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Ill-posed problems
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We consider
Tx = y

where T is a bounded operator between Hilbert spaces X and Y .

An well-posed problem (Hadamard, 1902) is given whenever
a solution exists
the solution is unique
solution depends continuously on the data (y 7→ x bounded)

otherwise the problem is termed ill-posed.

Inverse problems are typically ill-posed. Often, the term inverse problem
is used when ill-posed problem is meant.



Moore–Penrose pseudoinverse
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First two conditions of “well-posed” always satisfied with the minimum
norm solution

x+ = T+b of Tx = y ,

where T+ : D(T+) = R(T )⊕R(T )⊥ → N (T )⊥ is the Moore–Penrose
pseudoinverse.

Lemma
The set of all least-squares solutions

Ls := {x ∈ X | T ∗Tx = T ∗y} = argminx∈X ‖y − Tx‖

is not empty for y ∈ D(T+) and the minimum norm solution x+ can be
characterised as

x+ ∈ Ls and x+ ⊥ N (T )⊥



Multiplication operator
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T+ bounded if and only if R(T ) is closed.
Tx = y ill-posed problem if and only if T+ is unbounded.
T : L2(0,1)→ L2(0,1), (Tx)(t) := t · x(t)
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The problem with ill-posed problems
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Instead of right-hand side y only perturbed data with noise-level δ

yδ = y + e, ‖e‖ ≤ δ

known. Exact solution
xδ,+ = T+yδ

not existent or useless due to ill-posedness.
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(Iterative) Regularisation schemes
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Let {Rm}m∈N0 be a family (sequence) of continuous linear or nonlinear
operators from Y to X with Rm0 = 0. If there exists a mapping
m : R+ ×Y →N0 such that for any x+ ∈ N (T )⊥

lim sup
δ→0

{‖Rm(δ,yδ)y
δ − x+‖ | yδ ∈ Y , ‖yδ − Tx+‖ ≤ δ} = 0

holds true, then the pair (Rm,m(δ, yδ)) is called a (convergent)
regularisation scheme for T .

The mapping m is called parameter choice or stopping rule.

Dicrepancy principle: Choose a fixed τ > 1 and set:

m(δ, yδ) := min{m ∈N0 | ‖yδ − Txδ
m‖ ≤ τδ} , (1)

where xδ
m := Rmyδ.



Functional calculus
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Spectral families
Eλ = 1(−∞,λ](T

∗T )

Fλ = 1(−∞,λ](TT ∗)

Operator functions

f (T ∗T ) =
∫ ∞
−∞ f (λ) dEλ

f (TT ∗) =
∫ ∞
−∞ f (λ) dFλ

Scalar products

(f (T ∗T )x, y) =
∫ ∞
−∞ f (λ) d(Eλx, y)

‖f (T ∗T )x‖2 =
∫ ∞
−∞ f 2(λ) d‖Eλx‖2



Convergence rates
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source set Xµ,ρ := {x ∈ X | x = (T ∗T )µw , ‖w‖ ≤ ρ}, µ > 0

For the multiplication operator (Tx)(t) = t · x(t), we have
((T ∗T )µx)(t) = t2µ · x(t).

Definition
Regularisation schemes (Rm,m(δ, yδ)) of optimal order in Xµ,ρ if

sup{‖Rm(δ,yδ)y
δ − x+‖ | x+ ∈ Xµ,ρ, ‖yδ − Tx+‖ ≤ δ} ≤ Cµδ

2µ
2µ+1 ρ

1
2µ+1 ,

where Cµ neither depends on δ nor on ρ.



Rational Krylov subspace and SINE
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Shift-and-invert or resolvent Krylov subspace

Qm = Km((γI + T ∗T )−1,T ∗yδ)

= span
{

T ∗yδ, (γI + T ∗T )−1T ∗yδ, . . . , (γI + T ∗T )−m+1T ∗yδ
}

=

{
pm(T ∗T )

(γ + T ∗T )m T ∗yδ
∣∣∣ pm ∈ Pm

}

Shift-and-invert on the normal equation (SINE)
Determine

xδ
m ∈ Qm such that ‖rm‖ = ‖yδ − Txm‖ = min

x∈Qm
‖yδ − Tx‖

best choice with respect to Qm and the discrepancy principle.



