation using (14). o
We illustrate the preceding Theorem 2 by a simple example.
Example 6. Consider the real polynomial

f(x) = x° - 6x°+ (12- A)x~ (8-22); €50,

which has the zeroes

For [x] =[2-6;2+8], €< 6§<2, the zeroes are contained in [X] .
a) If ol > %\B € then

RER]) = [ 6 + 26; & - 24 .
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b) If £ -6 < %ﬁ ¢ then
Myl = 2 3 ;
RERD =586 [-1;1].

We consider three different cases for the inclusion of

evaluation of interval expressions.
A) f([x]) = £(12-6 ; 2+6])
[ & + 6 - 485; & - 25 + 484
from which it follows that
qREED , ([xD) < 7 dlx] .
This agrees with Moore's result (2).

B) f(x) can be written as

fx) = ¢, + {x) - h(x)

2

where (,90=0, x) =x-2, h(x) =x"-4x +4 - ¢

From this we get

f(Ix]) := ¢, + R(4[x]) - h([x])

R(£[x])

G. Alefeld

by the
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= [ 65 8 (265 2+02-5 5 240] - 4[2-6; 2+8] + 4 - )
IR AP ST B IR

and therefore

ARERD , K06D) < 7 ()2
which agrees with the statement (5) of Theorem 1.
C) If we write f(x) as

f) = ¢, + ) - hx)
where

9o =0, x) = (x-2) (x - (2+¢)) , h(x) = x - (2-¢)

then

(16) f(x)) = ¢, + R(4x]) - h([x])

. (2 2
[min {_21_(§+ €&, = (6~ + €d)} ;

¢ 2
max { 7= (6-¢, (6 + )6+ O}

and therefore

67
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an  qREXD , (D) < 7 (@x)°
which agrees with the statement (13) for n =2 of Theorem 2. See Example 5,
case a). It is important to note that (17) is no longer true if we replace  R(4[x])
by {([x]) (the interval arithmetic evaluation) in (16). o
Cornelius and Lohner [4] had the idea to consider so-called remainder forms of f
for including the range of f by higher order methods.
Theorem 3. (Remainder form). Let f: D c R - R have a representation of
the form

f(x) =g(x) +s(x) , xeD
Assume that

R(sx)) ¢s(x)) , [xIcD
Define

(18) f(Ix]) := R(g[xD + s(x]) .

Then

a) R(E[x]) ¢ f(Ix])
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b) qREXD 5 (X)) < ds([xD) < 2[s(xD] - 0

How can one find a remainder form of f ?
Suppose that f has derivatives of sufficiently high order. Let pa(x) be the

unique polynomial of degree ¢ > 0 solving the Hermite interpolation problem:

1 pPe) =) 5 = owm -1, men,

i
0()n, n>0,

-
Il

where X, Xy, ..., X € [x] are pairwise distinct and

Then it is well known that

o+1) \ I m.
(20) f(x)=pg(x)+%ﬁf_" 1 (o)

=g(x) +s(x) , x€[x

where we have set  g(x) = pg(x) and s(x) is the remainder term. Assume
now that the derivative f(g+1) has an interval arithmetic evaluation over [x] .

Then, since &(x) € [x] , we can set

o+1) n m
s(ix)) =7ﬁ§1llf( D n gy
1=0
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Using this  s([x]) in (18) Lohner and Cornelius [4] have proved that

@) qREKX) , (D)) < wdx)°H.

Of course it must be stressed that practically only small values of ¢  are

possible for finding R(g;[x]) in (18).

Example 7. Take

Then we have given
pPx) = D), j =012, x, €,

and (20) reads

f'(x ) i ‘(x ) 3
f(x) = f(x,) + —r (%)) + —%— (xx)” + 37 £ (6 x-x,)

g(x) + s(x)
where

f‘(x) f"(x)
g(x)=f(x)+—,—(xx)+—2—]——(xx)

s(x) = 4 £ (€0 (xx)°
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R(g;[x]) is easy to compute in this case since g(x) is a quadratic polynomial.

For

f(0x]) := R(glx) + 3 " (D%,

we have by (21)

AQRER) , (D) < 1@dx)° . o

4. QOutlook

The discussion in the preceding chapter shows that although it is easy to include
the range of functions using interval arithmetic tools it is in general not obvious
how to find very good inclusions with a reasonable amount of work. Therefore this

problem needs very careful further investigations.

We have not comsidered functions of several variables. From a practical point of
view including the range of such a function is even of much greater importance.
See [10], for example, where optimization algorithms, based on interval arithmetic
tools, are discussed. In principle all results of the present paper hold for the
multidimensional case. However, getting good inclusions is in general much more

laborious than for the one dimensional case.
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