A convergence analysis of the exponential Euler
iteration for nonlinear ill-posed problems

Marlis Hochbruck!, Michael Hénig! and
Alexander Ostermann?

I Mathematisches Institut, Heinrich-Heine Universitit Diisseldorf, D-40225
Diisseldorf, Germany
2 Institut fiir Mathematik, Universitéit Innsbruck, A-6020 Innsbruck, Austria

E-mail: marlis@am.uni-duesseldorf.de, hoenig@am.uni-duesseldorf.de,
alexander.ostermann@uibk.ac.at

Abstract. Asymptotic regularization is a well established tool for treating
nonlinear ill-posed problems. For its numerical realization, an appropriate
numerical method for solving differential equations is required. In this paper,
we analyze an exponential Euler method for this purpose. The scheme requires
a certain approximation to the Jacobian of the Showalter differential equation
and gives the exact solution for linear problems. Under a suitable discrepancy
principle, the method is shown to be convergent under the same assumptions
that are needed for the continuous analysis. Our convergence analysis admits
variable step sizes and moreover yields optimal convergence rates.

Keywords: nonlinear ill-posed problems, asymptotic regularization, exponential
integrators, variable step sizes, convergence, optimal convergence rates

Submitted to: Inverse Problems

AMS classification scheme numbers: 65J20, 65L05

1. Introduction

In this paper we consider the problem

F(z) =y, (1)
where F : D(F) C X — Y is a nonlinear differentiable operator between the Hilbert
spaces X and Y, whose Fréchet derivative F”(u) is locally uniformly bounded. In the
following, we always assume that (1) has a solution x, € D(F') but we do not assume
that this solution is unique. We are interested in ill-posed problems, where the solution
does not depend continuously on the data y. In order to solve the perturbed problem

F(u) =y, (2)
with perturbed data y° ~ y satisfying

regularization is indispensable. Throughout the paper, the norm in both Hilbert
spaces X and Y is denoted by ||-||, the corresponding inner product by (-, -).
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Among several regularization techniques, one possible option is asymptotic
regularization based on the Showalter differential equation [14]

1mw=me»Xf—F@@D, t>0,  u0)=z. (4)

It was shown in [15] that the exact solution of (4) yields an optimal order regularization
scheme under suitable assumptions. The explicit Euler method applied to (4) leads
to the well-known Landweber iteration analyzed in [5]. In [7] we proposed to use
the exponential Euler scheme for solving (4) numerically and we presented numerical
examples which showed that this scheme is competitive for certain applications.

In this paper, we will analyze the convergence properties of the exponential Euler
regularization method. In particular, we will prove that, under the same assumptions
as for the continuous analysis of Tautenhahn [15], the scheme converges in the limit
0 — 0 with the optimal convergence rate. Our convergence analysis is performed for
variable step sizes satisfying a suitable discrepancy principle.

The paper is organized as follows. In Section 2 we briefly recall the exponential
Euler regularization scheme and introduce some notation to improve the readability
of this paper. Section 3 is devoted to the convergence analysis. The analysis in this
section is motivated by previous work by Hanke [3]. The optimal convergence rates are
shown in Section 4. The sections about the convergence both start with a review of the
corresponding continuous results from Tautenhahn [15], so that the reader can easily
compare the assumptions and the results. Finally, we comment on generalizations of
our analysis to other regularization methods.

2. Exponential Euler regularization

The exponential Euler method is the simplest variant of the class of exponential
Rosenbrock integrators [8]. It is based on the variation-of-constants formula which
allows to integrate the linear part of semilinear differential equations exactly. In [7]
we proposed to use the following modification of the original exponential Euler scheme

Un+1 = Up + hnp(—hpd (un)) F (un)* (v° — F(un)),  uo = 2o (5)
for solving (4). Here, we denote
J(u) = F'(u)*F'(u). (6)

Hence, —J(uy) is an approximation to the Jacobian of the right-hand side of (4).
Moreover, ¢ denotes the entire function

o) = 1 (7)

z

If w, ~ u(t,), then this scheme gives an approximation w1 ~ u(t,41), at time
tny1 = tn + Dy, to = 0.

