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Problem setting
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Solve Maxwells’ equations on domains which require a locally refined grid

Avoid restrictive CFL condition



Semidiscrete (central fluxes dG in space)
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Maxwell’s equations in 2nd order form:

∂2
t E(t) = −LE(t), L = CHCE, initial values,

where L symmetric, positive semi-definite, i.e.(
CHH,E

)
=
(
H,CEE

)
,

(
LE,E

)
= ‖CEE‖2 ≥ 0.

Energy technique

1
2

d
dt
‖∂tE(t)‖2 =

(
∂2

t E(t), ∂tE(t)
)
= −

(
LE(t), ∂tE(t)

)
= −1

2
d
dt
‖CEE(t)‖2

Stability in energy norm

|||E(t)|||2 := ‖∂tE(t)‖2 + ‖CEE(t)‖2 ≡ ‖∂tE(0)‖2 + ‖CEE(0)‖2



Time integration with leap frog
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Semidiscrete: ∂2
t E = −LE

Leap frog: En+1 − 2En + En−1 = −τ2LEn

Difference and mean value

∆n = En+1 − En, µn =
1
2
(En+1 + En)

LHS: (
En+1 − 2En + En−1,En+1 − En−1)
=
(
∆n − ∆n−1,∆n + ∆n−1) = ‖∆n‖2 − ‖∆n−1‖2

RHS: (
En,En+1 − En−1)
=
(

µn − 1
2

∆n, µn +
1
2

∆n
)
−
(

µn−1 +
1
2

∆n−1, µn−1 − 1
2

∆n−1
)

= ‖µn‖2 − 1
4
‖∆n‖2 − ‖µn−1‖2 +

1
4
‖∆n−1‖2



Conserved quantity
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Semidiscrete: ∂2
t E = −LE

Energy: |||E(t)|||2 = ‖∂tE(t)‖2 + ‖CEE(t)‖2

Leap frog: En+1 − 2En + En−1 = −τ2LEn, L = CHCE

Identities:(
En+1 − 2En + En−1,En+1 − En−1) = ‖∆n‖2 − ‖∆n−1‖2

(
En,En+1 − En−1) = ‖µn‖2 − 1

4
‖∆n‖2 − ‖µn−1‖2 +

1
4
‖∆n−1‖2

Conserved quantity:

Mn
LF = ‖∆n‖2 + τ2‖CEµn‖2 −τ2

4
‖CE∆n‖2

= |||(En+1,En)|||2τ −
τ2

4
‖CE∆n‖2

∆n = En+1 − En, µn =
1
2
(En+1 + En)



Stability
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Conserved quantity:

Mn
LF = ‖∆n‖2 + τ2‖CEµn‖2−τ2

4
‖CE∆n‖2 =M0

LF

CFL condition: τ2‖CE‖2 ≤ 4θ2, θ ∈ (0,1)

Stability:

(1− θ2)|||(En+1,En)|||2τ ≤ (1− θ2)‖∆n‖2 + τ2‖CEµn‖2

≤ ‖∆n‖2 + τ2‖CEµn‖2−τ2

4
‖CE∆n‖2

=Mn
LF

=M0
LF

≤ ‖∆0‖2 + τ2‖CEµ0‖2 = |||(E1,E0)|||2τ



Relaxing the CFL condition
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Conserved quantity:

Mn
LF = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2

Identity: (
En+1 − 2En + En−1,En+1 − En−1) = ‖∆n‖2 − ‖∆n−1‖2

Idea:

En+1 − 2En + En−1 = −τ2LEn −τ2

4
L
(

En+1 − 2En + En−1
)

= −τ2

4
L
(

En+1 + 2En + En−1
)

Crank–Nicolson

Conserved quantity:

Mn
CN = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2 +

τ2

4
‖CE∆n‖2



Relaxing the CFL condition
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Conserved quantity:

Mn
LF = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2

Identity: (
En+1 − 2En + En−1,En+1 − En−1) = ‖∆n‖2 − ‖∆n−1‖2

Idea:

En+1 − 2En + En−1 = −τ2LEn −τ2

4
L
(

En+1 − 2En + En−1
)

= −τ2

4
L
(

En+1 + 2En + En−1
)

Crank–Nicolson

Conserved quantity:
Mn

CN = |||(En+1,En)|||2τ



Relaxing the CFL condition
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Conserved quantity:

Mn
LF = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2

Identity: (
En+1 − 2En + En−1,En+1 − En−1) = ‖∆n‖2 − ‖∆n−1‖2

Idea:

En+1 − 2En + En−1 = −τ2LEn −τ2

4
Li
(

En+1 − 2En + En−1
)

Li = CHχiCE

= −τ2LeEn −τ2

4
Li
(

En+1 + 2En + En−1
)

locally implicit

Conserved quantity:

Mn
LI = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2 +

τ2

4
‖χiCE∆n‖2



Relaxing the CFL condition
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Conserved quantity:

Mn
LF = |||(En+1,En)|||2τ −

τ2

4
‖CE∆n‖2

Identity: (
En+1 − 2En + En−1,En+1 − En−1) = ‖∆n‖2 − ‖∆n−1‖2

Idea:

En+1 − 2En + En−1 = −τ2LEn −τ2

4
Li
(

En+1 − 2En + En−1
)

Li = CHχiCE

= −τ2LeEn −τ2

4
Li
(

En+1 + 2En + En−1
)

locally implicit

Conserved quantity:

Mn
LI = |||(En+1,En)|||2τ −

τ2

4
‖χeCE∆n‖2



Summary implicit methods
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

implicit methods:

Crank–Nicolson: En+1 − 2En + En−1 = −R(τ2L)En,

locally implicit: En+1 − 2En + En−1 = −
(
I +

τ2

4
Li)−1

(τ2L)En

= −τ2LeEn −R(τ2Li )En

with rational function: R(z) = z/(1 + z
4 )
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Summary implicit methods
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

implicit methods:

Crank–Nicolson: En+1 − 2En + En−1 = −R(τ2L)En,

locally implicit: En+1 − 2En + En−1 = −
(
I +

τ2

4
Li)−1

(τ2L)En

= −τ2LeEn −R(τ2Li )En

with rational function: R(z) = z/(1 + z
4 )

−1 1
−1

1

.
. refinement explicit-implicit: 4

2 4 6
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Leap-frog-Chebyshev methods
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

explicit methods:

Polynomial Pp : En+1 − 2En + En−1 = −Pp(τ
2L)En,

p = 2 : En+1 − 2En + En−1 = −τ2LEn + λτ4L2En

Conserved quantity (p = 2):

M2 =‖∆‖2 + τ2‖CEµ‖2−τ2

4
‖CE∆‖2 −λτ4‖CHCEµ‖2+λ

τ4

4
‖CHCE∆‖2

CFL condition: λτ2‖CH‖2 ≤ θ2, for λ = 1
16 : τ2‖CH‖2 ≤ 4 · 4θ2



Leap-frog-Chebyshev methods
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

explicit methods:

Polynomial Pp : En+1 − 2En + En−1 = −Pp(τ
2L)En,

p = 2 : En+1 − 2En + En−1 = −τ2LEn + λτ4L2En

Conserved quantity (p = 2):

M2 =‖∆‖2 +τ2‖CEµ‖2−τ2

4
‖CE∆‖2 −λτ4‖CHCEµ‖2+λ

τ4

4
‖CHCE∆‖2

=‖∆ − τ2

8
CHCE∆‖2 +

(λ

4
− 1

64

)
τ4‖CHCE∆‖2

+τ2‖CEµ‖2 − λτ4‖CHCEµ‖2

CFL condition: λτ2‖CH‖2 ≤ θ2, for λ = 1
16 : τ2‖CH‖2 ≤ 4 · 4θ2



Leap-frog-Chebyshev methods

10 October 17 Andreas Sturm - Stability of leap-frog type methods

p = 2: En+1 − 2En + En−1 = −τ2LEn + λτ4L2En

Conserved quantity (p = 2):

M2 = ‖∆ − τ2

8
CE∆‖2 +

(λ

4
− 1

64

)
τ4‖CHCE∆‖2+τ2‖CEµ‖2 − λτ4‖CHCEµ‖2

CFL condition: λτ2‖CH‖2 ≤ θ2, for λ = 1
16 : τ2‖CH‖2 ≤ 4 · 4θ2
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Leap-frog-Chebyshev methods
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p = 2: En+1 − 2En + En−1 = −τ2LEn + λτ4L2En

Conserved quantity (p = 2):

M2 = ‖∆ − τ2

8
CE∆‖2 +

(λ

4
− 1

64

)
τ4‖CHCE∆‖2+τ2‖CEµ‖2 − λτ4‖CHCEµ‖2

CFL condition: λτ2‖CH‖2 ≤ θ2
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Local time stepping
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

