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Lineare Maxwellgleichungen
Suche H, E : [0,T ]× Ω→ R3, s.d.

µ∂tH+∇× E = 0,

ε∂tE −∇×H = −J ,
∇ · (εE) = ρ,

∇ · (µH) = 0,

(n × E)|∂Ω = 0,

(n · (µH))|∂Ω = 0,

E(t = 0) = E0,

H(t = 0) = H0.

Maxwell-Operator A : D(A)→ V[
H
E

]
7→
[

µ−1∇× E
−ε−1∇×H

]
,

mit

D(A) = H(curl,Ω)× H0(curl,Ω), V = L2(Ω)3 × L2(Ω)3.

H(curl,Ω) = {v ∈ L2(Ω)3 | ∇ × v ∈ L2(Ω)3}
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Evolutionsgleichung: Suche u = [H, E ]T ∈ D(A), s. d.

∂tu + Au = g,

u(0) = u0,

mit g = [0,−εJ ]T und u0 = [H0, E0]T .

Wohlgestelltheit: Es gibt eindeutige Lösung.

Schief-symmetrisch: Für v1, v2 ∈ D(A),

(Av1, v2)V = −(v1,Av2)V .

Energieerhaltung: Für g = 0,

‖u(t)‖V = ‖u(0)‖V .

Stabilität:
‖u(t)‖V ≤ ‖u0‖V +

∫ t

0
‖g(s)‖V ds.

Für v1 = [H1,E1]T , v2 = [H2,E2]T ,

(v1, v2)V = (µ1/2H1, µ
1/2H2)L2(Ω)3 + (ε1/2E1, ε

1/2E2)L2(Ω)3
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DG Ortsdiskretisierung

∂Ω

K

Ω

Th : Gitter,
F i

h : innere Kanten,
Fb

h : äußere Kanten.

Gebrochener Polynomraum

Pk
3(Th) :=

{
v : v |K ∈ Pk

3(K )
}
.

Gebrochener Sobolevraum

Hm(Th) := {v : v |K ∈ Hm(K )} .

Gebrochener curl-Operator

(∇h × v)|K := ∇× (v |K ).

DG Räume

Vh :=Pk
3(Th)3 × Pk

3(Th)3,

V? :=D(A) ∩ (H1(Th)3 × H1(Th)3).
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Weitere Notationen

K
KF

nF

F

Mittelwert

{{v}}F =
1
2

(
(vK )|F + (vKF )|F

)
,

Sprung

JvKF = (vKF )|F − (vK )|F .

Für v = [H,E ]T ∈ V? gilt

nF × JHKF = nF × JEKF = 0 ∀F ∈ F i
h,

n × E = 0 ∀F ∈ Fb
h .

Andreas Sturm – DG Methoden und explizite RKV für Maxwell-Gleichungen 21. Februar 2014 4/15



Weitere Notationen

K
KF

nF

F

Mittelwert

{{v}}F =
1
2

(
(vK )|F + (vKF )|F

)
,

Sprung

JvKF = (vKF )|F − (vK )|F .

Für v = [H,E ]T ∈ V? gilt

nF × JHKF = nF × JEKF = 0 ∀F ∈ F i
h,

n × E = 0 ∀F ∈ Fb
h .

Andreas Sturm – DG Methoden und explizite RKV für Maxwell-Gleichungen 21. Februar 2014 4/15



Konstruktion
Kont. Bilinearform: Für v = [H,E ]T ∈ D(A), ϕ = [φ , ψ ]T ∈ V ,

a(v , ϕ) = (∇× E , φ)L2(Ω)3 − (∇× H, ψ)L2(Ω)3 , a(0)
h

mit v ∈ V?h = V? + Vh. Für vh = [Hh,Eh]T ∈ Vh,

0
?
=a(0)

