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Maxwell-Dirac: interaction of charged Spin-1
2 particle (e.g. electron)

with its self-generated electromagnetic field

system for four-spinor ψ (Dirac part) and Maxwell-potentials V ,A
relativistic description of particle
non-relativistic limit regime: velocity of particle vp � speed of light c0
⇒ highly oscillatory problem
⇒ numerical time integration challenging

Aim of the talk:

Uniformly accurate methods in both
relativistic regime (c = c0/vp ≈ 1 "small") and
non-relativistic limit regime (c = c0/vp � 1 "large").
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MD system in Coulomb gauge (divA = 0): x ∈ Rd , t ∈ [0,T ]
i(D0 +

d

∑
j=1

αjDj )ψ = cβψ, ψ(0) = ψ0, αj , β ∈ C4×4

−∆V = ρ,

∂ttA− c2∆A = cP [J ] , A(0) = A, ∂tA(0) = cA′

real Maxwell potentials V , A = (A1, . . . ,Ad )
T , x ∈ Rd , t ∈ [0,T ]

nonlinear coupling between ψ,V ,A through

D0ψ =

(
∂t

c
+ i
V
c

)
ψ, Dj ψ =

(
∂xj − i

Aj

c

)
ψ, j = 1, . . . ,d

ρ = |ψ|2 , Jj = c Re
(
ψ · αj ψ

)
, J = (J1, . . . , Jd )

T

ρ and J satisfy continuity equation

∂t ρ + div J = 0
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3 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT


i(∂t + c

d

∑
j=1

αj ∂xj )ψ = c2βψ + (V −
d

∑
j=1

αjAj )ψ, ψ(0) = ψ0,

−∆V = ρ,

∂ttA− c2∆A = cP [J ] , A(0) = A, ∂tA(0) = cA′

non-relativistic limit: c0/vp = c � 1⇒ highly oscillatory problem

(a) c = 4 (b) c = 16 (c) c = 32
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Problem: severe time step restrictions for standard integrators,
e.g. TSFP method (Bao 2015): τ = O

(
c−2

)

Even simpler Maxwell-Klein-Gordon, τ ≈ 10−3, τ̃ = τ/c2 (Ref. Sol.)

−2

0

2

x ∈ [−π,π]

t = 0.50

−2

0

2

x ∈ [−π,π]

t = 1.00

(a) c = 4

−2

0

2

x ∈ [−π,π]

t = 0.50

−2

0

2

x ∈ [−π,π]

t = 1.00

(b) c = 64

numerical challenge: what if c = 103,106, . . . ?
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Idea: asymptotic expansion
(e.g. Analysis: Masmoudi & Nakanishi 2003)
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ψ =
1
2
(u∞eic2t + v∞e−ic2t ) +O

(
c−1

)

filter out high frequencies e±ic2t ⇒ u∞, v∞ nice functions
u∞, v∞ satisfy Schrödinger-Poisson (SP) system independent of c

i∂t

(
u∞
v∞

)
=

1
2

∆
(

u∞
u∞

)
+ V∞

(
u∞
−v∞

)
,

(
u∞
v∞

)
(0) suitably chosen

−∆V∞ =
1
4
(|u∞|2 + |v∞|2)

solve this limit system efficiently by splitting methods (cf. Lubich 2008)

cf. Modulated Fourier expansion (MFE) (cf. Gauckler, Hairer, Lubich, . . . )

see also K. & Schratz (16’) for numerical results in case of the
Maxwell-Klein-Gordon system
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Q: Does this ansatz work?
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ψ(t) =
1
2
(u∞(t)eic2t + v∞(t)e−ic2t ) +O

(
c−1

)
= ψ∞(t) +O

(
c−1

)

Error of approx. gets smaller as c gets larger:
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(a) c = 2,

max 10−2

(b) c = 32,

max 10−5
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The numerical approximation
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ψ(t) =
1
2
(u∞(t)eic2t + v∞(t)e−ic2t ) +O

(
c−1

)
= ψ∞(t) +O

(
c−1

)
time integration of the SP system with Strang splitting, step size τ:

ψ∞(tn) = ψn
∞ +O

(
τ2
)
, tn = nτ, n = 0,1,2, . . . ,

where ψn
∞ =

1
2

(
eic2tnun

∞ + e−ic2tnvn
∞
)

time integration error

⇒ ‖ψ(tn)− ψn
∞‖r ≤

‖ψ(tn)− ψ∞(tn)‖r + ‖ψ∞(tn)− ψn
∞‖r

≤ O
(

c−1 + τ2

)

asymptotic approx. error (cf. Masmoudi & Nakanishi, 2003)
+ time integration error (cf. Lubich, 2008)

Drawback:

Only works in the nonrelativistic limit (c � 1).
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Only works in the nonrelativistic limit (c � 1).
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Goal: uniform convergence for all c ≥ 1

Approximate exact solution ψ(tn) by numerical approximation ψn∗ such
that

‖ψ(tn)− ψn
∗‖r ≤ K τ,

with constant K independent of c.

rewrite MD system such that

ψ(t) = 1
2
(u∗(t)eic2t + v∗(t)e−ic2t )

w∗ = (u∗, v∗)T satisfies i∂tw∗ = −Lcw∗ + e−ic2tF∗(eic2tw∗)

Lcw∗ and F∗(eic2tw∗) bounded with respect to c ≥ 1
compute ψn∗ by

integrating highly oscillatory phases em·ic2t exactly, m = −4,−2,0,2
freezing slowly varying parts

in nonlinearity F (eic2tw∗)
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Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



A uniformly accurate scheme: Overview (2)

9 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Maxwell-Dirac iD0ψ = −i ∑d
j=1 αjDj ψ + cβψ

apply (−iD0) to Dirac part on both sides

Maxwell-Klein-Gordon D2
0ψ−D2

j ψ + c2ψ =
i
2

cD(V ,A)ψ

rewrite, define 〈∇〉c =
√
−∆ + c2

ψ =
1
2
(u + v)

First order system w = (u, v)T i∂tw = −c 〈∇〉c w + F [w ,V ,A]

transform w∗ = e−ic2tw , define Lc = c 〈∇〉c − c2

ψ∗ =
1
2
(u∗eic2t + v∗e−ic2t )

"Twisted" system w∗ = (u∗, v∗)T i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]



Twisted system

10 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

Dirac Equation for ψ:

iD0ψ = −i
d

∑
j=1

αj (∂j − i
Aj

c
)ψ + cβψ, ψ(0) = ψ0

The "twisted" system for twisted variables w∗ = e−ic2tw = (u∗, v∗)T :

i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗] , w∗(0) =

(
ψ0 − i 〈∇〉−1

c D0ψ0

ψ0 − i 〈∇〉−1
c D0ψ0

)

define 〈∇〉c :=
√
−∆ + c2,

Lc = c 〈∇〉c − c2

=̂ c2
(√

1 +
|k |2
c2 − 1

)

≤ |k |
2

2

‖Lcw‖r ≤ K
∥∥∥1

2
∆w
∥∥∥

r
,

as
√

1 + x2 ≤ 1 +
x2

2
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
i(D0 +

d

∑
j=1

αjDj )ψ = cβψ, ψ(0) = ψ0, αj , β ∈ C4×4

−∆V = |ψ|2 ,
∂ttA− c2∆A = cP [J ] , A(0) = A, ∂tA(0) = cA′

D0ψ =

(
∂t

c
+ i
V
c

)
ψ, Dj ψ =

(
∂xj − i

Aj

c

)
ψ, j = 1, . . . ,d

for sake of simplicity set J ≡ 0

A(t) = cos(ct
√
−∆)A +

sin(ct
√
−∆)√

−∆
A′ linear
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e−ic2tF∗(t) = F∗,0(t) + e2ic2tF∗,2(t) + e−2ic2tF∗,−2(t) + e−4ic2tF∗,−4(t)

for example

F∗,0 =
1
2

(
V0
∗ + 〈∇〉−1

c V0
∗ 〈∇〉c

) ( u∗
−v∗

)
+

1
2

(
V1
∗ − 〈∇〉−1

c V1
∗ 〈∇〉c

) ( v∗
−u∗

)
− 〈∇〉−1

c

[ |A∗|2
2c

(
u∗
v∗

)
+ i
(

A∗ · ∇u∗
−A∗ · ∇v∗

)
+

i
2

(−Ddiv[V1∗ ] · v∗
Ddiv[V1∗ ] · u∗

)
+

i
2

(−[Ddiv[V0∗ ] +Dcurl[A∗] +D0[A∗]] · u∗
[Ddiv[V0∗ ] +Dcurl[A∗] +D0[A∗]] · v∗

) ]
−∆V∗ = 1

4

∣∣∣eic2tu∗ + e−ic2tv∗
∣∣∣2 ⇒ V∗ = V0∗ + e2ic2tV1∗ + e−2ic2tV1∗

Ddiv[V ] =
d

∑
j=1

αj (∂jV), D0[A] =
d

∑
j=1

αj (
∂t

c
Aj ), Dcurl[A] = −1

2

d

∑
j,k=1

αj αk
(
∂j Ak − ∂kAj

)
A∗ = A, as A is linear

F∗,2,F∗,−2,F∗,−4 similar
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i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]

nonlinearity

e−ic2tF∗(t) = F∗,0(t) + e2ic2tF∗,2(t) + e−2ic2tF∗,−2(t) + e−4ic2tF∗,−4(t)

F∗,m,m = −4,−2,0,2 nice (slowly varying), i.e.

