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Problem setting ﬂ(“.

Solve Maxwells’ equations on domains which require a locally refined grid

Avoid restrictive CFL condition
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Semidiscrete (central fluxes dG in space) AT

Maxwell’s equations in 2nd order form:
9?E(t) = —LE(t),  L=CuCg, initial values,
where L symmetric, positive semi-definite, i.e.

(C4H,E) = (H,CgE),  (LE,E) = ||CEE||> > 0.

a Energy technique

3 SIDE()|? = (BE(D), E(1)) = — (LE(t), 0E() = — 5 | CeE(1)

2 at
a Stability in energy norm

IEM®I? == [[9E(D)I* + [CeE(1)[|* = [|0:E(0)1* + [|CEE(0) |2
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Time integration with leap frog ﬂ(“'

Semidiscrete: 0?E = —LE
Leap frog: Et! —2E" + E" ' = —7°LE"
a and mean value
— En+1 _ En' Hn — %(En+1 4 En)

m LHS:

(En+1 _ 2E" 4 En71 ’ En+1 _ En71)

= (AT = AT ATEATT) = [[ATE AT
a RHS:

(En' En+1 _ En71)

- (- )= =)

1 . 1
TI1B = AR = e A g A

= Ix"I2 - 5 ;
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Conserved quantity ﬂ(“.

Semidiscrete: 0?E = —LE

® Energy: IE(DIZ = [|9:E(1)]1 + [[CeE(1)]|?
Leap frog: E"! —2E" + E" ' = —7°LE", L = C4CE
a Identities:

(En+1 —_2E"+ En71vEn+1 _ En71) _ HAnHZ _ HAn71 Hz
1 1
(EME™ —E™) = W71 — A7 = " P+ g lan P
a Conserved quantity:
n ny2 2 nj2 72 ny2
Lr = A7 + T°[ICep" (" — - [ICeA”

2
T
= [I(E™T ENIF - lICea”||?

AN = En+1 _ E", yn — %(En+1 4 En)
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Stability

arlsruhe Institute of Technology

Leap frog: Et! —2E" + E" ' = —7°LE"
a Conserved quantity:

2
T
(e = A7]1% + T2|\CE}1"H2*7|\CEA"||2 = MPe
a CFL condition: T2||Cg||® < 462, 6 (0,1)
a Stability:
(1=)[[(E™TEN|Z < (1 -6%)[|A"]% + 7°||Cep”|?

2
T
< | A7 + 77| Cep”|[*— - lICeA”|?

< [18%)7 + 72| Cep® |1 = [ (ET, E°)I?
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Relaxing the CFL condition ﬂ("'

Leap frog: E™! —2E" 4+ E" 1 = —72LE"
a Conserved quantity:

n n+1 gnyj 2 TZ ny2
Lr = I(E™ EN)IT — - lCea”|
a Identity:
(En+1 _2E"+ En71 ’ En+1 _ En71) — HAnHZ _ ”Anf1 ”2

Idea:

2
E" —2E"+E" = —72LE" — L(E"T - 2E" B )

a Conserved quantity:
1 > T > T° 2
Men = I(E™ EN|E =7 [ICeA”||* +[[Cea”|
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Relaxing the CFL condition ﬂ("'
Leap frog: E™! —2E" 4+ E" 1 = —72LE"
a Conserved quantity:

n n+1 ny 2 72 ny2

e = IE™" E)I2 -2 Icea”
a Identity:

(En+1 _ 2E" + En—1 , En+1 _ En—1) _ HAn”2 _ ||An—1 ”2
Idea:
2
En+1 _ 2En+ En—1 _ _TZLEH 7ZL<En‘ 1 2En + En 1>
2
- —ZL(E”“ 1 2E" 4 E"—‘) Crank—Nicolson

a Conserved quantity:
My = l[(ETTENZ
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Relaxing the CFL condition ﬂ(“'

Leap frog: E™! —2E" 4+ E" 1 = —72LE"
a Conserved quantity:

n n+1 g2 72 ny2
Lr = I(E™ EN)IT — - lCea”|

a Identity:
(En+1 _ 2En 4 En71 ’ En+1 _ En71) — HAnHZ _ ”Anf1 ”2
Idea:
E"' —2E"+E" ' = —7°LE" = Chyx,Ck

a Conserved quantity:
n n+1 ny2 T2 n2
(= IIE™EDIT = l[CeA|
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Relaxing the CFL condition ﬂ("'