h (vh, vh) =
∑

K∈Th

[
(∇× EK ,HK )L2(K )3 − (∇× HK ,EK )L2(K )3

]
=
∑

K∈Th

∑
F∈FK

(nK × EK ,HK )L2(F)3aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

=
∑

F∈F i
h

[
−(nF × JEhKF , {{Hh}}F )L2(F)3 + (nF × JHhKF , {{Eh}}F )L2(F)3

]
+
∑

F∈Fb
h

(n × Eh,Hh)L2(F)3
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Centered Fluxes Bilinearform: Für v = [H,E ]T und ϕh = [φh, ψh]T ,

acfh (v , ϕh) = (∇h × E , φh)L2(Ω)3 − (∇h × H, ψh)L2(Ω)3

+
∑

F∈F i
h

[
(nF × JEKF , {{φh}}F )L2(F)3 − (nF × JHKF , {{ψh}}F )L2(F)3

]
+
∑

F∈Fb
h

[
−(n × E , φh)L2(F)3

]
.

Stabilisierungsbilinearform: Für v = [H,E ]T und ϕh = [φh, ψh]T ,

sh(v , ϕh) =
1
2

∑
F∈F i

h

(nF × JHKF , nF × JφhKF )L2(F)3

+
1
2

∑
F∈F i

h

(nF × JEKF , nF × JψhKF )L2(F)3 +
∑

F∈Fb
h

(n × E , n × ψh)L2(F)3 .

Upwind Fluxes Bilinearform: Für v = [H,E ]T und ϕh = [φh, ψh]T ,

aupwh (v , ϕh) = acfh (v , ϕh) + sh(v , ϕh).
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Diskrete Operatoren: Sei ah ∈ {acfh , a
upw
h }. Für v ∈ V?h,

(Ahv , ϕh) := ah(v , ϕh) ∀ϕh ∈ Vh.

Eigenschaften

i) Konsistent: Für alle v ∈ V?: Ahv = πhAv .

ii) Schief-symmetrisch: Für alle vh ∈ Vh,

(Acf
h vh, vh)V = 0.

Dissipativ: Für alle vh ∈ Vh,

(−Aupw
h vh, vh)V = −|vh|2S ≤ 0.

iii) Projektionsfehler: Für alle v ∈ V?h und alle ϕh ∈ Vh,

|(Ah(v − πhv), ϕh)V | ≤ Ch−1/2|ϕh|S‖v − πhv‖V .

Für v ∈ V?h: |v |2S := sh(v , v).
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Zeitdiskretisierung
Evolutionsgleichung in Vh: Suche uh ∈ Vh, s. d. uh(0) = πhu0,

u̇h(t) =− Ahuh(t).+gh(t).

Stabilität Ah auf Vh: Für alle vh ∈ Vh,

‖Ahvh‖V ≤ Ch−1‖vh‖V .

Explizite RK-Verfahren (homogen)
i) RK1:

un+1
h = un

h − τAhun
h .

ii) RK2:

Ũn2
h =Ũn1

h +
1
2
τAh(un

h − Ũn1
h ).

iii) RK3:

un+1
h =Ũn2

h +
1
3
τAh(Ũn1

h − Ũn2
h ).
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2
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1
6
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h =Ũn1

h +
1
2
τAh(un

h − Ũn1
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Energieidentitäten (homogen)
RK1:

‖un+1
h ‖2

V = ‖un
h‖2

V − 2τ(Ahun
h , u

n
h)V + ‖τAhun

h‖2
V .

RK2:

‖un+1
h ‖2

V = ‖un
h‖2

V − τ(Ahun
h , u

n
h)V − τ(AhŨn1

h , Ũn1
h )V +

1
4
‖τ 2A2

hun
h‖2

V .

