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Introduction ﬂ(“.

te of Technology

m Maxwell-Dirac: interaction of charged Spin-% particle (e.g. electron)
with its self-generated electromagnetic field
m system for four-spinor ¢ (Dirac part) and Maxwell-potentials V, A
m relativistic description of particle
m non-relativistic limit regime: velocity of particle v, < speed of light ¢cg
= highly oscillatory problem
= numerical time integration challenging

Aim of the talk:

Uniformly accurate methods in both
m relativistic regime (c =co/vp~1"small") and
m non-relativistic limit regime (¢ = ¢/ vp > 1 "large").
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Introduction: Maxwell-Dirac (MD) system AT

® MD system in Coulomb gauge (div.A = 0): x € RY, t € [0, T]

d
i(Do+ ) D)) = cpyp,  ¥(0) = ¢y, aj,peCt
=

j
—AV =p,

9t A—cPAA=CcP[J], .A(0)=A 3.A4(0) = cA

ot . Aj .
Doyp = <ct + /V> ¥, Djp = <8XI. — /C/> Y, j=1,..., d

C
o=9l%, Ji=cRe(p-gp), J=(J,....dog)"
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Introduction: Maxwell-Dirac (MD) system AT

® MD system in Coulomb gauge (div.A = 0): x € RY, t € [0, T]
d
i(Do+ ) D)) = cpyp,  ¥(0) = ¢y, aj,peCt
j=1
—AY =p,
oA —c2PAA=cP[J], A(0)=A3.A(0) =cA

m real Maxwell potentials V, A = (A4, ..., ANT,xeR9, te |0, T]
m nonlinear coupling between ¢, V, A through

0 A .
Dol/J=< t+,v>¢, Dy = <8XI—IC/>1[),j: ..... d

o=1lp, J=cRe(y-ap), J=(J.....Ja)"
a p and J satisfy continuity equation
dip+divd =0
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MD system in the non-relativistic limit regime [T

d
i(at—f—CZlXjax/ *C,Bﬂb‘i‘ V Z“j IP l/"( ) Yo,
j=1
—AY =p,

9t A—cPAA=CcP[J], .A(0)=A d.A(0)=_cA

m non-relativistic limit: ¢p/vp = ¢ > 1 = highly oscillatory problem
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MD system in the non-relativistic limit regime g(“‘

of Technology

f(at+cza,ax,)¢—cﬁ¢+<v D, )¢, (0) = o,

—AV =p,
A — cPAA=CcP[J], .A(0) = A dA0) = cA

m non-relativistic limit: ¢p/vp = ¢ > 1 = highly oscillatory problem

Re(y), t = 0.25 (1/11) t=10.25 Re(ty), ¢t = 0.25

(a)c=4 (b) c =16 (c)c =32
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Problem: severe time step restrictions for standard integrators,
e.g. TSFP method (Bao 2015): T = O (¢ ?)

Even simpler Maxwell-Klein-Gordon, T ~ 1073, #=1/¢® (Ref. Sol.)

) t = 0.50 ) . t = 0.50 .
<
0 AN
-2 ] —2L |
X € [—m, | x € [—m, 7
t=1.00 t=1.00
- =] 2 - |
0 A 0k )
c<
_2 B -2
X € [—m, 7] X € [—m, 7]

(@c=4 (b) c =64
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Problem: severe time step restrictions for standard integrators,
e.g. TSFP method (Bao 2015): T = O (¢ ?)
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t=1.88

, O,
A Y

X € [—m, 7|

(c) c =64
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Introduction ﬂ(“.

Problem: severe time step restrictions for standard integrators,
e.g. TSFP method (Bao 2015): T = O (¢ ?)

Even simpler Maxwell-Klein-Gordon, T ~ 1073, #=1/¢® (Ref. Sol.)