For the convergence of the scheme it will be essential to use appropriate time steps h,,.
Details will be discussed in Section 3.3. The iteration is stopped as soon as the
standard discrepancy principle

|ars,

375<HAF2

for all n < n., (8)

is satisfied. Here 7 > 1 is a parameter and

AFi:yS—F(un)
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denotes the residual of the perturbed problem. The stopping criterion (8) is the
discrete analogue of the discrepancy principle used by Tautenhahn [15], where the
regularization parameter ¢, is chosen such that

Iy - Fu)| <76 < ||y - Fu(t)||,  0<t<t. (9)

Note that the exponential Euler method gives the exact solution for the Showalter
differential equation for linear inverse problems. For nonlinear problems this scheme
can also be interpreted as Newton’s method with asymptotic regularization for solving
the linearized problem, see [7] for details. This interpretation allows to apply the
convergence results of Rieder [12, 13], which hold for a whole class of Newton methods.
However, the convergence rates shown there are not yet optimal.

3. Convergence analysis

The aim of this section is to prove the convergence of the exponential Euler
regularization for exact and perturbed data. Before we start, we present the analytic
framework for our analysis and we review the convergence analysis for the continuous
solution of the (Showalter) differential equation (4) from [15].

8.1. Assumptions
For the convergence analysis we impose the so-called tangential cone condition, which
is also used in [4, 15].
Assumption 1. F': D(F) C X — Y is Fréchet differentiable and satisfies

I1F(Z) — F(z) = F'(2)(@ — )| < nl|F(z) - F(@)]| (10)
form < 0.7 and for all x,x € B,(x4) C D(F), where By(x1) denotes the ball of radius
r > 0 around the center xy.

This assumption guarantees the following bounds for all 2,2 € B, (x4)
1
T+7
To simplify the presentation we further assume without loss of generality that the
problem is appropriately scaled, i.e.,

I1F ()] <1, z € Br(zy). (12)

[F' () (x = )| < |F(z) - F@)]| < ﬁ 1" () (2 — D). (11)

Remark. Instead of the tangential cone condition, some papers impose that
1F(@) — F(z) = F'(2)(@ — 2)|| < Clla = 2| [|[F(z) - F@)],

for x,& € By(x4), cf. [4]. Our analysis is valid in this case as well. A discussion about
the different conditions can be found in [5, 11].

Recall that we always assume that (1) has a solution x, € D(F). In this case,
Assumption 1 ensures that a unique solution x4 of minimal distance to zg exists, cf.

[11, Prop. 2.1]. This solution satisfies x4y — x¢ € N(F'(aur))l.
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3.2. Continuous case

We now review the main results on the convergence of the solution of (4). Theorem 3
in [15] states that the method converges when applied to the unperturbed problem (1).

Theorem 3.1. Let Assumption 1 be satisfied and let (1) be solvable in B.(xy). If

u(t) is a solution of (4), then u(t) converges to a solution of (1) in By(x) fort — oo.

If in addition N'(F'(z4)) C N'(F'(x)) for all x € B,(x), then u(t) converges to x.
Theorem 4 of [15] states the corresponding result for perturbed data.

Theorem 3.2. Let Assumption 1, (3), and Hy‘s — F(x0) ‘ > 70 > 0 be satisfied and
let (1) be solvable in By(xy). If u(t) is a solution of (4), and t. is chosen from (9)
with

then u(t.) converges to a solution x, € B.(xy) of (1) for 6 — 0. If in addition
N(F'(z4)) CN(F'(z)) for all x € By(x), then u(t,) converges to x4 for § — 0.

It is shown in [15] that the stopping-time ¢, is uniquely defined via (9) and finite.
An important auxiliary result is the monotonicity of the error function |lu(t) — z4]|.
The analogous discrete results will be verified in the analysis of the exponential Euler
method below.

