SIAM J. NUMER. ANAL.
Vol. 11, No. 2, April 1974

ON THE CONVERGENCE SPEED OF SOME ALGORITHMS FOR
THE SIMULTANEOUS APPROXIMATION OF POLYNOMIAL
ROOTS*

G. ALEFELD anp J. HERZBERGERT

Abstract. This note gives an analysis of the order of convergence of some modified Newton methods.
The modifications we are concerned with are well-known methods—a total-step method and a single-
step method—for refining all roots of an nth-degree polynomial simultaneously. It is shown that for
the single-step method the R-order of convergence, used by Ortega and Rheinboldt in [6], is at least
2 + ¢, > 3, where ¢, > 1 is the unique positive root of the polynomial p,(¢) = ¢" — ¢ — 2.

1. Preliminaries. Suppose f(x) is a polynomial of nth degree given by
f(x)=ax"+ a,.,x" '+ =+ +a,x+ ay.

We assume that the coefficients a,, a,, -- -, a, are complex numbers and that all
the roots ry,r,, - - -, r, are distinct. Let
0) (0 0
X0 xO ... O

be approximations for the roots of f(x). To determine the roots of f(x) we consider
the following methods.

1. Total-step method (TSM).
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2. Single-step method (SSM).
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(See [1],[2], [3].) For sufficiently good starting values x{»’, x{, - - -
be proved that both methods are converging.
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for (TSM) and
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for (SSM), both methods can be written in the form

xED = p 4 — g (x® —r)
1 317" -
1= el K= ves
If we take
= o,
i=1,2,-+-,n, k=0,1,2,:
this may be written as
(1) I
1 1_+_ ))fk) ]
= 1. 2.0 k=012,
The following results are given in [3]:
We suppose
) < min |, — r| =:d/4, T R
1=j=n
Jj#Fi

and we further assume, fori = 1,2, ---, n,

= xlzdy2,  j=1,2,-,n, j#i

Then we get
1 S 3l 3
i#i
for (TSM) and
(2) 1l = 31(162 h(ku[z A+ ] + Z Ihf,."’!:l
i1
for (SSM). :

In addition, if the inequalities || < h < d,/4 hold, then
[hE D] < BPa (1 — 0(h?6)),
where

d; = 16(n — 1)/(3d7)

16
J, = de[ Z(S +n~]

for (TSM) and
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for (SSM).
Hence, both methods are at least cubically convergent.

2. A lower bound for the R-order of SSM. The purpose of this paper is to
prove that (SSM) converges faster than (TSM). To be precise, we give a lower bound
greater than 3 for the order of convergence of the sequence

h® = max |h¥).

1<i<n

We use the following definition of the order of convergence (see [6]): Let I be an
iterative process with limit point x*. Then the quantity

v if R(I,x*)=0forall pe[l, ),
Ogp(l,x*) = <. .
inf{pe([l, 0)[R(I,x*) =1} otherwise,
is called the R-order of I at x*.
R,(I,x*)is called the R-factor of I at x* and is defined by
R, x*) = sup {R,{x®}| {x¥} e C(, x*)}, 1<p< w0,
where
limsup [x® — x*|V*  ifp =1,
R {x¥} = ko
o

llim sup |x® — x*|'7* ifp>1,

k=

and C(I, x*) is the set of all sequences generated by I and converging to x*.
THEOREM. Let g, > 1 be the unique positive root of

plo)=ac"—0—-2=0.
Then for the R-order of (SSM) we have
Ox((SSM),0) = 2 + o,,.
Proof. Using (2), it follows from (1) that

16 1 =1 n
k+1) Z Z

j=i+1

i—1 n
< c|h£"’|2|:z RS D 4 Y |hj."’]]
i=1

j=i+1
as soon as
16 1 _ e
3di2]—]'y§k]|:(" i=1,2 .- n.
We now set
y == 1, K =1m®, i L2, = ooty
e=ch?=1/n-1),
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and get

i—1 n
{k+1) (k)
(s ’?j:|=
1 j=i+1
1.21,2,"',”,

j=

Pl 8(17?‘))2[

Because of lim,_, _ |h¥| = 0,i = 1,2, ---, n, we may assume
0
O <<,
Then we get

(k+1) < m!‘(k*l)
i ES ’? »