‖F∗,m(t + s)− F∗,m(t)‖r ≤ sK
(
‖F∗,m(t)‖r+2 + sup

0≤ξ≤s
‖F∗,m(t + ξ)‖r

)
,

with K independent of c ≥ 1.
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i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]

Duhamel’s formula

w∗(t + τ) =eiLc τw∗(t)− i
∫ τ

0
eiLc (τ−s) ∑

m∈{−4,−2,0,2}
em·ic2(t+s)F∗,m(t + s)ds

=eiLc τ

(
w∗(t)− i ∑

m∈{−4,−2,0,2}
em·ic2tF∗,m(t)

∫ τ

0
em·ic2sds

)
+R(τ, t,w∗,V∗,A∗).∥∥e−iLcsw −w

∥∥
r ≤ Ks

∥∥∥1
2

∆w
∥∥∥

r

‖F∗,m(t + s)− F∗,m(t)‖r ≤ Ks ⇒ freeze F∗,m(t)

‖R(τ, t ,w∗,V∗,A∗)‖r ≤ τ2K (‖w∗(t)‖r+2 + ‖V∗(t)‖r+2 + ‖A∗(t)‖r+2)

Integrate
∫ τ

0 em·ic2sds = τϕ1(m · ic2τ) exactly, ϕ1(x) =
ex − 1

x
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i∂tw∗ = −Lcw∗ + e−ic2tF∗[w∗,V∗,A∗]

Duhamel’s formula

w∗(t + τ) =eiLc τ

(
w∗(t)− iτ∑

m∈{−4,−2,0,2}
em·ic2t ϕ1(m · ic2τ)F∗,m(t)

)
+O

(
τ2
)

First order time integration scheme: (ϕ1(x) =
ex − 1

x
)

wn+1
∗ =eiLc τ

(
wn
∗ − iτGn

∗

)
Gn
∗ =Fn

∗,0 + e2ic2tn ϕ1(2ic2τ)Fn
∗,2 + e−2ic2tn ϕ1(−2ic2τ)Fn

∗,−2

+ e−4ic2tn ϕ1(−4ic2τ)Fn
∗,−4

Global error

Linear convergence, i.e. ‖w∗(tn)−wn∗ ‖r ≤ K τ, K independent of c ≥ 1.
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Limit approx.:

ψn
∞ =

1
2
(eic2tnun

∞ + e−ic2tnvn
∞)

Idea: asymptotic expansion
SP system for w∞ = (u∞, v∞):

i∂tw∞ = −1
2

∆w∞ + V∞

(
u∞
−v∞

)
Strang splitting scheme:

‖ψ(tn)− ψn
∞‖r ≤ K (c−1 + τ2)

Good approx for

large c � 1, c ∈ [τ−2,∞).

Uniform method:

ψn
∗ =

1
2
(eic2tnun

∗ + e−ic2tnvn∗ )

Idea: transform w∗ = e−ic2tw
system for w∗ = (u∗, v∗):

i∂tw∗ = −Lcw∗+e−ic2tF∗[w∗, . . . ]

"Twisted" first order scheme

‖ψ(tn)− ψn
∗‖r ≤ K τ

Good Approx. for

all c ≥ 1.
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Simulation with d = 2,T = 1, r = 2, smooth initial data

Uniform: Limit:

max
tn∈[0,T ]

‖ψ(tn)− ψn
∗‖r = O

(
τ · c0

)
, max

tn∈[0,T ]
‖ψ(tn)− ψn

∞‖r = O
(

τ2 + c−1
)

10−3 10−2 10−1 100

10−4

10−2

100

τ

Hr error in τ

c = 1

c = 2

c = 7

c = 20

c = 61

c = 325

c = 987
O (τ)

O
(
τ2
)

1 10 100 1000
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c

Hr error in c

τ = 0.5

τ = 0.25

τ = 0.17

τ = 0.05

τ = 0.012

τ = 0.004

τ = 0.0008

O
(
c−1

)

t ∈ [0,T ], x ∈ [−π,π]d , τref ≈ 7 · 10−6, N= 256 grid points



Outlook

18 October 13th , 2016: Patrick Krämer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

KIT

so far uniform method for c ≥ 1

⇒ extend the method for all c ∈ (0,∞)?
(see also Baumstark,Faou,Schratz 2016)
rigorous error analysis of the uniformly first order scheme
construct a similar scheme for A in the nonlinear case J 6= 0
construct a uniformly second order scheme?
include external potential Vex into model

⇒ efficient simulation of electrons in graphene?
(together with group of Kurt Busch (HU Berlin))
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