Leap frog: E™! —2E" 4+ E" 1 = —72LE"
a Conserved quantity:

n n+1 g2 72 ny2
Lr = I(E™ EN)IT — - lCea”|

a Identity:
(En+1 _ 2En 4 En71 ’ En+1 _ En71) — HAnHZ _ ”Anf1 ”2
Idea:
E"' —2E"+E" ' = —7°LE" = Chyx,Ck

= —7°LéE" locally implicit
a Conserved quantity:

2
T
[ = [I(E™T EMIZ — - llxeCea”|?
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Summary implicit methods
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Leap frog: EMt! —2E" 4+ E"1 = —72LE"

Crank—Nicolson: EM! 2B+ EMT = — E",

2
locally implicit: E™ —2E"+E" " = —(1+ %L’) (z2L)E"
— _T2LeEn _ En
with function: R(z) = z/(1+ %)
1 T T T
-4l === R(4(£)?)
[0
'l \‘ (>§ /—_—
/ N\ €
N 7| - 2 -
N s/ C
\ /s [\
\\/ E
Eo
-1 ! ! !
-1 1 2 4 6
refinement explicit- 14 T/TF
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Summary implicit methods

arlsruhe Institute of Technology

Leap frog: EMt! —2E" 4+ E"1 = —72LE"

Crank—Nicolson: EM! 2B+ EMT = — E",

2
locally implicit: E™ —2E"+E" " = —(1+ %L’) (z2L)E"
— _T2LeEn _ En
with function: R(z) = z/(1+ %)
1
> 4
[0}
/I\\ (>§
/ N\ €
I\ 7 - 2
N s/ C
N\ /s ©
\\/ E
Eo
-1 ! ! !
-1 1 2 4 6
refinement explicit- 14 T/TF
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Leap-frog-Chebyshev methods ﬂ(“'

Leap frog: Et! —2E" + E" ' = —7°LE"

a explicit methods:
Polynomial Py, : E™! —2E" + E"™' = —P,(7°L)E",
p=2: E"' —2E" +E" ' = —72LE" + AT*L2E"

m Conserved quantity (p = 2):

T2 T4
My =57 +T2HCEPH2_ZHCEAH2 _)\T4||CHCE}”H2+/\ZHCHCEAH2
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Leap-frog-Chebyshev methods ﬂ(“'

Leap frog: Et! —2E" + E" ' = —7°LE"

a explicit methods:
Polynomial Py, : E"! —2E" 4+ E" ' = —P,(7°L)E",
p=2: E"' —2E" +E"' = —7?°LE" + AT*L2E"

a Conserved quantity (p = 2):
2
.
Ma =[Al2 +72||Cep |~ [[CeA® —Ar*||CuCepl?

2
T
:HA*§CHCEAH2+( *|CuCeA|I?

_ a)
+7°||Cep[|? — At*||CHCEp|?

= CFL condition: AT2|Cyl? <62, forA={s: T2||Cul? < 4462
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Leap-frog-Chebyshev methods ﬂ(“'

p=2: EMt! —2E" + E" ' = —72LE" 4+ AT*L2E"
m Conserved quantity (p = 2):

T2 1
My = |8 = S Ce|2+ (5 — 5;)T*ICHCEAIP+2 | Cep||® — A* | CuCenl 2

u CFL condition: AT?|Cyl? <62, forA={s: T2||Chl? < 4462

=1/16 A=1/16
T T
4.002 [~ N

T
4b=-=-

/

min. and max. ev
n

‘ 3.998 1

1 1.5 1.4 1.6 1.8
T/TF T/TF

N =
N
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Leap-frog-Chebyshev methods

o

=2:

m Conserved quantity (p = 2):

m CFL condition:

min. and max. ev

E"t! — 2E" 4+ E"-1 = —72LE" 4+ AT*L2E"

Karlsruhe Institute of Technology

T2 1
My = |8 = S Ce|2+ (5 — 5;)T*ICHCEAIP+2 | Cep||® — A* | CuCenl 2

AT2||Chl|? < 62

A=1/16 A=1/15 A=1/14 A=1/13
T T T T I -
U gmm BRI R S
1 1 ﬁ —
1 1 1 1
1 1 1 1
2 — | I |- 1 —] 2 — 1 —] — 1 —
1 1 1 1
1 1 1 1
1 1 1 1
0 1 i |-' 0 1 _ |- _
| A | 1 | |i\ | |\ |
1 1.5 2 1 1.5 2 1 1.5 2 1 1.5 2
T/TF T/TF T/TF T/
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Local time stepping
Leap frog: E"! —2E" + E" ' = —7°LE"