3.8. Discrete case

Next we analyze the convergence of the exponential Euler method (5). To simplify
the presentation of our paper, we introduce the following notation. The operators will
be denoted by

Ay = F'(xy), Ap = F'(uy),
Jp =AL AL, Jn = A Ay,
K, =A A%, K, =A,A;,
and the corresponding operator functions by
Py 4 = o(=hny), Py, = p(=hndyn),
&)n,-k = p(~hn K1), &)n = o(—hnKy).

To ensure monotonicity of the errors (cf. Lemma 3.4 below), the step sizes h,,
have to be chosen appropriately. For this we propose to use the following discrepancy
principle

P (hy) = Hzp(—hnKn)AFg — A, Au,

-ofart

;o<1 (13)
where the updates Au,, are written as

Aty = Upt1 — Uy = hnA;;&)nAFfl
and the function v is defined by

P(z) = p(2)(1 = 2). (14)
Due to (14), we have

P () = |[®nAF,

. (15)
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We will verify later in Theorems 3.5 and 3.6 that if h,, is chosen according to (13),
then there exists a parameter v > 1 such that the nth residual satisfies

Hi/f(*hnKn)AFi + Anen , (16)

<k HAFi
14

where
€n = Up — Ty (17)
denotes the error of the nth iterate u,,. This will be used to prove existence of a unique
step size h,, satisfying (13).
Remark. For the Levenberg-Marquardt method the situation simplifies due to

1 = 1. In this case, the step size selection (13) and assumption (16) are the same as
in [3].

Lemma 3.3. Assume that (16) holds, then there is a unique solution h, > 0 of (13).

Proof. Obviously, the function p? (h) is continuous and strictly decreasing if AF fl # 0.
By (15) and due to ¢(0) =1 and ¢(—z) — 0 for z — oo we have

)

lim p? (h) = HAF‘S
Lim pi (h) "

o lim ph(h) = ||mAF

h—o0

where II,, denotes the orthogonal projection onto R(A,)*. By definition of ¢ we have
¥(0) =1, and thus

,AFS =11, (w(—hKn)AFfl + A (un — u))
for all uw € D(F'). This yields

HHnAFi

< Hyj(fhKn)AFi + Ay (un — u)H

for all h > 0 and for all u € D(F). The existence of h,, satisfying (13) then follows
from (16). O
The next lemma states that the sequence of errors is monotonically decreasing.

Lemma 3.4. Let 0 < u < 1 < v and assume that (16) is fulfilled so that h, can be
defined according to (13). Then for Au, # 0 we have

2h, (v —1 ~
el ~ llennal? > 2D | Ap2 |16, aF5| (18)
2 —1 71 2 2
el llennal? > 22 DIT A g (19)
v Aul

Note that o= (u) < 0 for u < 1.

Proof. Our proof is inspired by the proof of Proposition 2.1 in [3]. The errors (17)
satisfy

| Auy, +enH2
= HAUHHQ + 2 (Aup  en) + ||enH2
= h2 <q>nA;AF;§,q>nA;AFi>

e+l

+ 2hy (@ ALAF, 00 ) + [len?
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_~ <AF2 ,KnéiAF,i>
= 20 (B AFY (R K)AFS, )
+2h, <&>,,AF2 W (—hnk)AFS + Anen> + [len
—, <AF2 ,KnéiAF;i>
+ 2h, <<f)nAFi KB, AFD — w(fhnKn)AFf»
20 (B AFS 0(—hy Kn)AFS + Auen ) + leal*

By (14) we have z¢(—z) — ¢(—z) = —¢(—z), so that the expression above can be
written as

2 2
lentall” = llenl]

s <AF;§ , KntfiAFi> ~ 2h, <<f)nAFi , 5nAF;§>

+2h, <§>,,AF2 J(—hn ) AFS + Anen>

~ 2
— | Au|f? = 2hn, @HAFiH

+2h, <§>,,AF2 J(—hn ) AFS + Anen>

~ 2 ~
< —2h, ||®,AF || + 2, <<1>,,AF;§ W (—hn K )AFS + Anen>

)

< 2hp

@nAF;iH (Hw(—hnKn)AF;i + Anen

1—v

. H(f)nAFi

< 2hppt HcanF;iH HAFi

1%

For the last inequality we have used (13), (15) and (16).
For the second estimate (19) we note that the relation

pl| A = |.aFs|| > o(—ha 15l [AF,
yields
-1
¥ (MQ)_
[ Anll
This proves the desired result. O

Using these lemmas, we will prove that the method converges if it is applied to
the unperturbed problem (1). We will write the unperturbed problem formally as a
perturbed problem with § = 0, so that y® = y in our scheme.