5 t=1.88
2 :O'@‘ ‘\@ ®’e~ B
Y O~O'O'Q~
0 ©-
-2
X € [—m, |
(c) c =64

numerical challenge: what if c = 103,10%,...?
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Idea: asymptotic expansion ﬂ(“'
(e.g. Analysis: Masmoudi & Nakanishi 2003)

1 . .
P = E(uooe/c2t +E67’02t) +0 (Cf1>
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Idea: asymptotic expansion
(e.g. Analysis: Masmoudi & Nakanishi 2003)

1 . .
P = E(uooe/th _{_@671021) +0 (Cf1>

. . . in2 . .
m filter out high frequencies e*/°"! = v, Vo nice functions

October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System

Karlsruhe Institute of Technology



Idea: asymptotic expansion ﬂ(“'
(e.g. Analysis: Masmoudi & Nakanishi 2003)

1 . .
P = E(uooe/th _{_@eflczt) +0 (Cf1>

a filter out high frequencies e+t = 1, vy, nice functions
B U, Voo satisfy Schrédinger-Poisson (SP) system independent of ¢

i <€:> = %A <Z:> + Veo (_L""/"oo) : (l‘i::) (0) suitably chosen

1 2 2
AV = §(lus P + vof?)

October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System



5

Idea: asymptotic expansion ﬂ(“'
(e.g. Analysis: Masmoudi & Nakanishi 2003) T

1 . .
P = E(uooe/th _{_@671021) +0 (Cf1>

a filter out high frequencies e+t = 1, vy, nice functions
B U, Voo satisfy Schrédinger-Poisson (SP) system independent of ¢

i <€:> = %A <Z:> + Veo (_u“’/°w> : (ﬁ:) (0) suitably chosen

1 2 2
AV = §(lus P + vof?)

m solve this limit system efficiently by splitting methods  (cf. Lubich 2008)

October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System



5

Idea: asymptotic expansion ﬂ("'
(e.g. Analysis: Masmoudi & Nakanishi 2003)

1 . .
P = E(uooe/th _{_@671021) +0 (Cf1>

filter out high frequencies e+t = 1, vy, nice functions
Uso, Voo Satisfy Schrédinger-Poisson (SP) system independent of ¢

i <€:> = %A <Z:> + Veo (_L""/"oo) : (l‘i::) (0) suitably chosen

1 2 2
AV = (U2 + veo?)

solve this limit system efficiently by splitting methods  (cf. Lubich 2008)
cf. Modulated Fourier expansion (MFE) (cf. Gauckler, Hairer, Lubich, ...)
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Idea: asymptotic expansion ﬂ(IT

(e.g. Analysis: Masmoudi & Nakanishi 2003)

Karlsruhe Institute of

1 . .
P = E(uooe/th _{_@671021) +0 (Cf1>

filter out high frequencies e+t = 1, vy, nice functions
Uso, Voo Satisfy Schrédinger-Poisson (SP) system independent of ¢

i <€:> = %A <Z:> + Veo (_u“’/°w> : (ﬁ:) (0) suitably chosen

1 2 2
AV = §(lus P + vof?)

solve this limit system efficiently by splitting methods  (cf. Lubich 2008)
cf. Modulated Fourier expansion (MFE) (cf. Gauckler, Hairer, Lubich, ...)

see also K. & Schratz (16’) for numerical results in case of the
Maxwell-Klein-Gordon system
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Q: Does this ansatz work?

9(1) = 5 (06 + (D6 + 0 (1) = pu(t) + O (c7)
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9(1) = 5 (06 + (D6 + 0 (1) = pu(t) + O (c7)

Error of approx. gets smaller as ¢ gets larger:
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Q: Does this ansatz work? ﬂ("'

9lt) = (06 + Ta(t)e #) +0 (71) = yu(t) + 0 ()

Error of approx. gets smaller as ¢ gets larger:

[ — ¥, = 2.00 [¥ —¥l’, t =2.00

™~ 7

(a)c=2, (b) c = 32,
max 102 max 10 °
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The numerical approximation ﬂ("'

P(1) = 5o+ V(07 10 (1) = yu() + O ()

m time integration of the SP system with Strang splitting, step size t:

lPoo(fn):tPL’OJrO(rz), ty=nt. n=012,...,

Karlsruhe Institute of

1 .2 72 [E—
where ¢Qo:§(e/c thyn 4 g=ic tnvoré)
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1 .2 ) 2, ——
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= [y (tn) = 9&ll,
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The numerical approximation ﬂ("'