4
LTS (p = 2): ENt! —2E7 4 EN1 = —72LE" + 116L LE"

a Conserved quantity:

2
T
Mo =||B]P? +T2HCEV|\2—7HCEAH2 —*H CHCEHH2+

2
T
=llxen|? - ZllxeCeal® X
2 T 2, ™ 2
1802 = Sl Ceal? + g5l Cuces 2 v

4
T
+7Cenll® — 51l CuCenl? v
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Discrete curl-operator

We have
(CeE, ¢) =) (curlE, ¢), +Z (IET'. {9}), + boundary terms
K
(xeCeE. @) =) (curlE, ¢) +Z [E]", {xe9}), + boundary terms
Ke
1 1
K
1 1
1 1 1 1
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Local time stepping

Karlsruhe Institute of Technology

4
LTS (p = 2): EM! —2E"4+E" ' = —12LE" + %L LE"
m Conserved quantity:

2
T
My =|xed|? - Z”?CeCEAHZ +...v/

mesh refinement factor 2 factor 4 factor 8

min. and max. ev
n S

o
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Damping ﬂ(“.

Leap frog: Et!' —2E" 4+ E" ' = —12LE"
4
p = 2, damped (v > 1): ENt! _2E" 4 EN1 = _72LE" +u116LZE"
a Conserved quantity:
2
T
My =|A]? +72”cEP‘”2_ZHCEA”2 vIICHCEuH2 vHCHCEAH2
2
_ All2 VT All2
(1= )1l +|\f 5 —Cedll

T
+72|Cepe | ~ EV”CHCE}”HZ

4
a CFL condition: 2||CqI% < - . 402
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Damping ﬂ( T

p = 2, damped (v > 1): Ert! _2E" 4+ EN1 = _2LE" + V%LZE”

m Conserved quantity:

1 4
My = (1- ;)HAHZ + -+ 7| Cep|? - EVHCHCEVHZ

.. 4
a CFL condition: 2||Chl|2 < — - 46
v
v=1 v=1.1 v=1.2
‘ i T 1 T T
> 4F--< L s el B SRR
QO 1 1
3 / : ’—_'—: L
€ 1 1 f
-8 2 : — 2 : - 2 : |
© 1 1 1
c 1 1 I
é 0 1 _ 0 I-} 0 I--E
\ i \ R\ \ k\
1 1.5 2 1 1.5 2 1 1.5 2
T/TLF T/TF T/TLF
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Damped local time stepping ﬂ(“'
Leap frog: E"t! —2E" + E" ' = —7°LE"

4
Damped LTS (p = 2): EM! — 2EM + EN-1 = —72LE" + V%L LE"

a Conserved quantity:
2 72 2X
Mg =|xea | = 2 lxoCea|
2 4
T T
+lvalR - cEA||2+v—\| cucerl2 v
4 64
+ 722 - v H cuCen|? vV
T
~llxeal? - % IxeCeal? v/

(- Dlal 2 v
4
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Damped local time stepping

Karlsruhe Institute of Technology

4
Damped LTS (p = 2): Ent! —2E7 + EN1 = —72LE" + V%L LE"

a Conserved quantity:
2 T 2 1 2
Mz = [[xed|I” = 7 lxeCeAll +(1*;)H AlI*+...

v=1.01 v=1.05 v=1.07

<
Il
-

i
)

min. and max. ev

nN

T
""T'""! -
————p----

T

1 1 1
1| i 1 1 | 1

|
1 1.5 2 1 1.5 2 1 1.5
T/TF T/TF T/TF T/TF

o
) s Bt
=
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Outlook ﬂ(“.

Leap frog: Et! —2E" + E" ' = —7°LE"

leap-frog-Chebyshev: EM!1 —2E"+E" ' = —P,(7°L)E"
= —(1+ Qp_1(7?L))T°LE"
= —72LE" — Qu(7%L)E"

LTS: ENt! —2E"+E" ' = — (14 Qp1(7°Ly))) T2LE"
stability ? — X,  consistency v/

multi-rate
leap-frog-Chebyshev: EM! —2E" 4+ E™ ' = —72LE" — Qp(72L/)E"

= —T2L°E" — Pp(72L)E"
where L€ = CHXeCE, = CH CE

stability v/, consistency ? — X
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