Theorem 3.5. Let 0.3 +n < u < 1 and let in addition Assumption 1 and (12) be
satisfied. If the step sizes h,, are chosen according to (13) and if y® =y = F(xy), then
up, converges to a solution of (1) as n — oco. If in addition N'(F'(z)) C N (F'(z))
for all x € B.(x4), then u, converges to x4 as n — oo.

Proof. The proof is done analogously to the proof of Theorem 2.2 in [3]. First we
prove that the error decreases monotonically.
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Let n = 0 and denote by
AF, =y — F(uy),
the residual of the unperturbed problem. Then, by definition of ¢ and (10), we have
[o(=hpnKpn)AF, + Anen||
‘(E)n - exp(—hnKn))AFn + AF, + A,en

< Hén — exp(—hnKo) | |AF | + |AF + Anen]|

< sup p(z) — €| [[AFL|| +nl|AF,|
z€[—00,0]

< (0.3+n) [|AF,.

Note that the function |p(z) —e*| has a unique maximum for z < 0. The stated bound
follows by straightforward numerical calculations. For p > 0.3 41 the above reasoning
yields (16) with v = 5 3“+ > 1. Moreover, Lemma 3.4 gives

B3+

lentall < llenll-

Induction shows that the error decreases monotonically for all n € N.

As in the proof of Theorem 4.2 of [4], we proceed by proving that ||e,|| is a Cauchy
sequence. Let m,n € N be given indices satisfying m > n and let [ be an index chosen
such that n <[ <m and

IAF| < [[AF], i=n,...
From (10) we have

[Aied

[[Aiei — Ai(ei — el
|IAF; + Ajei|| + || F(ui) — F(w) — Ai(e; — e)|| + [|AF||
(Bn+ 1) [|AF.

IA A

Recall that the error can be written as
eni1 = €n + hnALD,AF,,.
Using (18) we obtain

-1
l{er — en,e)| = Z<hiAf&%AF“el>
i
= > (nBiAF, Aver)
< Sy (lenl” = i)

The identity
ller = enll* = 2 (er — ense0) + [lenl® = e

thus yields

lev = enl? < (D2 4 1) (el - erl?)
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and analogously

e el < (S22 41) (lel” = ).

so that
”Um - Un||2 = Hem - en||2

< 2lem — elll” + 2 fler — enl|?

<2 (B0 1) (el - lenl?).

From the monotonicity of the errors it follows that the sequence {|le,||} converges.
Consequently, {u,} is a Cauchy sequence which converges to a limit u.. By (19) and
(12), the series

D AR
n=0

converges and therefore uq, is a solution of (1).
The second part of the theorem, the convergence of u, to x4, follows as in
Theorem 2.3 in [5]. O

Our main result of this section is that the exponential Euler iteration applied to
the perturbed problem (2) converges to a solution of the unperturbed problem (1) if
the perturbation tends to zero.

Theorem 3.6. Let the assumptions of Theorem 3.5 and (3) be satisfied and let
> (14+n+7(03+mn))/7. Then the exponential Euler iteration stopped by the
discrepancy principle (8) terminates after n, = n.(d) < oo iterations and the
corresponding approximations u,, converge to a solution of (1) for 6 — 0. If in

addition N'(F'(z4)) C N(F'(z)) for all x € B,(x4.), then u,, converges to x.

Proof. We follow the proof of [3, Theorem 2.3] and show the monotonic decrease of
the error as long as the discrepancy principle (8) is not fulfilled. As in the proof of
Theorem 3.5 we have for n € N

Hw(—hnKn)AF;i + Ave,

< Hfi)n—exp(—hnKn) HAFi —|—HAF2+Anen

< swp o) - | |AFS| + 5+ nllaF.
z€[—00,0]

§(0.3+n)HAF;§ +8(1+17).