P(1) = 5o+ V(07 10 (1) = yu() + O ()

m time integration of the SP system with Strang splitting, step size t:

lPoo(fn):t/JQOJrO(rz), ty=nt. n=012,...,

Karlsruhe Institute of

where ¢2 = %(e"czt"ujjO + e ityT)
a time integration error
= [[9(tn) — el < [19(tn) — Pooltn) [l + [[ oo (tn) — LIl
<0 (C_1 + T2)

asymptotic approx. error (cf. Masmoudi & Nakanishi, 2003)
+ time integration error (cf. Lubich, 2008)
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The numerical approximation QA
$(0) = (06 4 716 +0 (1) = pu(t) + 0 (¢)
2
m time integration of the SP system with Strang splitting, step size t:
Yoolls) =5+ 0 (2), ty=nt. n=01.2,...,

where lpoo ( /c t,,un Te ic? tnvn)
a time integratlon error

= 19(tn) = 9l < [9(tn) = Yeo(tn) |, + ([P (tn) — Y2,

<0 <c_1 + T2)
asymptotic approx. error (cf. Masmoudi & Nakanishi, 2003)
+ time integration error (cf. Lubich, 2008)

Drawback:

Only works in the nonrelativistic limit (¢ > 1).
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A uniformly accurate scheme: Overview (1) AT

Goal: uniform convergence for all ¢ > 1

Approximate exact solution ¢(t,) by numerical approximation ¢ such
that
() — I, < KT,

with constant K independent of c.
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Goal: uniform convergence for all ¢ > 1

Approximate exact solution ¢(t,) by numerical approximation ¢ such
that

I9(tn) — ¢, < K,
with constant K independent of c.

a rewrite MD system such that

P(0) = 5(u (D™ + T (1)e )

w w, = (U, v.)T satisfies | 9w, = —Low, + e ©F, (e w,)
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A uniformly accurate scheme: Overview (1) AT

Goal: uniform convergence for all ¢ > 1

Approximate exact solution ¢(t,) by numerical approximation ¢ such
that

I9(tn) — ¢, < K,
with constant K independent of c.

a rewrite MD system such that

(1) = L (ua ()& + V(1))

w w, = (U, v.)T satisfies | 9w, = —Low, + e ©F, (e w,)

m Low, and F. (e“tw,) bounded with respect to ¢ > 1
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w w, = (U, v.)T satisfies | 9w, = —Low, + e ©F, (e w,)

m Low, and F. (e“tw,) bounded with respect to ¢ > 1
a compute ¥ by

October 131", 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System



8

A uniformly accurate scheme: Overview (1) AT

Goal: uniform convergence for all ¢ > 1

Approximate exact solution ¢(t,) by numerical approximation ¢ such
that

I9(tn) — ¢, < K,
with constant K independent of c.

a rewrite MD system such that

(1) = L (ua ()& + V(1))

. . _in2 in2
® w, = (u., v.)" satisfies |iow, = —Lows + e © (e Tw,)

m Low, and F. (e“tw,) bounded with respect to ¢ > 1
a compute ¥ by

m integrating highly oscillatory phases gm-ict exactly, m= —4,-2,0,2

. . . in2
in nonlinearity F(e'° tw,)
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A uniformly accurate scheme: Overview (1) AT

Goal: uniform convergence for all ¢ > 1

Approximate exact solution ¢(t,) by numerical approximation ¢ such
that

I9(tn) — ¢, < K,
with constant K independent of c.

a rewrite MD system such that

(1) = L (ua ()& + V(1))

. . _in2 in2
® w, = (u., v satisfies |iojw, = —Lows + e © (e tw,)

m Low, and F. (e“tw,) bounded with respect to ¢ > 1
a compute ¥ by
m integrating highly oscillatory phases gm-ict exactly, m= —4,-2,0,2
m freezing slowly varying parts
in nonlinearity F(e*tw,)
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Maxwell-Dirac iDop = —i T4 a;Djp + cpp
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A uniformly accurate scheme: Overview (2) AT

Maxwell-Dirac iDop = —i T4 a;Djp + cpp

jt apply (—iDgp) to Dirac part on both sides

9 October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System



A uniformly accurate scheme: Overview (2) AT

. . . d
Maxwell-Dirac iDop = —i} ;4 a;Djp + cpyp
l apply (—iDgp) to Dirac part on both sides

Maxwell-Klein-Gordon Dy — D29 + 2y = LcD(V, A)p
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A uniformly accurate scheme: Overview (2) AT

