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“Miracle equations”
> KdV equation (z € T)

Opu + Ou + %830(11)2 =0

[Splitting: Holden, Lubich, Risebro (x), Karlsen, Tao, Tappert,
...] (x) Strang: order two in H" for solutions in H™ > (r > 1)
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[Analysis: Bejenaru-Tao, Germain-Masmoudi-Shatah, .. .]

"Others”, e.g.
> NLS equation (z € T%)

i = Au + plu|*Pu

[Splitting: Descombes, Gauckler, Faou, Lubich, ... Exponential
integrators: Cano, Celledoni, Cohen, Gauckler, Owren, .. ]



Low-regularity exp. int. vs. splitting & classical exp. int.
> Quadratic NLS:  i0u = 02u+u?  (x €T)
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> Cubic NLS:  idu = 92u + |ul*u (x eT)
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> KdV equation (joint work with M. Hofmanova)
1
Oru + Dou + §8m(u)2 =0 (x eT)
Idea: Approximate in “v(t) := e'®u(t)” [cf. Lawson methods]

Duhamel:

w(ty 1 7) = e Pu(ty) + % / (9929, (u(t, + €))2de
0
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> KdV equation (z € T)
u(ty +7) = e_Tagu(tn) + %e_Taz /OT e+5833x <e_583u(tn))2 dg
(KdV)
+ 04 (P u(®)+2)



> KdV equation (z € T)
1 T o , 2
u(ty, +7) = e_Tagu(tn) + §e_7‘9§ / 0y, <e_£dgu(tn)) d¢
0
(KdV)
+ 0, (7 u®)s2)
Look at (KdV) in Fourier + use that

o i(k1+k2)?6 (+ikTE G +ik3E



> KdV equation (z € T)

1 T . 2
u(tn +7) = e T%u(t,) + 56_762 / <%0, <e_£83u(t”)) de
0

(KdV)
+ O (72 u(®)s+2)
Look at (KdV) in Fourier + use that

o ilk1tka)3E FIkPE S HikSE _ ei[k{’—s—kg’f(kﬁrkg)i‘]{ — o—i3kika(kitk2)E



> KdV equation (z € T)

1 T 2
u(tn +7) = e Phu(t,) + 2o / &%, (= u(t,)) " de
0

(KdV)
+ 0, (7 u®)s2)
Look at (KdV) in Fourier + use that
o—i(k1+k2)3E FikPE Fik3E _ (i[kPhG—(kitha)?]E _ —i3kika(kitko)E
> Scheme: (for 4 (0) = 0)
1 2 1 2
vt = e—ragun + 6(ef*r gaxflun) _ 6677—85 <8;1un> )

[Convergence: First-order in H' for solutions in H*+2 ]



> Quadratic NLS equation (joint work with A. Ostermann)
10 = 9w +u?, 0w = 0%u + |ul? (x €T)
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> Quadratic NLS equation (joint work with A. Ostermann)
10 = 9w +u?, 0w = 0%u + |ul? (x €T)
Idea: Approximate in “v(t) := e~ #%u(t)” [cf. Lawson methods]

Duhamel: (u? nonlinearity)

Wty +7) = ¢ () — i / Lm0 (u(r, + €))%
0

Uty + &) = e %%y (t,) — i /T (“nice”) df}
0
— e Ry (t,) —i / Ceritr22 (e*i@%u(tn))zdg + 0, ()]l
0

—_— ——————
No regularity loss!



> Quadratic NLS equation

92 - 02 T .02 -~ 02 2
ulty +17) = e u(ty) — ie T / e (e ut,)) de
0
(QNLS)
+0s(u@)ll:)



> Quadratic NLS equation
) 4 T o o 2
Wt +7) = e TRy (t,) — o3 / e (e u(ty) ) dg
0
(QNLS)
+ O, (7 u(©)lls)
Look at (QNLS) in Fourier + use that

o i(k1+k2)?€ (k€ (+ik3E



> Quadratic NLS equation
) 4 T o o 2
Wt +7) = e TRy (t,) — o3 / e (e u(ty) ) dg
0
(QNLS)
+ O, (7 u(©)lls)
Look at (QNLS) in Fourier + use that

o—i(k1+ko)26 (+ikTE F+ik3E _ (i[RIHRG—(ki+ha)?]E _ —i2kikag



> Quadratic NLS equation

u(ty, +7) = e*iTagu(tn) — je Oz / etiE0: (e*"gagu(tn))2 d¢
0
(QNLS)
+ O, (7 u(©)lls)

Look at (QNLS) in Fourier + use that

o~ ik +k2)2E FikFE Fik3E _ (i[kP+hG—(kitha)?]€ _ —i2kikaE
> Scheme: (for 4 (0) = 0)

u"t = (1- ZiTﬂg)e_iTagu” +iT (a3)2
1/ . o2 201 52 2
~3 (e 99 lu") + 2¢ 0 (0, lu”) .