If n, = 0, there is nothing to prove. For n, > 0 and n < n, we have § < HAFi

/T

and hence

- 1+n+7(0.34+n)
- T

Hzp(—hnKn)AF;i +Ave,

HAFi

)

which shows that (16) holds with v = u7/(14+n+7(0.3+n)) for all n < n.. Applying
Lemma 3.4 finally proves the monotonicity of {||e,]|}.
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From the discrepancy principle (8), (12), and (19) we conclude

2

ne—1
L7202 < Z HAFi
n=0

< s len I =~ lleol”)

< 00

and therefore the stopping index n, is finite. The remaining part is proved as in [3,
Theorem 2.3]. O

Remark. The convergence results can be generalized by replacing the parameter
i in (13) by variable parameters p, satisfying

Hmin S Hn S Mmax < 1.

Theorems 3.5 and 3.6 remain true if the assumptions are fulfilled for i, instead of p.

4. Convergence rates

The aim of this section is to show that the exponential Euler regularization in fact
converges with optimal rates under suitable assumptions.

4.1. Assumptions

The first additional assumption is a so-called source condition. In many applications,
in particular in parameter identification problems for partial differential equations,
this condition reflects the smoothness of the initial error.

Assumption 2. There exists w € X and constants v € (0,1/2] and p > 0 such that
co=m0—ws = J(ws)w,  lw| <p

Moreover, we have to assume relations between the Fréchet derivatives F’
evaluated at certain points in B (24 ).

Assumption 3. For all x,% € B(x4) there exist linear bounded operators R(x,T) :
Y — Y and a constant C'r > 0 such that

(i) F'(x) = R(z,2)F' ()
(i) [|R(z,2) = I|| < Crllz - Z|.

Both assumption are standard assumptions arising in the literature, see, e.g.
(10, 11].

4.2. Continuous case

As in Section 3, we first present the main result for the continuous solution of (4)
from [15, Theorem 6].

Theorem 4.1. If in addition to the assumptions of Theorem 3.2, Assumptions 2
and 3, and (12) are satisfied and if
2-1
20
T > 1= 77, ( )
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then there exists a constant ¢, = c,(7,1,Cr,~) such that
w(ty) — zy] < cypt/ By §27/ (1)
for p sufficiently small.

This theorem proves that asymptotic regularization converges with optimal rates.

4.3. Discrete case

Next we will derive the corresponding results for the discrete exponential Euler
regularization scheme. These results are valid under weak restrictions on the step
sizes, namely we assume that there exist constants ¢y and c¢; such that

ho < co, h; < enty, Jj=>1, (21)

where, as before, t;41 = t; + h;. Note that this step size restriction allows to choose
(h;)j>0 as a geometric sequence, i.e. h; = hoo? for some o > 1.

Our main result is the following theorem.
Theorem 4.2. Let Assumptions 1 to 3 hold and assume that the step sizes hj satisfy
(21) for all j < n.. Here, the stopping index n, is defined by (8), with T satisfying (20).
Then for p sufficiently small, there exists a constant C = C(7,n, Cr,co,cp,v,r) > 0
such that

len. || < Cpt/Cr 1) 527/ (2y+1)

The proof of this theorem is rather involved and therefore split into several pieces.
The auxiliary results required will be presented in a series of lemmas. First we give
two immediate consequences of our assumptions.

Lemma 4.3. Let Assumption 1 and (3) hold and let the stopping index n. be defined
by (8). Then we have

HAF%

< ( [[A+en]l n < Ny.