Maxwell-Dirac iDop = —i T4 a;Djp + cpp
apply (—iDgp) to Dirac part on both sides
Maxwell-Klein-Gordon D3 — D2y + c2¢p = éc@(v, A)yp

rewrite, define (V). = vV/—A + c2
1 _
b= §(U+ V)
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A uniformly accurate scheme: Overview (2) ﬂ("‘

Maxwell-Dirac iDop = —i T4 a;Djp + cpp
apply (—iDgp) to Dirac part on both sides
Maxwell-Klein-Gordon D3 — D2y + c2¢p = éc@(v, A)yp

rewrite, define (V). = vV/—A + c2
1 _
b= §(U+ V)

First order system w = (u,v)T  idpw = —c (V) ,w+ Flw,V, A
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Maxwell-Dirac iDop = —i T4 a;Djp + cpp
apply (—iDgp) to Dirac part on both sides
Maxwell-Klein-Gordon D3 — D2y + c2¢p = éc@(v, A)yp

rewrite, define (V). = vV/—A + c2
1 _
b= §(U+ V)

First order system w = (u,v)T  idpw = —c (V) ,w+ Flw,V, A
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A uniformly accurate scheme: Overview (2) ﬂ("‘

Maxwell-Dirac iDop = —i T4 a;Djp + cpp
apply (—iDgp) to Dirac part on both sides
Maxwell-Klein-Gordon D3 — D2y + c2¢p = éc@(v, A)yp

rewrite, define (V). = vV/—A + c2
1 _
b= §(U+ V)

First order system w = (u,v)T  idpw = —c (V) ,w+ Flw,V, A

in2 .
transform w, = e~"“'w, define L, = ¢ (V), — ¢?

1 ) .
P, = é(u*elczt + V*e—/czt)

T

"Twisted" system w, = (u,, v) 0tWy = — LWy + e"CZ’F*[W*, Vi, Ayl
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Twisted system

Dirac Equation for :

d .
Do = —i Y a3 — i)+ cpy.  $(0) = o
=1

)

The "twisted" system for twisted variables w, = e~ *tw = (u,, v,)T:

- o —1
I'atW* = _ECW* + eilc tF*[W*,V*,A*] ) W*(O) = <$2_;§§;£1 ggig)
Cc

u define (V). = v—-A+c?,

m Lo=c(V),—c?

c

m | Lew|, < KH%AW‘

)
r
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Dirac Equation for ¢:
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Do = —i Y a3 — i)+ cpy.  $(0) = o
=1

)

The "twisted" system for twisted variables w, = e~ *tw = (u,, v,)T:

- o —1
I'atW* = _ECW* + eilc tF*[W*,V*,A*] ) W*(O) = <$2_;§§;£1 ggig)
Cc

u define (V). = v—-A+c?,

~ k|2
w Lo=c(V),—¢c® = 02(\/1—%%—1)

m || Lew|, < KH%AW‘

)
r
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Twisted system

Dirac Equation for :

d .
Do = —i Y a3 — i)+ cpy.  $(0) = o
=1

)

The "twisted" system for twisted variables w, = e~ *tw = (u,, v,)T:

- o —1
I'atW* = _ECW* + eilc tF*[W*,V*,A*] ) W*(O) = <$2_;§§;£1 ggig)
Cc

u define (V). = v—-A+c?,

wm Lc=c(V),—c® = 02(\/1—%E—1)<E
c c 02 - 2

1 x2
[ HECWHfSKHEAW‘,’ as 1+x2§1+?
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MD system: simplification ﬂ(“'

d
i(Do+ ) D))y =cpyp,  (0) = o, aj,peCt
=

—AV = g,
9t A— PAA=cP[J], A(0)=Ad.A(0)=cA

a9 .V Aj .
Doy = (ct + Ic) P, Dy = <an — ’cj> P, j=1,..., d
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MD system: simplification ﬂ(“'

d
i(Do+ ) D))y =cpyp,  (0) = o, aj,peCt
=

—AV = g,
9t A— PAA=cP[J], A(0)=Ad.A(0)=cA

a9 .V Aj .
Doy = (ct + Ic) P, Dy = <an — ’cj> P, j=1,..., d

m for sake of simplicity set J =0
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MD system: simplification ﬂ(“'

d
i(Do+ ) D))y =cpyp,  (0) = o, aj,peCt
=

—AV = [y,
anA— CQAA =0, A(O) = A, atA(O) = CA,
o .V A .
Doy = (Ct+lc> ¥, D= (axj—fcf> pj=1,..., d