[Convergence: First-order in H* for solutions in H* (s > 1/2).]
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» NLS equation (joint work with A. Ostermann )
i0pu = Au + |u|*u, peN
o Splitting
n+l _ —iTAe—iT|u"|2pun

u =€

Local error [Lubich (08))] (p = 1)
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o Classical exponential integrator

e —1

z

't = e TRy — iTp1(—iTA) [|u”|2pun], 01(2) =
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Adaption to “classical equations”: “Low regularity”

» NLS equation (joint work with A. Ostermann )
i0pu = Au + |u|*u, peN
o Splitting
n+l _ —iTAe—iT|u"|2pun

u =€

Local error [Lubich (08))] (p = 1)
%[T, V](u) = (Vu-Vu)u+ (Vua) - Vu + (uVa) - Vu+ (vAu) u
o Classical exponential integrator

e —1

z

't = e TRy — iTp1(—iTA) [|u”|2pu"], 01(2) =
Local error [Hochbruck-Ostermann (10)] (p = 1)
i0puu? + 2ilu)?0pu = |u)u + 2Ju|?Au — u?Au
> “Low-regularity” exponential-type integrator for NLS

utl = eTA {u” — T (u”)p—s_1 <301(2i7'A) (W)pﬂ



> Cubic NLS equation (joint work with A. Ostermann)
i0pu = O%u + |ul*u (x eT)

”

Idea: Approximate in “v(t) := e~ #%u(t)” [cf. Lawson methods]
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> Cubic NLS equation (joint work with A. Ostermann)
i0pu = O%u + |ul*u (x eT)

Idea: Approximate in “v(t) := e~ #%u(t)” [cf. Lawson methods]

Duhamel:

0

[u(tn + &) = e %yt i/T (“nice”) dg}
[t 9 = eifaf%u(tn)—#—i/; (ice”) de]

u(ty +7) = e Tu(t,) — i/T o780 (u(ty + E))deﬁ
) —

o



> Cubic NLS equation (joint work with A. Ostermann)
i0pu = O%u + |ul*u (x eT)

Idea: Approximate in “v(t) := e~ #%u(t)” [cf. Lawson methods]

Duhamel:

u(ty, +7) = e_”agu(tn) —1 o= (u(tn + 5))211/(75” +&)d¢
0

[u(tn +E) = e 0y (t,) — i /3 (“nice”) dg}
(o +8) = ey + i /0 (Fnice”) de]
= ef”ﬁgu(tn) —1 /T e H(T=8)0% (e*igagu(tn» €02 (1) u(t,)d€
0
+ 0, (rlu©)]ls)

No regularity loss!




> Cubic NLS equation
ulty +7) = e 2 y(t,) (cNLS)

) T . ) P S —
_ jeiT? / o602 (e—zfaiu(tn)) elﬁaﬁu(tn)dg-1—(’)5(72||u(£)||s)
0



> Cubic NLS equation
ult, +7) = e 0% y(t,) (cNLS)

. T . . 2 o
—erimdh [ ene (o iu,)) U )de + O (7 ule)])
0

Look at (cNLS) in Fourier + use that

C—i(k,l+k,2—k:3)2£e+ik%§e+ikggo—7ﬁk§£



> Cubic NLS equation
ult, +7) = e 0% y(t,) (cNLS)

. T P . AN S—
— e~ / O (TR u(t,) ) (L)€ + O (T (@)l
0

Look at (cNLS) in Fourier + use that

C—i(k,l-&-k:g—k;;)2£e+ik%§e+ikggc—7‘,k§§: C—27ﬁk§£ . 2i€[(k1tka)ks—k1ko]
N——

“dominant” R 14+0(832, .5 kikj)



> Cubic NLS equation

ulty + 1) = e Ry (t,) (cNLS)

A T . 2
_ie—wai/ o Hi€02 (e‘@gu(tn)) ezwiu(tn)dg+(’)S(r2||u(£)||s)
0

Look at (cNLS) in Fourier + use that

e—z‘(kl+k2—k3)2§e+z‘k§§e+ik§§e—ik§§: C—27ﬁk§£ . 2iE[(k1+k2)ks—k1ks]
N——

‘dominant” & 1+0(£30, ., kikj)

> Scheme:

e —1

z

u" Tt = TR [u” - iT(u")2<ap1(2iTA)m>} . p1(2) =

[Convergence: First-order in H* for solutions in H5t! (s > d/2)]



Numerical experiments:

> Quadratic NLS:  i0u = 02u+u?  (x €T)
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Numerical experiments: Resolution of solitons for KdV

1
Opu + O3u + 5395 (u?) =0
Solitary wave

¢(t, ) = 3csech? (%E(x —ct— a))

05F 0.5 A
0 0
z
t=10
0.5F 0.5 /\
0 0
T
t =20
05F 0.5 J\ E
0 0

Figure: Solitary wave (dotted), Low-regularity Exponential Integrator:
Left 7 = 1072, right 7 = 1073



Numerical experiments: cNLS with step-function initial data \

i0u = 02u + Jul*u =0, u(0,x) = sign(x) (x €T)

t=01xm t=0.1x3.1
2 e 2k B
0 o
r T
t=02xm t=0.2x3.1

Strang Splitting?, Low-regularity Exponential-type integrator,
Classical Exponential integrator (time-step size 7 = 0.002 x )

'G. Chen, P. Olver: Numerical simulation of nonlinear dispersive
quantization (14’)



Thanks for your attention !

Preprints:

» M. Hofmanova, K. Schratz: An exponential-type integrator
for the KdV equation (2016)
http://arxiv.org/abs/1601.05311

» A. Ostermann, K. Schratz: Low regularity exponential-type
integrators for semilinear Schrédinger equations in the
energy space (2016)
http://arxiv.org/abs/1603.07746



