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Introduction

1 D. Hipp, M. Hochbruck - Numerical analysis of the wave equation with numerous boundary conditions

Consider bdd. domain Ω ⊂ Rd with Lipschitz boundary Γ = ∂Ω

Model problem

utt (t , x) = ∆u(t , x), (t , x) ∈ [0,T ]×Ω + initial cond.

supplemented by boundary conditions on Γ:

acoustic mδtt + dδt + kδ = −ρut

δt = ∂νu

kinetic utt + k2u + ∂νu = ∆Γu

Robin ∂νu + k2u = 0

Goal: unified framework

{
which delivers well-posedness result
has variational background for numerics
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Example: Kinetic boundary conditions

2 D. Hipp, M. Hochbruck - Numerical analysis of the wave equation with numerous boundary conditions

Find u : [0,T ]×Ω→ R s.t.

utt = ∆u, in Ω

utt + k2u = ∆Γu− ∂νu, on Γ suff. / pw. smooth

Derivation of variational formulation:
1. multiply pde with ϕ ∈ C∞(Ω) and integrate over Ω∫

Ω
utt ϕ− ∆uϕ dx = 0 ∀ϕ

2. use Green’s formula∫
Ω

utt ϕ +∇u · ∇ϕ dx −
∫

Γ
∂νuϕ dσ = 0 ∀ϕ

3. replace ∂νu by boundary conditions∫
Ω

utt ϕ +∇u · ∇ϕ dx +
∫

Γ

(
utt + k2u− ∆Γu)ϕ dσ = 0 ∀ϕ
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Example: Kinetic boundary conditions
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4. Green’s formula on Γ

a(u, ϕ) =
∫

Ω
∇u · ∇ϕ dx +

∫
Γ

k2uϕ dσ−
∫

Γ
∆Γu ϕ dσ

=
∫

Ω
∇u · ∇ϕ dx +

∫
Γ

k2uϕ dσ +
∫

Γ
∇Γu · ∇Γ ϕ dσ

5. each (classical) solution satisfies∫
Ω

utt ϕ dx +
∫

Γ
utt ϕ dσ + a(u, ϕ) = 0 ∀ϕ ∈ C∞(Ω)

6. with H = L2 def
= L2(Ω)× L2(Γ)

(utt | ϕ)H + a(u, ϕ) = 0 ∀ϕ ∈ V

and a V -elliptic

V = H1(Ω; Γ) def
=
{

u ∈ H1(Ω) | γu ∈ H1(Γ)
}

for γ : H1(Ω)→ H1/2(Γ) trace op.
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Unified framework
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Let V ↪→ H densely; Gelfand triple V ↪→ H = H∗ ↪→ V ∗

Variational problem

Find u : [0,T ]→ V s.t.〈
u′′(t), ϕ

〉
V + e(u′(t), ϕ) + a(u(t), ϕ) = 0 ∀ϕ ∈ V + i.c.

V -elliptic symmetric bilinear form a : V × V → R, i.e.,

|a(u, ϕ)| ≤ Ca ‖u‖V ‖ϕ‖V (boundedness)

a(u,u) ≥ ca ‖u‖2
V (coercivity)

positive semidefinite, continuous bilinear form e : V × V → R, i.e.,

|e(v , ϕ)| ≤ Ce ‖v‖V ‖ϕ‖V (boundedness)

e(v , v) ≥ 0 (psd)



Unified framework: well-posedness
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with Au = a(u, ·) and Ev = e(v , ·)
u′′(t) + Eu′(t) +Au(t) = 0 in V ∗

where A, E ∈ B(V ,V ∗)

first order problem with v = u′

x′(t) + Lx(t) = 0 for L =

[
0 − I
A E

]
, x =

[
u
v

]
then L ∈ B(V × V ,V × V ∗)
L = L

∣∣
D(L) part of L in X = V ×H with

D(L) =
{
[u, v ]T ∈ V × V | Au + Ev ∈ H

}
⊂ X

The part of A ∈ B(V ,V ∗) in H is defined as A = A
∣∣
D(A) with

A : D(A)→ H, D(A) = {u ∈ V | Au ∈ H}.
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Unified framework: well-posedness
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Check assumptions of Lumer-Phillips for −L : D(L)→ X
1. dissipativity in energy norm ‖x‖2

X = ‖u‖2
a + ‖v‖

2
H

(−Lx | x)X =

([
v

−Au− Ev

]
|
[
u
v

])
X

= a(v ,u)− 〈Au, v〉 − 〈Ev , v〉 ≤ 0

2. (λ I+L)D(L) = X for λ > 0

(λ + L)x = f

⇐⇒
[

λu− v
λv + Ev +Au

]
=

[
f
g

]
⇐⇒ λ2 (u | ϕ)H + λe(u, ϕ) + a(u, ϕ)︸ ︷︷ ︸

V -elliptic

= 〈h, ϕ〉 (∗)

3. density of D(L)

(∗) : ∀ϕ ∈ V , h = g + λf + E f ∈ V ∗
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Unified framework: well-posedness result
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Theorem ([Showalter ’10, Thm. VI.2.1.])

−L generates a semigroup of contractions S(·) on X.

Corollary

If x0 ∈ D(L) then x(t) = S(t)x0 ∈ C1
(
[0,T ];X

)
solves

x′(t) + Lx(t) = 0, x(0) = x0.

If D(L) = D(A)× V then

u ∈ C2([0,T ];H
)
∩C1([0,T ];V

)
∩C

(
[0,T ]; [D(A)]

)
.