LTS (p = 2): En+1 − 2En + En−1 = −τ2LEn +
τ4

16
LχiLEn

Conserved quantity:

M2 =‖∆‖2 + τ2‖CEµ‖2 − τ2

4
‖CE∆‖2 − τ4

16
‖χiCHCEµ‖2 +

τ4

64
‖χiCHCE∆‖2

=‖χe∆‖2 − τ2

4
‖χeCE∆‖2 7

+ ‖χi ∆‖2 − τ2

4
‖χiCE∆‖2 +

τ4

64
‖χiCHCE∆‖2 3

+ τ2‖CEµ‖2 − τ4

16
‖χiCHCEµ‖2 3



Discrete curl-operator
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We have(
CEE, ϕ

)
= ∑

K

(
curl E, ϕ

)
K + ∑

F

(
JEKt , {{ϕ}}

)
F + boundary terms(

χeCEE, ϕ
)
= ∑

Ke

(
curl E, ϕ

)
K + ∑

F

(
JEKt , {{χe ϕ}}

)
F + boundary terms

−1 1
−1

1

K

−1 1
−1

1



Local time stepping
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LTS (p = 2): En+1 − 2En + En−1 = −τ2LEn +
τ4

16
LχiLEn

Conserved quantity:

M2 =‖χe∆‖2 − τ2

4
‖χeCE∆‖2 + . . . 3
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Damping
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

p = 2, damped (ν > 1): En+1 − 2En + En−1 = −τ2LEn + ν
τ4

16
L2En

Conserved quantity:

M2 =‖∆‖2 + τ2‖CEµ‖2 − τ2

4
‖CE∆‖2 − τ4

16
ν‖CHCEµ‖2 +

τ4

64
ν‖CHCE∆‖2

=
(
1− 1

ν

)
‖∆‖2 + ‖ 1√

ν
∆ −

√
ντ2

8
CE∆‖2

+ τ2‖CEµ‖2 − τ4

16
ν‖CHCEµ‖2

CFL condition: τ2‖CH‖2 ≤ 4
ν
· 4θ2



Damping
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p = 2, damped (ν > 1): En+1 − 2En + En−1 = −τ2LEn + ν
τ4

16
L2En

Conserved quantity:

M2 =
(
1− 1

ν

)
‖∆‖2 + · · ·+ τ2‖CEµ‖2 − τ4

16
ν‖CHCEµ‖2

CFL condition: τ2‖CH‖2 ≤ 4
ν
· 4θ2
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Damped local time stepping
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Leap frog: En+1 − 2En + En−1 = −τ2LEn

Damped LTS (p = 2): En+1 − 2En + En−1 = −τ2LEn + ν
τ4

16
LχiLEn

Conserved quantity:

M2 =‖χe∆‖2 − τ2

4
‖χeCE∆‖2 7

+ ‖χi ∆‖2 − τ2

4
‖χiCE∆‖2 + ν

τ4

64
‖χiCHCE∆‖2 3

+ τ2‖CEµ‖2 − ν
τ4

16
‖χiCHCEµ‖2 3

=‖χe∆‖2 − τ2

4
‖χeCE∆‖2 3

+
(
1− 1

ν

)
‖χi ∆‖2 + ‖ . . . ‖2 3

+ . . . 3



Damped local time stepping
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Damped LTS (p = 2): En+1 − 2En + En−1 = −τ2LEn + ν
τ4

16
LχiLEn

Conserved quantity:

M2 = ‖χe∆‖2 − τ2

4
‖χeCE∆‖2 +

(
1− 1

ν

)
‖χi ∆‖2 + . . .
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Outlook

18 October 17 Andreas Sturm - Stability of leap-frog type methods

Leap frog: En+1 − 2En + En−1 = −τ2LEn

leap-frog-Chebyshev: En+1 − 2En + En−1 = −Pp(τ2L)En

= −
(
I + Q̃p−1(τ

2L)
)
τ2LEn

= −τ2LEn −Qp(τ2L)En

LTS: En+1 − 2En + En−1 = −
(
I + Q̃p−1(τ

2Lχi )
)
τ2LEn

stability ? – 7, consistency 3

multi-rate
leap-frog-Chebyshev: En+1 − 2En + En−1 = −τ2LEn −Qp(τ2Li )En

= −τ2LeEn − Pp(τ2Li )En

where Le = CHχeCE, Li = CHχiCE

stability 3, consistency ? – 7