= 12 e
Defining the matrix A4 by
g o =
1 R
A=| 0
'2‘1
[ 2 1 0 2]

the vectors m* = (m{*) can successively be calculated by

(3) m* D = gm®

k=0 L2
8 B 3l
k=0,12,
k=0,1,2 ===,

with initial values m{®» = 1,i = 1,2, --- , n. The proof is by induction and will be
omitted. The matrix A4 is nonnegative and its directed graph (see [7, p. 20]) is
strongly connected, i.e., 4 is irreducible. By the Perron-Frobenius theorem (see
[7, p. 30]) this implies that A has a positive eigenvalue 4, equal to its spectral radius.
But, by a simple application of Theorem 2.9 of [7, p. 49], we find that 4 is also
primitive. Thus, for the remaining eigenvalues 1,, 4,, ---, 4, of 4, we get

4) b= pA)> 2 2 g 2 - 2 A
Let
Ak = (ag) ;
denote the kth power of A4. Since A is a primitive matrix, we get
(5) A*>0 fork =k,
(see [7, p. 41]). For an arbitrary matrix with property (4) it can be shown that
. asth
S

(The proof may be found in [4, p. 179].) If ¢ > 0 is given, then

ag;erl}/aS;f) = p(A) — ¢ fork = k(e) = k,,
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or
ai* ! = afp(A) — &, R e
where
«= min a4 >0.
1<i.j<n
Therefore,

af? 2 > aﬁjfﬂ)[P(A) —¢] = ofp(A) — €%,
and, in general,

(6) ;™" z alp(4) — eI,
e 1,250 0gmy, P 1,005

Now, combining (3) and (6) into the single inequality

n
(k+r) __ A4k+r.(0) __ (k+r)
m = A""'m" = ( Z a;; )

j=1
2 (n-a[p(A4) — ]e,
where e = (¢),e; = 1,i = 1,2, --- , n, we obtain
(etr) < S0 < prelo(A) el
i=1,2,-+,n, r=1,2,-++, k2ke)=ky,
or
Ihgk+r)| é lqna[p(zl]—al".
/
For

h® = max [h®)

1<i<n
we also have
h(k+r) S inan[p(A)—s]'.
=
Thus, it follows that

Ryqq)-{h} = lim sup [0 ~or

r—+co

1 1/[p(A)—£]"
é Iim Sl.lp _nﬂﬂi.ﬂ(zi)‘-ﬁ]r
Y

r—o

znan<1’

and therefore

O(SSM),0) 2 p(4) — ¢.
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This inequality holds for all ¢ > 0 and we immediately have

(7) Ox((SSM),0) = p(4).
We now consider the characteristic polynomial p,(4) of 4:
A=A -2 - -2 2.
If we set ¢ = A — 2, then simply substituting this in the polynomial above yields
plo)=0c"—0c — 2.

Since p (1) = —2 and p,(2) = 0 for n = 2, there is a root 6, with 1 < ¢, < 2, and,
by Descartes’ rule of signs, there can be no other positive root of p (g). Thus, for
the spectral radius p(A) of A we have

p(A) =2 + a,,
and the combination with (7) gives
Or((SSM),0) = 2 + g,

which completes the proof.

3. Remark. Two other methods for calculating the roots of a polynomial
simultaneously are the following.
1'. Total step-method (TSM)'.

(k)
B 1) e db) o f(xi?)
i k T ?

JFi
= 1,2, o 5 E=10,1,2,

2'. Single-step method (SSM)'.

k
i ety i—1 ( (k) __ (k+1) n (k) __ (k)y?
ij=1(xi Xj )l_[j=f+1(xi xj)
i=1,2,---,n, k=0,1,2,---

bl

Here we assume a, = 1.
It is well known that the order of convergence of (TSM)' is at least 2 (see [5]).
For (SSM)" we can, as in the proof of the above theorem, deduce the relation

i—1 n
k+1 (k)
W*Hgﬂﬂ{ Lan Z|mq.
j=1 j=it+1

Thus, it follows that the R-order of convergence is at least 1 + 7, > 2, where 1,
denotes the unique positive root of

p(t)=1"—-1—1.

The proof of this statement is similar to the proof given above. In this case, we only
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have to replace all elements in the main diagonal of 4 and the element in the first
column and last row by 1.
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