S
=11 -n)
Proof. By (11) and (3) we have

|aFs| < llv® = ol + 1F(s) = Pl
1
<0+ — [lAvenl.
L=mn
The estimate thus follows from the stopping criterion (8). O

Lemma 4.4. Let Assumption 3 hold. Then, for x € B,(x4), we have
1
1F (@) = Fz+) = F'(z4)(@ = 24)|| < ORIz — 24 [ |F(z4) (@ = 24)]|-
Proof. Proposition 4 in [15]. O

One of the main ingredients of the theory presented by Tautenhahn [15] is
the variation-of-constants formula for the error and the error premultiplied by A..
Our analysis uses the discrete variation-of-constants formula (Theorem 4.8), which is
derived from the following suitably written error recursion.
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Lemma 4.5. Let Assumption 3 hold. Then the error e, = u, — x4+ of the exponential
Euler recursion (5) satisfies
ent1 = exp(—hnJy)en + hy @, A% (7’,(11) +0 — y) — hnr,(f). (22)
where
r) = F(zy) — F(up) + Ayen + (R (un, x4 ) — I)AF?,
r®) = (B4 — 0,) ALAFD.
Proof. By (5), the following error recursion holds
i1 = en + hn®, AL AF?
= e+ by A (F(22) = Fun))
— hy (B A% — B, AL) AFD
+ @ AL (Y — ).
By writing e, in the form
en = exp(—hnJy)en + hpn®, AL Ae,
we get
ent1 = exp(—hnJy)en
+ hp A% By, o (F(xy) — Fup) + Ayen)
— h (Dp 4 AL — @, A%) AFD,
+ha AL (Y0 —y).
The identity
O, 4 AL — DAL =Dy LAY (I — R (un,x4+)) + (P4 — (I)n))A:;
finally proves the desired relation. O

Lemma 4.6. Let Assumptions 1 and 3 hold. Then there are constants C; =
Ci(t,m,Cr,r), i =1,2,3 such that for j < n <n, we have

1
) < 1 lejl 1Ayl
(2) !
oo (=0 = i) 2P| < Coee eyl Ay
n J

gty —
Proof. From Lemmas 4.3 and 4.4 we obtain the first bound with

01:CR(%+m)-

The terms involving r§-2) can be written with the help of the Cauchy integral formula

|4 exp( = (tn = tia)1)r?|| <€ = llesl 1 Ae;l.
J

1 . .
B; 4 — D= %/Fw()\)(()\]—khjh) Do (M b)) dA,(23)
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see [1] and [2]. The contour I' is parameterized by
s 1—|s|e?siens s e R (24)
for some 0 < 6 < 7/2. Using the resolvent identity
A+ hiJ )™ = A+ hy )
hjA+ Ry )7 (T = Je) A+ hyJy) ™!
hi( A+ hiJe) T (A — A A; — AL (Ay — A))) (A + hydy)
N+ hyJ ) THAL (R (uj, o4 ) — Rlay,uy)) Aj (N + hyJy) ™

we obtain

* 1 — * —
(g — ®5)A; = 5 g PN+ hyJ ) THALAR R K (A + hiKj) ™ dA (25)

with AR; = R*(uj,x4+) — R(x4,u;). From

o | < ‘L‘: ‘7)‘ 1
s |55o < 1] = 152 AT

o b
sin 6

we have the bound

exp(=t14)r? | < c4 / POV lexp(=t )+ b ) A% | lles | A [AFS

with Cy = C4(Cg, 6). By Lemma 4.7, we thus obtain the second bound of Lemma 4.6.
In order to prove the third estimate, we start with

Dj — 5= x4 —x; + (L +hJ )T = (I +hy )™

with x; ;. = x(=h;Jy) and x; = x(—h;J;), where

Note that y(\) = O(A72) for ReA — —oo. Using the Cauchy integral formula again
yields

Ay exp(=tJ)(x; 4 — x;) 4]

1
— [ x(N) exp(—tK )N+ hi K ) 'Ky ARhK (A + hy Kj) ™t dA.
I

= o

By Lemma 4.7, we have

_ C
[lexp(—tK )X+ b K1) K || < ﬁ

which shows that the above integral possesses the desired bound. Using the above
resolvent identity with A = 1 finally shows
Apexp(—tJ) (I +hj o)™ = (I +hyJ;) ™) A
= exp(—tK ) (I + hi K4 )T Ky ARG (A + hyBG) ™
This can be bounded with the help of Lemma 4.7. O
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Lemma 4.7. For 0 < a <1 and X\ € T', where the curve I' is defined by (24), it holds

sup }Jaefgtgp(foh” < min 1 , 2 ,
0<o<1 - (t+h)e” (1+t+h)
sup |o%e 7t 1 < Cs T—a°
0<o<1 Adohl ™ (14t +h)> |\

with a constant Cs = C5(0).