m for sake of simplicity set J =0
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MD system: simplification ﬂ(“'

d
i(Do+ ) D))y =cpyp,  (0) = o, aj,peCt
=

—AV = [y,
anA— CQAA =0, A(O) = A, atA(O) = CA,
o .V A .
Doy = (Ct+lc> ¥, D= (axj—fcf> pj=1,..., d

m for sake of simplicity set J =0
_ — sin(ctv/—A) 51
a A(t) =cos(cty—A)A+ — A" linear
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Uniform system ﬂ( T

arlsruhe Institute of Technology

e UF.(1) = Fuo(t) + € Fo(t) + e 21F, _p(t) + e “C1F, (1)
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Uniform system ﬂ( T

arlsruhe Institute of Technology

e FUE(t) = Fro(t) + € F, o(t) + e 2R, Lp(t) + e O IF. _4(t)

. . 2 . L
B AV, = % ety + e*’cztvi‘ = V=)V 4 2Py o 2]
a
d d at 1 d
Dav[V] = Y 4;(9;V), DolA] =}, 4(ZA) DeanlAl = -3 Y wjag (A — 9kA))
=1 = k=1

B A, = A, as Aislinear
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Uniform system

AT

e CUE(t) = F.o(t) + R, o(t) + e 2R, _p(t) + e O IF, _4(t)

for example

Fo =302+ (V). ()

A2
2c

Ux

A, - Vu,
A, - Vv,

S|

5‘;:) wi(

) i

_|_i' <_[ [V | 4+ Deur[Ax] + Do
2 [de[v ] + Deun [-A*] + D0[-’4*

Y )i (5
—Dgiv [V} :>

gdlv[ *}

)]

a AV*f
a

2
etu, + e~ ’C'v‘ =

d

j=1

B A, = A, as Aislinear

d at
O[] O0l] = L (34,
j=
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Uniform system

AT

e (1) = FLo(t) + €CF. o(t) + € 2UF, _p(t) + & *F, _4(t)

for example

_ Uy 1 _ v,
Fo=g 02+ )W) (4 ) + 300 - () V), (im)
_ -1 ‘A*|2 Ux (A -V i lev[vl] Vi
@ | () () <2 (ot
_|_i <_[© [V ] +©curl[A*] +©0 A*} ) :|
2 [de[v ] +®cur| [-A*] +©O[A*H Vi
m AV, = % etu, + e*"cz‘vi‘z = V=V 2] e 2T
a
d d ;1 d
Qdiv[w = ZOLI(BIV), :DO[A = Z / , :DCUH[A] = _E Z Délek(ajAk —akA/)
j=1 j=1 k=1
B A = A, as Aislinear

Fi2, Fi—2, Fi _4 similar
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Uniform system

Karlsruhe Institute of Technology

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

® nonlinearity

eficzt,:*(t) = F.o(t) + 62’.02[F*Y2(t) + efz""‘z’F*,,g(t) + ef4iczt/:*‘74<t)
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Uniform system

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

® nonlinearity

o UFL(t) = FLo(t) + €7 1F. 5 (1) + e 2 1F. () + e ¥ IFL (1)

@ F.pm,m=—4,-20,2 nice (slowly varying), i.e.

IFem(t+8) = Fem(®l, < SK(IFm(®lrs2+ 300 [1Fom(t+ 0.
<GS

with K independent of ¢ > 1.
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Uniform system

Karlsruhe Institute of Technology

iDiws = —Low, + e IR, [w,, Vs, A,

a Duhamel’s formula

. T o )
w, (t+ 1) :elﬁcTW*(t) _ i/ elLe(t—s) Eem./cz(t+s) F.m(t+s)ds
: me{—4,-2,0,2}
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Uniform system

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

a Duhamel’s formula

w, (t+1) :eiﬁcrw*(t) i /OT (t-5) Zem"'cz(ﬁs)l:*'m(t—l— s)ds
- me{—4,-2,0,2}

( W—WHrSKSH%AW

r

o [Fam(t+s)—Fom()|, < Ks = freeze Fi m(t)

October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System




Uniform system ﬂ(".

