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Introduction ﬂ(“.

Consider bdd. domain Q) ¢ R with Lipschitz boundary T = 9Q)

Model problem

ug(t, x) = Au(t, x), (t,.x) €0, T]xQ + initial cond.

supplemented by boundary conditions on I':

acoustic mbi + dot + ké = —puy
(St = 8Vu
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Introduction ﬂ(“.

Consider bdd. domain Q) ¢ R with Lipschitz boundary T = 9Q)

Model problem

ug(t, x) = Au(t, x), (t,.x) €0, T]xQ + initial cond.

supplemented by boundary conditions on I':

acoustic mbi + dot + ké = —puy
(St = 8Vu
kinetic Ust + K2Uu + 9,u = Aru

Robin U+ KPu=0
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Introduction ﬂ(“.

Consider bdd. domain Q) ¢ R with Lipschitz boundary T = 9Q)

Model problem

ug(t, x) = Au(t, x), (t,.x) €0, T]xQ + initial cond.

supplemented by boundary conditions on I':

acoustic méy + dot + ké = —puy
O = dyu
kinetic Ust + K2Uu + 9,u = Aru
Robin QU+ ku=0

which delivers well-posedness result

Goal: unified framework o )
has variational background for numerics
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Example: Kinetic boundary conditions AT

Find u: [0, T] x Q2 — R s.t.
u = Au, in Q

Ui + k?u = Aru — dyu, on I suff. / pw. smooth
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Example: Kinetic boundary conditions AT

Karlsruhe Institute of

Find u: [0, T] x Q2 — R s.t.
uy = Au, in Q)
Ut + kK?u = Aru— 9y u, on I suff. / pw. smooth

Derivation of variational formglation:
1. multiply pde with ¢ € C*(Q)) and integrate over Q)

/Q ugp — Aupdx =0 Yo
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Example: Kinetic boundary conditions

Find u: [0, T] x Q2 — R s.t.
uy = Au, in Q)
Ut + kPu = Aru —oyu, on I suff. / pw. smooth

Derivation of variational formglation:
1. multiply pde with ¢ € C*(Q)) and integrate over Q)

/Q ugp — Aupdx =0 Yo

2. use Green’s formula

/Qun(p—FVu-V(pdx—/rE)VU(pdazo Vo
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Example: Kinetic boundary conditions AT

Find u: [0, T] x Q2 — R s.t.
uy = Au, in Q)
Ut + kPu = Aru —oyu, on I suff. / pw. smooth

Derivation of variational formglation:
1. multiply pde with ¢ € C*(Q)) and integrate over Q)

/Q ugp — Aupdx =0 Yo
2. use Green’s formula
/Quﬁ(p—FVu-V(pdx—/rE)VU(pda:O Vo
3. replace 9, u by boundary conditions

/Qun(p+Vu-V(pdx+/r(un+k2u—Aru)(pda:0 Ve

2 D. Hipp, M. Hochbruck - Numerical analysis of the wave equation with numerous boundary conditions



Example: Kinetic boundary conditions AT

Karlsruhe Institute of

4. Green’s formulaonT
a(u,fp):/QVu-Vgodx+/rk2uq)da—

— [ Vu-Vod /k2 d
/Qu goerFU(paJr
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Example: Kinetic boundary conditions

4. Green’s formulaon T’
a(u,fp):/QVu-Vgodx+/k2uq)da—
r
— [ vu-v dx+/k2u do +
Jo 7 Vodrs [ updo
5. each (classical) solution satisfies

/. ui@ dx + / U[[q)d(T + a(u, q)) =0 ng € COO(Q)
JQ JT
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Example: Kinetic boundary conditions AT

4. Green’s formulaon T’
a(u,fp):/QVu-Vgodx+/k2uq)da—
r
— [ vu-v dx+/k2u do +
o Tu- Vodxs | Koupds
5. each (classical) solution satisfies
/. ui@ dX—|- / Uﬁq)dU'—i— a(u, q)) =0 vqp c COO(Q)
JO JT
6. with H = L2 %' [2(0)) x L2(T)

(ug | ¢)y+alue)=0 VYoeV
and a V-elliptic

V=H D% {u eH'(Q)| yue H1(r)}
for v: H'(Q) — H'/2(T) trace op.
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Unified framework ﬂ(".