Proof. We consider the function f(z,y) = (1 + 2 + y)%¢ *¢(—y) on the cone
Q = {x,y > 0}. Tt is easily verified that f does not have stationary points in the
interior of €2. Since f is bounded in €2, local extrema have to appear on the boundary
0. Obviously, |f(z,y)| < 2 for (z,y) € 0. The other bounds follows in the same
way. O

We are now ready to prove that the errors |le,|| and ||Aie,| decay with the
same rate proportional to (1+t,)" and (14t,)Y+t'/2, respectively, as their continuous
counterparts in [15].

Theorem 4.8. Let the assumptions of Theorem 4.2 hold. Then for p sufficiently small
there is a constant C. = C (1,1, CRr, o, ch,7, ) such that for n < n,

P
n <O/
leal < O

p

[Ayen] < C*W-

Proof. For an arbitrary n € N the error recursion (22) leads to the following discrete
variation-of-constants formulas

en = exp(—tnJy)eg (26)
hyexp(—(tn — tj1)J3) (54 A% (P 40 —y) — ¢
+ Z g exp(—(tn — tj+1)J4) @)+ +( +1° —y) —

and

Ayen = exp(—t,Ky)A eq (27)
+ Zhjexp(—(tn—tj+1)K+)q)]+K+( (1 )+y )
_ Z hj Ay exp(—(tn — tj+1)J+)7,j(_2)_
By Lemma 4.7, the sum multiplying y° — y in (26) can be bounded by

—tj41)J )AL 4

h;j
<5
g/ ! ds = 2v/t,, (28)
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while the corresponding sum in (27) can be bounded by one by using the (telescopic)
identity

n—1
D hyexp(—(ty — 1)KL )K @ =T —exp(—t, Ky). (29)
7=0

Thus, by Assumption 2, Lemmas 4.6 and 4.7 we have
leall < L + 286

(T+tn)Y
n—1 1
+ (201 + (5) Jz:; hjm HejH ||A+ejH
and
p
lAren| < W +6
n—1 1
+ (201 4 Cs) JZ:; hjm llej 1l [ Are;l -

The proof now proceeds by induction for n =0,1,...,n, — 1. By Assumption 2,
the statement is true for n = 0 if Cx > 1. Assuming that the bounds hold for all
indices up to n — 1, we obtain

P 2 2 1 1
lenll < 7 + 2B 8+ C267 (201 + Ca) 8 5,27+ )

and

p

[Aven] < AT 6,772

+ 6+ C2p% (20 + C3) Sy (1, 2y + %)
where

n—1 h.:

=0

The inequalities in Lemma 4.11 below lead to

lenll = i (14 C20Cs ) + 2V, (31)

P
[ —
||A+€nH = (1+tn)7+1/2

(14 C?pC7) + 6 (32)
with

Cs = (2C1 + C2)Cy,

Cr; = (201 + 03)09.

Applying (8) and Lemma 4.3 we get

1
S Eha
1

) <(1 - t:)ww (1+C2pCr) + 5> .

[ A+enll

T—1)(1—-n
SToni-7
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By (20), this yields for n < n,

p

4 S CS'(I ¥ tn)'y+1/2

(33)

with
: (
(=11 —-n) -1

Inserting this relation into (31) shows

p
< 7
”enH = (1+tn)7

This yields the desired result, as long as
1+ C2pCs + 2Cs < C.,
14+ C2pCr +Cs < C,

Cs = 1+ C2pCr).

(1 +C2pCs + 208).

hold. This can be achieved for p sufficiently small. O

Remark. If the maximum possible step sizes h; = cpt;, j = 1,...,n, — 1 are
chosen, then Lemma 4.3, Theorem 4.8, and (8) show that there is a constant ¢ such
that the stopping index satisfies n, < c|logd|.