Shift-and-invert on the normal equations (SINE)
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Set x0 = 0, r0 = yδ − Tx0, w0 = T ∗r0.
for j = 0,1,2, . . . do

qj = Twj
δj = (qj ,qj )

αj =
(
rj ,qj

)
/δj

xj+1 = xj + αjwj
rj+1 = rj − αjqj
If ‖rj+1‖ ≤ τδ, stop (discrepancy principle)
sj = T ∗qj

tj+1 = (γI + T ∗T )−1T ∗rj+1

βj =
(
tj+1, sj

)
/δj

wj+1 = tj+1 − βjwj
end for



Properties
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Lemma
As long as qm−1 6= 0: (rm,qj ) = (T ∗rm,wj ) = 0, j = 0, . . . ,m− 1
Lemma
If the algorithm breaks down in step κ with qκ = 0, then xκ = x+ = T+yδ.

Proof

0 = (rκ,qκ) = (T ∗rκ,wκ) = (T ∗rκ, tκ − βκ−1wκ−1) = (T ∗rκ, tκ)

= ((I + T ∗T /γ)tκ, tκ) = (tκ, tκ) +
1
γ
(Ttκ,Ttκ)

= ‖tκ‖2 +
1
γ
‖Ttκ‖2 .

Hence we have 0 = (I + T ∗T /γ)tκ = T ∗rκ in all cases. This means

T ∗Txκ = T ∗yδ, xκ ∈ Qκ ⊆ N (T )⊥,

which characterises the least-squares solution, that is xκ = x+.



Properties
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Lemma
The iterates xm of SINE satisfy ‖rm‖ = minx∈Qm ‖yδ − Tx‖.
Proof
Let zm ∈ Qm = span{w0, . . . ,wm−1}. Since xm ∈ Qm, we can write

zm − xm =
m−1

∑
j=0

ξjwj , ξj ∈ R.

Hence

‖yδ − Tzm‖2 = ‖yδ − Txm‖2 − 2
m−1

∑
j=0

ξj (Twj , rm) + ‖T
m−1

∑
j=0

ξjwj‖2

≥ ‖yδ − Txm‖2 − 2
m−1

∑
j=0

ξj (qj , rm) = ‖yδ − Txm‖2



Convergence
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Theorem
The sequence of the SINE approximations {xn} w.r.t. T ∈ L(X ,Y) and
y ∈ D(T+) with x0 ∈ X converges to T+y + PN (T )x0.

Idea of proof:

rm = rm(TT ∗)y, rm(λ) =
pm(λ)

(1−λ/γ)m−1 , pm(λ) = Πm
j=1

(
1− λ

λj,m

)
‖rm‖ ≤ ‖Fλ1,m

ϕm(TT ∗)y‖ ≤ max0≤λ≤λ1,m

√
λϕ2

m(λ) ‖Eλ1,m
x+‖ .

ϕm(λ) := rm(λ)
(

λ1,m
λ1,m−λ

) 1
2
, 0 ≤ λ ≤ λ1,m

For 0 < ε ≤ λ1,m, we split

‖x+− xm‖ = ‖rm(T ∗T )x+‖ ≤ ‖Eεrm(T ∗T )x+‖+ ‖(I−Eε)rm(T ∗T )x+‖



SINE order-optimal regularisation method
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Theorem
If y ∈ R(T ) and if SINE is stopped according to the discrepancy principle
with m(δ, yδ), then SINE is an order-optimal regularisation method, i.e., if
T+y ∈ Xµ,ρ, then

‖T+y − xδ
m(δ,yδ)

‖ ≤ cρ
1

2µ+1 δ
2µ

2µ+1 .

Proof similar to convergence, including estimate from discrepancy
principle

SINE always stops after finite time



Rate for multiplication operator
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SINE vs CGNE
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Summary and outlook
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Review of some standard idas in dealing with inverse problems

SINE is an optimal order regularisation scheme for ill-posed problems
with bounded T ∈ L(X ,Y), X , Y Hilbert spaces.

First to stop amount all methods that use Qm

Properties analogous to CGNE in standard Krylov subspace

Study convergence including discretisation
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