Let V — H densely; Gelfand triple V — H = H* — V*
Variational problem
Find u: [0, T] — V s.t.

(U'(t),9), +e(W(t),p)+a(u(t),9)=0 VpecV +ic.

m V-elliptic symmetric bilinear forma: V x V —- R, i.e.,
la(u, 9)| < Callully llolly (boundedness)
a(u,u) > ca||ul3 (coercivity)
m positive semidefinite, continuous bilinear forme: V x V — R, i.e.,

le(v.@)| < Cellvly llelly (boundedness)
e(v,v) >0 (psd)
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Unified framework: well-posedness

m with Au=a(u,-)and Ev = e(v, )
J()+EU()+Au(t)=0  in V*
where A, & € B(V, V*)
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Unified framework: well-posedness

m with Au=a(u,-)and Ev = e(v, )
J()+EU()+Au(t)=0  in V*
where A, & € B(V, V*)
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Unified framework: well-posedness AT

m with Au=a(u,-)and Ev = e(v, )
J()+EU()+Au(t)=0  in V*
where A, & € B(V, V*)
a first order problem with v = v/

X' (t)+Lx(t) =0  for L = L(z)l El}'x_ m

then £ € B(V x V,V x V*)
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Unified framework: well-posedness AT

m with Au=a(u,-)and Ev = e(v, )
J()+EU()+Au(t)=0  in V*
where A, & € B(V, V*)
a first order problem with v = v/
X'(t)+Lx(t)=0  for L= L(é)l _gl} X = [u}
then £ € B(V x V,V x V*)

The part of A € B(V, V*) in Hiis defined as A = Al ,, with
A: D(A) — H, DA) ={ue V| Aue H}.
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Unified framework: well-posedness AT

m with Au=a(u,-)and Ev = e(v, )
J()+EU()+Au(t)=0  in V*
where A, & € B(V, V*)
a first order problem with v = v/

X' (t)+Lx(t) =0  for L = [Sl _5% X m

then £ € B(V x V,V x V*)
[ L:£|D(L) part of £in X = V x H with

D(L):{[u,v]Te V x V|Au+5veH}cx

The part of A € B(V, V*) in His defined as A = Al ,, with
A: D(A) — H, D(A) ={ue V| Aue H}.
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Unified framework: well-posedness

Check assumptions of Lumer-Phillips for —L: D(L) — X
1. dissipativity in energy norm ||x||% = [lull3 + VI3

(—Lx | X)y = ([_Auv—é'v} | m>x

=a(v,u)— (Au,v) —(Ev,v) <0
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Unified framework: well-posedness AT

Check assumptions of Lumer-Phillips for —L: D(L) — X
1. dissipativity in energy norm ||x||% = [lull3 + VI3

(—Lx | X)y = ([_Auv—é'v} | M)x

=a(v,u) — (Au,v) —(Ev,v) <0
2. (A1+L)D(L) = X for A > 0

A+L)x=f
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Unified framework: well-posedness AT

Check assumptions of Lumer-Phillips for —L: D(L) — X
1. dissipativity in energy norm ||x||% = [lull3 + VI3

(—Lx | X)y = ([_Auv—é'v} | M)x

=a(v,u) — (Au,v) —(Ev,v) <0
2. (A1+L)D(L) = X for A > 0

AU—V f
A+Lx=f [MMHAU}:M
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Unified framework: well-posedness AT

Check assumptions of Lumer-Phillips for —L: D(L) — X
1. dissipativity in energy norm ||x||% = [lull3 + VI3

(—Lx | X)y = ([_AUV—SV} | m>x

=a(v,u) — (Au,v) —(Ev,v) <0
2. (A1+L)D(L) = X for A > 0

AU—V f
A+Lx=f [MMHAU}:M

= A (ulg)y+re(ug)+alug) = (he)(x

V-elliptic

(x): VYoeV,h=g+Af+EfecV*
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Unified framework: well-posedness AT