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

a Duhamel’s formula

w, (t+1) :eiﬁcrw*(t) i /OT (t-5) Zem"'cz(ﬁs)l:*'m(t—l— s)ds
- me{—4,-2,0,2}

. . T .
:e’ﬁcT(w*(t) - iZe’”"CZ’F*,m(t)/ em"czsds)
me{—4,-2,0,2} 0

+R(T, t, Wi, Vs, Ay).

|
( W—WHrSKSHEAW )

a [Fam(t+s)—Fom()|, < Ks = freeze Fim(t)

w Rt we Vi, Al < PRI (D] iz + Vi (Ol g2 + [ A(D]r42)

14 October 131, 2016: Patrick Kramer - Numerical Methods for an efficient integration of the Maxwell-Dirac System



14

Uniform system ﬂ(".

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

a Duhamel’s formula

w, (t+1) :eiﬁcrw*(t) i /OT (t-5) Eem"'cz(H'S)F*,m(t—l— s)ds
- me{—4,-2,0,2}

. . T .
:e’ﬁcT(w*(t) - iZe’”"CZ’F*,m(t)/ em"czsds)
me{—4,-2,0,2} /0

+R(T, t, Wi, Vs, Ay).

]
( W—WHrSKSHEAW )

a [Fam(t+s)—Fom()|, < Ks = freeze Fim(t)

w [R(t, W, Vi, Al < PK(Wa(O)lp 0+ VOl 2+ A1) [l 142)
® Integrate [, €™ Sds = T (m- ic?T) exactly, @1 (x) = ex;1
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Uniform Time integration scheme ﬂ(“'

iDiws = —Low, + e IR, [w,, Vs, A,

@ Duhamel’s formula

W, (t+ 1) =ellet <w*(t) — ity ™y (m- ic%)F*,m(t)> +0O (TZ)
me{—4,-2,0,2}
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Uniform Time integration scheme

Karlsruhe Institute of Technology

0wy = — LWy + e*"CZ’F*[W*, Vi, Ayl

@ Duhamel’s formula

W, (t+ 1) =ellet <w*(t) —itY ™y (m- iCZT)F*,m(t)> +0O (TZ‘)
me{—4,-2,0,2}

m First order time integration scheme: (p1(x) = ex; 1)

Wit —gffet (wg - iTGf)

Gl =Fly + e2’02’”<p1 (2ic?T)FI, + g2t @1(—2ic®T)F"_,

+ e’4i02t"(p1 (—4ic®T) Fl 4
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Uniform Time integration scheme ﬂ("'

te of Technology

/atW* == —£0W* + e_icth*[W*, V*, A*]

@ Duhamel’s formula

W, (t+ 1) =ellet <w* () — ity e™ gy (m- ic%)F*,m(t)> e (72)
me{—4,-2,0,2}

m First order time integration scheme: (p1(x) = eXX_1)

Wit =ikt (wg - iTGf)

G =Flo + &2 (2ic?T)FI, + € 2 g (~2ic?T) FI_,
+ e*4i“‘2t"(p1 (—4ic*T)F! _,

Global error

Linear convergence, i.e. ||ws(tn) — w/||, < KT, K independent of ¢ > 1.
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Summary: Comparison MD Limit vs Uniform

arlsruhe Institute of Technology

Limit approx.: Uniform method:
1, je? it — n_ 1/,ic%ty,n —ic?th T on
Yl = (MUl + e V) pl =5 ul+ e v])
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Summary: Comparison MD Limit vs Uniform

arlsruhe Institute of Technology

Limit approx.: Uniform method:
1, jc? it —r n_ 1/,icct,n —ic2tyon
Yo, = 5(€°ug + 7 V) pl =S (eCul + e7 D)
. . _ 2
a Idea: asymptotic expansion m Idea: transform w, = e tw
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Summary: Comparison MD Limit vs Uniform

arlsruhe Institute of Technology

Limit approx.: Uniform method:
1, je? it —r n_ 1/,ic%ty,n —ic?th T on
Yo, = 5(€°ug + 7 V) pl = (el + e7 D)
. . _ 2
m ldea: asymptotic expansion m Idea: transform w, = e "“tw

m SP system for Weo = (Ueo, Veo): m system for w, = (uy, Vi):

9 Weo = —%Awoo + Voo (”‘j" ) iDiwy = —Lows + e tF, [ws, ...
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Summary: Comparison MD Limit vs Uniform

Limit approx.:
n _ 1/,icct,, n —ic?tym
gL, = L(eF Ul + e )

a Idea: asymptotic expansion
m SP system for Weo = (Ueo, Veo):

iatWoo = —%AWOQ + Voo <Uoo )

Voo
a Strang splitting scheme:

[9(tn) — |, < K(c™' +17)

October 13", 2016:  Patrick Kramer -

Karlsruhe Institute of Technology

Uniform method:

. 2 . 2 J—
9l = 37 u] + e D)

i~
Idea: transform wy, = e C tw
system for w,, = (uy, Vi):

. _inl
0wy = —Lows +e C R [w,, ...