RK3:

‖un+1
h ‖2

V =‖un
h‖2

V − τ(Ahun
h , u

n
h)V −

1
3
τ(AhŨn1

h , Ũn1
h )V −

2
3
τ(AhŨn2

h , Ũn2
h )V

+
1
3
τ(τ 2A2

hun
h , τAhun

h)V −
1
12
‖τ 2A2

hun
h‖2

V +
1
36
‖τ 3A3

hun
h‖2

V .
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Energieidentitäten (homogen)
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h‖2
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h |2S =‖un
h‖2

V +
1
4
‖τ 2(Aupw

h )2un
h‖2

V . (UPW)

RK3:

‖un+1
h ‖2

V +
1
12
‖τ 2(Acf

h )2un
h‖2

V =‖un
h‖2

V +
1
36
‖τ 3(Acf

h )3un
h‖2

V , (CF)

‖un+1
h ‖2

V + τ |un
h |2S+

1
3
τ |Ũn1
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Explizite RK-Verfahren (inhomogen)
Für RK1

un+1
h = un

h − τAhun
h + τgn

h .

Für RK2

un+1
h =un

h − τAhun
h +

1
2
τ 2A2

hun
h + τb1gn

h + τb2gn2
h −

1
2
τ 2Ahgn

h

= un
h − τAhun

h +
1
2
τ 2A2

hun
h + τgn

h +
1
2
τ 2∂tgn

h −
1
2
τ 2Ahgn

h + τRn
2

= Un1
h +

1
2
τAh(un

h − Un1
h ) +

1
2
τ 2∂tgn

h + τRn
2

Für RK3

un+1
h = Un2

h +
1
3
τAh(Un1

h − Un2
h ) +

1
6
τ 3∂ttgn

h + τRn
3 .

Notation: gn2
h = gh(tn + c2τ).
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Fehlerrekursion
Fehlersplitting: en = u(tn)− un

h = (u(tn)− πhu(tn))︸ ︷︷ ︸
en
π

− (un
h − πhu(tn)︸ ︷︷ ︸

en
h

).

Für RK1
en+1

h = en
h − τAhen

h + τAhen
π+τDn

1 .

Für RK2

en+1
h = En1

h +
1
2
τAh(en

h − En1
h ) +

1
2
τ 2Ah(∂ten

π)+τDn
2 + τRn

2 .

Für RK3

en+1
h = En2

h +
1
3
τAh(En1

h − En2
h ) +

1
6
τ 3Ah(∂tten

π) + τDn
3 + τRn

3 .
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Konvergenz RK3 mit Upwind Fluxes

‖en+1
h ‖2

V + τ |en
h|2S +

1
3
τ |En1

h |2S +
2
3
τ |En2

h |2S +
1
12
‖τ 2A2

hen + τ 2Ah(∂ten
π)‖2

V

= ‖en
h‖2

V + τ(en
h,AhE31

π )V +
1
3
τ(En1

h ,AhE32
π )V +

2
3
τ(En2

h ,AhE33
π +R)V

+
1
3
τ |τAhen|2S +

1
36
‖τ 3A3

hen + τ 3A2
h(∂ten

π)− τ 3Ah(∂tten
π) +R‖2

V .

CFL-Bedingung: Für % > 0: τ ≤ %h
Aus DG-Konstruktion:

τ(eh,AhEπ)V ≤ Cτh−1/2|eh|S‖Eπ‖V ≤ γτ |eh|2S + Cτh2k+1

Es gilt:
1
3
τ |τAhen|2S =

1
3
τ |(en

h − En2
h ) +

1
2

(τ 2A2
hen + τ 2Ah(∂ten

π))|2S

≤ 11
12
τ |en

h|2S +
7
12
τ |En2

h |2S +
1
24
‖τ 2A2

hen + τ 2Ah(∂ten
π)‖2

V .
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Numerische Experimente
Energieerhaltung, Dissipation
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Ordnung

10−3 10−2

10−8

10−6

10−4

10−2

100

τ

Fe
hl

er

RK1 cf RK2 cf RK3 cf RK1 upw RK2 upw RK3 upw

10−3 10−2

10−8

10−6

10−4

10−2

100

τ

Fe
hl

er

Gitterweite h = 0.5, Gitterweite h = 0.125,

Polynomgrad k = 4 Polynomgrad k = 4

Andreas Sturm – DG Methoden und explizite RKV für Maxwell-Gleichungen 21. Februar 2014 15/15