Check assumptions of Lumer-Phillips for —L: D(L) — X
1. dissipativity in energy norm ||x||% = [lull3 + VI3

(—Lx | X)y = ([_AUV—SV} | m>x

=a(v,u) — (Au,v) —(Ev,v) <0
2. (A1+L)D(L) = X for A > 0

AU—V f
A+Lx=f [MMHAU}:M

= A (ulg)y+re(ug)+alug) = (he)(x

V-elliptic
3. density of D(L)

(x): VYoeV,h=g+Af+EfecV*
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Unified framework: well-posedness result AT

Theorem ([Showalter 10, Thm. VI.2.1.])

—L generates a semigroup of contractions S(-) on X.

Corollary

m Ifxg € D(L) thenx(t) = S(t)xg € C' ([0, T}; X) solves
x'(t) + Lx(t) = 0, x(0) = Xo.
® IfD(L) = D(A) x V then

uc CQ([O, T]; H) nc! ([0, T]; V) N C([O, T]; [D(A)])

Faedo-Galerkin: u € L?(0, T; V), uzeL2(0,T;H), uy<c L?(0,T;V*)
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Example: kinetic boundary condition AT

Have H=12%¥12(0) x (3T)  (u=[un, ur]” € L?)
V=H@©D% {ue H'(Q) | yue H1(r>}

D(L):{[u,v]Te V x V\Au+5veH}=D(A)x v
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Example: kinetic boundary condition AT

Have
H=12%¥12(0) x (3T)  (u=[un, ur]” € L?)

V=H@©D% {ue H'(Q) | yue H1(r>}
D(L) = {[u,v]T EVxV|Au+éve H} — D(A) x V
Characterize D(A) = {ue V| Aue L? & a(u,¢) < Cyll¢lloq.r }
a(u,<p):/QVU‘V(pdx+/rk2'yu'y(p+vr’yu-vr'y<pda

:_/QAU(pdx+/r(k2fyu—Ar'yu+avu) yodo
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Example: kinetic boundary condition AT

Have
H=12%¥12(0) x (3T)  (u=[un, ur]” € L?)

V=H@©D% {ue H'(Q) | yue H1(r>}
D(L) = {[u,v]T EVxV|Au+éve H} — D(A) x V
Characterize D(A) = {ue V| Aue L? & a(u,¢) < Cyll¢lloq.r }
a(u,<p):/QVU‘V(pdx+/rk2'yu'y(p+vr’yu-vr'y<pda
:_/QAU(pdx+/r(k2fyu—Ar'yu+avu) yodo

thus D(A) = {u € H'(O;T) | Au € L2(Q), Aryu € L3(T)} with

—A

Au = {(kQ — Ar) 7y + 9y

}uele
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Example: kinetic boundary condition AT

Aftermath of abstract framework:
m X' (t)+Lx(t)=0is

u'(t) 0 —1 u()
L) | + —A 0 =0
2] Lo aasa o {V“)}
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Example: kinetic boundary condition AT

Aftermath of abstract framework:
X'(t)+Lx(t)=0is

u'(t) 0 u(t)
(| + —A 0
{Vv?ét; (K2 — Ar)y + 2y ] v =¢

m unique solution for x(0) € D(L) where

D(L) = {u € HY(Q;T) | Au € [2(Q), Arqu € Lz(r)} x H'(Q;T)
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Example: kinetic boundary condition AT

Aftermath of abstract framework:
X'(t)+Lx(t)=0is

u'(t) 0 u(t)
L(t —A 0
{Vv?ét; (K = 6r) 7+, ] ol =
m unique solution for x(0) € D(L) where

D(L) = {u € HY(Q;T) | Au € [2(Q), Arqu € Lz(r)} x H'(Q;T)

+

m stability estimate in X = Vy x H = H'(Q;T) x L2
2 2 2 2 2
IVu)llo0+ Ikyu®llor + Ve yu®lior + llur(W)lo.q+ T vur (o r
2
< [Ix(0)([x