"Twisted" first order scheme

lp(ta) — 92, < Kt
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Summary: Comparison MD Limit vs Uniform AT

itute of Technology

Limit approx.: Uniform method:
¥ = %(e’bz"’u[,’o +e Py yi = %(eiczt”uf + e hy)
m Idea: asymptotic expansion a Idea: transform w, = e~©tw
m SP system for Weo = (Ueo, Veo): m system for w, = (uy, Vi):
i0tWeo = —%Awoo + Voo <_“;°w> Diw, = —Low, + e tF, w,, ...]
m Strang splitting scheme: m "Twisted" first order scheme
lp(ta) — w&ll, < K(c™ +77) l(ta) — 921l < KT

Good approx for Good Approx. for
large ¢ > 1, ¢ € [T72, 0). allec> 1.
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Numerical Experiments

Karlsruhe Institute of Technology

Simulation with d =2, T = 1, r = 2, smooth initial data

Uniform: —— Limit: ---o--
n 0 n _ 2 -1
max [|y(tn) =42, = O (-¢°) . max [(ta) —y2[, = O (2 +c )
the€[0,T] th€[0,T]
H" errorin © H" errorin c
T T T T T T T T T T TTTTm] T T T T T T T T T

c= © © - ©:0 000 MAWBAD TOW TOWOWM 00O O- O o © T=05

—+— 100 [o: 000000 DOWMD WOD WAOD 00 6. 0. - o 100 °'0.g° o —_—
c=2 ° °-ge ° T=0.25

e-e,s

c= o+ 0O ©0000DVD GOV WP 000 0 0. %0, =017

—_— %9, —
c=20 . : T 7=005
c=61 ,  107° 1072 | Yy, ... T=0.012
c =325 - y T =0.004
c=987 , o.. T=20.0008
O(t) —— 104 P 1074 sty | = 0(c™)
O(TZ) -=- O il Ht\’m\ Ll L vl vl il

1073 1072 101 100 1 10 100 1000
T c

te0,T], xel|-mn]9 Te~7-107% N= 256 grid points
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Outlook

Karlsruhe Institute of Technology

m so far uniform method for ¢ > 1
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Outlook

Karlsruhe Institute of Technology

m so far uniform method for ¢ > 1
= extend the method for all ¢ € (0, 00)?
(see also Baumstark,Faou,Schratz 2016)
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Outlook

Karlsruhe Institute of Technology

m so far uniform method for ¢ > 1
= extend the method for all ¢ € (0, 00)?
(see also Baumstark,Faou,Schratz 2016)

m rigorous error analysis of the uniformly first order scheme
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Outlook

Karlsruhe Institute of Technology

m so far uniform method for ¢ > 1
= extend the method for all ¢ € (0, 00)?
(see also Baumstark,Faou,Schratz 2016)

m rigorous error analysis of the uniformly first order scheme
m construct a similar scheme for A in the nonlinear case J # 0
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Outlook

Karlsruhe Institute of Technology

m so far uniform method for ¢ > 1
= extend the method for all ¢ € (0, 00)?
(see also Baumstark,Faou,Schratz 2016)

m rigorous error analysis of the uniformly first order scheme
construct a similar scheme for A in the nonlinear case J # 0
m construct a uniformly second order scheme?
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Outlook AT

Karlsruhe Institute of

m so far uniform method for ¢ > 1
= extend the method for all ¢ € (0, 00)?
(see also Baumstark,Faou,Schratz 2016)

rigorous error analysis of the uniformly first order scheme
construct a similar scheme for A in the nonlinear case J # 0
construct a uniformly second order scheme?

include external potential Vgy into model

= efficient simulation of electrons in graphene?
(together with group of Kurt Busch (HU Berlin))

i
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