Faedo-Galerkin: u ∈ L2(0,T ;V ), ut ∈ L2(0,T ;H), utt ∈ L2(0,T ;V ∗)



Example: kinetic boundary condition
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Have
H = L2 def

= L2(Ω)× L2(Γ) (u = [uΩ,uΓ]
T ∈ L2)

V = H1(Ω; Γ) def
=
{

u ∈ H1(Ω) | γu ∈ H1(Γ)
}

D(L) =
{
[u, v ]T ∈ V × V | Au + Ev ∈ H

}
= D(A)× V

Characterize D(A) =
{

u ∈ V | Au ∈ L2 ⇔ a(u, ϕ) ≤ Cu ‖ϕ‖0,Ω;Γ
}

a(u, ϕ) =
∫

Ω
∇u · ∇ϕ dx +

∫
Γ

k2 γu γϕ +∇Γ γu · ∇Γ γϕ dσ

= −
∫

Ω
∆uϕ dx +

∫
Γ

(
k2 γu− ∆Γ γu + ∂νu

)
γϕ dσ

thus D(A) =
{

u ∈ H1(Ω; Γ) | ∆u ∈ L2(Ω), ∆Γ γu ∈ L2(Γ)
}

with

Au =

[
−∆

(k2 − ∆Γ) γ + ∂ν

]
u ∈ L2
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Example: kinetic boundary condition
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Aftermath of abstract framework:
x′(t) + Lx(t) = 0 is u′(t)

v ′Ω(t)
v ′Γ(t)

+

 0 − I
−∆ 0

(k2 − ∆Γ) γ + ∂ν 0

 [u(t)
v(t)

]
= 0

unique solution for x(0) ∈ D(L) where

D(L) =
{

u ∈ H1(Ω; Γ) | ∆u ∈ L2(Ω), ∆Γ γu ∈ L2(Γ)
}
×H1(Ω; Γ)

stability estimate in X = Va ×H = H1(Ω; Γ)×L2

‖∇u(t)‖2
0,Ω + ‖k γu(t)‖2

0,Γ + ‖∇Γ γu(t)‖2
0,Γ + ‖ut (t)‖2

0,Ω + ‖ γut (t)‖2
0,Γ

≤ ‖x(0)‖2
X

Remark: utt =
[
uΩ

tt ,u
Γ
tt

]T ∈ L2 in general uΩ
tt

∣∣
Γ 6= uΓ

tt ⇐⇒ dynamic bc
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x′(t) + Lx(t) = 0 is u′(t)

v ′Ω(t)
v ′Γ(t)

+

 0 − I
−∆ 0

(k2 − ∆Γ) γ + ∂ν 0

 [u(t)
v(t)

]
= 0

unique solution for x(0) ∈ D(L) where

D(L) =
{

u ∈ H1(Ω; Γ) | ∆u ∈ L2(Ω), ∆Γ γu ∈ L2(Γ)
}
×H1(Ω; Γ)

stability estimate in X = Va ×H = H1(Ω; Γ)×L2

‖∇u(t)‖2
0,Ω + ‖k γu(t)‖2

0,Γ + ‖∇Γ γu(t)‖2
0,Γ + ‖ut (t)‖2

0,Ω + ‖ γut (t)‖2
0,Γ

≤ ‖x(0)‖2
X

Remark: utt =
[
uΩ

tt ,u
Γ
tt

]T ∈ L2 in general uΩ
tt

∣∣
Γ 6= uΓ

tt ⇐⇒ dynamic bc
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Example: acoustic boundary conditions
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Find u : [0,T ]×Ω→ R, δ : [0,T ]× Γ→ R s.t.

utt = c2∆u in Ω
mδtt + dδt + kδ = −ρut on Γ

δt = ∂νu on Γ

Variational formulation for û =

[
u
δ

]
and ϕ̂ =

[
ϕ
ψ

]
is(

û′′(t) | ϕ̂
)

H + a(û(t), ϕ̂) + e(û′(t), ϕ̂) = 0 ∀ϕ̂

where

a(û, ϕ̂) =
∫

Ω
ρ∇u · ∇ϕ dx +

∫
Γ

kδ ψ

e(û, ϕ̂) =
∫

Γ
ρ( γu ψ− δ γϕ)dσ +

∫
Γ

dδ ψ dσ

with H = L2 = L2(Ω)× L2(Γ) ↪→ V = H1(Ω)× L2(Γ) densely



Recap and results
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Already known:
well-posedness of examples, cf. [Beale ’76], [Vitillaro ’13]

well-posedness of framework, cf. [Showalter ’10]

Trotter-Kato / energy techniques for error estimates

Our contribution:
acoustic, kinetic boundary conditions in framework

FEM for (these) dynamic boundary conditions

spatial / temporal / full error bounds



FEM discretizations
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Approximation setting:
Ω ⊂ R2 polygonal domain
standard assumptions on mesh
approximation in V k

h = {pw. polynomials of degree ≤ k }
Then

acoustic boundary conditions error is O(hk) (as last year)
kinetic boundary conditions

‖e(t)‖1,Γ + ‖e(t)‖1,Ω + ‖et (t)‖0,Ω + ‖et (t)‖0,Γ ≤ C(1 + t)hk

but not quite complete since
∆Γ requires smooth Γ
then V k

h 6⊂ V

use techniques from [Kovacs, Lubich ’16]
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Conclusion
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Summary:
unified framework
well-posedness
abstract proof of convergence of space discretization

Remarks:
convergence of exponential int. / alg. stable RKM with

x′(t) + Lx(t) = f(t)

and (−Lx | x)X ≤ 0
full discretization analogously

Outlook:
numerical tests
splitting bulk surface dynamics
approximation results for smooth boundaries (with Kovacs and Lubich)
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