D. Hipp, M. Hochbruck - Numerical analysis of the wave equation with numerous boundary conditions



9

Example: kinetic boundary condition AT

Aftermath of abstract framework:
X'(t)+Lx(t)=0is

u'(t) 0 u()
L) | + —A 0
{‘\//?((t)) (k> — Ar) vy +9, ] {V(t)}

m unique solution for x(0) € D(L) where
D(L) = {ue H'(O:T) | Au € LA(Q), Arqu € (D) } x H'(QiT)
m stability estimate in X = Vy x H = H'(Q;T) x L2
IVu(®)5.0+ Ik vutllgr + IVeru®l5 e+ lu®)15.0 + e DG r

< |Ix(0)II%

c e — T 17 2 Q T ;
Remark: uy = [ug! uy] € L2 in general ug!|. # u; <= dynamic bc
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Example: acoustic boundary conditions AT

Findu: [0, T] xQ —R,4: [0, T] xT — Rs.t.

Uy = c?Au in Q)
méy + dét + ko = —puy onT
Ot = dyu onT
- . ~ |u el .
Variational formulation for U = 5 and ¢ = ¥ is

@' (1) | §), +a@(t),p) +e(@(t).§)=0 V¢
where

a(ﬂ,(ﬁ):/Qqu~Vgodx+/rk51p
e(u,p) = /Fp(’yugl*—é vo)do + /Fdé pdo

with H = L2 = L2(Q) x L?(T) — V = H'(Q) x L?(T) densely
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Recap and results ﬂ(“.

Karlsruhe Institute of

Already known:
m well-posedness of examples, cf. [Beale '76], [Vitillaro '13]

m well-posedness of framework, cf. [Showalter '10]
m Trotter-Kato / energy techniques for error estimates

Our contribution:
m acoustic, kinetic boundary conditions in framework

a FEM for (these) dynamic boundary conditions

m spatial / temporal / full error bounds
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FEM discretizations ﬂ(“.

Approximation setting:
m Q C RR? polygonal domain
a standard assumptions on mesh

m approximation in V,’; = {pw. polynomials of degree < k }
Then
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FEM discretizations ﬂ(“.

Approximation setting:

m Q C RR? polygonal domain

a standard assumptions on mesh

m approximation in V,’; = {pw. polynomials of degree < k }
Then

m acoustic boundary conditions error is O(h¥) (as last year)
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FEM discretizations ﬂ(“.

Approximation setting:

m Q C RR? polygonal domain

a standard assumptions on mesh

m approximation in V,’; = {pw. polynomials of degree < k }
Then

m acoustic boundary conditions error is O(h¥) (as last year)
a kinetic boundary conditions

le()llr+ lle)lla+ let)lloa + llec)llor < C(1+t)h
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FEM discretizations ﬂ(“.

Approximation setting:

m Q C RR? polygonal domain

a standard assumptions on mesh

m approximation in V,’; = {pw. polynomials of degree < k }
Then

m acoustic boundary conditions error is O(h¥) (as last year)
a kinetic boundary conditions

le()llr+ lle)lla+ let)lloa + llec)llor < C(1+t)h

but not quite complete since

® Ar requires smooth I’
m then Vi ¢ v

use techniques from [Kovacs, Lubich '16]
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Conclusion

Karlsruhe Institute of Technology

Summary:

m unified framework

a well-posedness

m abstract proof of convergence of space discretization
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Conclusion ﬂ(“.

Summary:
a unified framework
a well-posedness

m abstract proof of convergence of space discretization
Remarks:

m convergence of exponential int. / alg. stable RKM with
x'(t) + Lx(t) = f(t)

and (—Lx | x)xy <0
m full discretization analogously
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Conclusion ﬂ(“.

Summary:
a unified framework
a well-posedness

m abstract proof of convergence of space discretization
Remarks:

m convergence of exponential int. / alg. stable RKM with
x'(t) + Lx(t) = f(t)

and (—Lx | x)xy <0
m full discretization analogously
Outlook:
® numerical tests
m splitting bulk surface dynamics
m approximation results for smooth boundaries (with Kovacs and Lubich)
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