Theorem 4.9. Let the assumptions of Theorem 4.2 be satisfied. If in addition the
step size sequence is bounded away from 0, then the stopping index n, defined by (8)
is finite and the iterates u, satisfy u, € Bc,,(x4) for n = 0,1,...,n., and C, as
in Theorem 4.8. Moreover, the approzimation wu,, converges to a solution of (1) for
6 — 0.

Proof. The assumption that the step sizes are bounded away from 0 ensures that
t, — oo for n — oco. By Lemma 4.3 and Theorem 4.8 we have that HAF%H — 0 for
n — oo. Hence the discrepancy principle (8) is satisfied for n, < co. Moreover, by
Theorem 4.8 we have |le,|| < Cip for n = 0,1, ..., which shows that the method is
well-defined with w,, € Be, (24 ). O

We close this section with two auxiliary lemmas which are used to prove our main
theorem.

Lemma 4.10. Let fr : [0,T] — [0,00), T > 0, be a family of convex integrable
functions and let I :[0,00) — [0,00) be a function such that

T
Fr0) < CyI(T) and [ fale)de < 1(T)
0
Then, for any step size sequence (hj)o<j<n—1 Satisfying (21), we have
n—1
Zhjftn(tj) < Crl(ty), Cr=1+coCy +cp. (34)
j=0

We stress the fact that the constant Ct is independent of the particular choice of the
step size sequence.
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tO tn

Figure 1. Illustration of the construction in the proof of Lemma 4.10.

Proof. Let T* denote the point in [0, t,] at which f; achieves its minimum. Then f;,
is monotonically decreasing on [0,7%]. For 0 < ¢ < (14 ¢;,)T* we define the auxiliary

function _
Jou®) = o, (1)

This function is constructed such that on the interval [0, 7], any Riemann sum of f;
is a lower sum if the step size sequence satisfies (21), see Fig. 1 for an illustration. Let
1 < j* < n be such that ¢;« 1 <T™ < t;«. By construction we have

i =1

/ fu®dt < S hyf(t))
0 =
(1+Ch)T* .
< ho f1,(0) +/ fe, (t)dt
0

:hoftn(0)+(1+ch)/0 Fo (8)dt.

For ¢t > T, the Riemann sum is in fact a lower sum for the integral so that

t

n—1 "
> hife(t;) < [ it

T

Due to the assumptions this finally yields (34). O

Lemma 4.11. Let 0 < v < 1/2 and let S,, be given by (30) and assume that (21)
holds. Then, for a = , % — 7, there is a constant Co = Cy(cv,, co,cp) such that

1
57
1

(1 +tn)a+'y—1/2' (35)

Sh (a,27+ %) < (Cy
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Proof. The bound follows from Lemma 4.10 for the function

17

fro =0+t —t)" (1 +1)7", B=2y+ 1.
This function satisfies all the assumptions of Lemma 4.10 with
1
— 1) = S =1 1_
I(t) —I(t;a;27+2) Ca,7(1+t)a+7_1/23 « 2 1; 2 v

for some constants ¢, , and Cy = 1/cq 4, see [15, Proposition 6].
It remains to prove our main theorem.

Proof of Theorem 4.2. We write (26) for n = n, in the form

nye—1
en. = Jlve+ > hyexp(—(tn, —tj11)J4)8; AL (40 —y)
j=0
where
ne—1
v = exp(—tp, J4)w + Z hjexp(—(tn, —tj41)J4) " (<I>j,+Afrr§1) - 7“52)).
j=0

Note that v, is well defined as 7"](2) € R(A%), see (25), and since
JTALN(ADT - X

is a bounded operator for v < %
Using (25) and Lemmas 4.7 and 4.11, we bound v, by

ol < p+C2p%(2C1 +C5)Sn. (L =727+ 1)
< Ciop
with
Cro =1+ C?p(2C, + C5)C.
Next using the telescopic identity (29)

nse—1

Ay v = Ayen, — Y hjexp(—(tn, — ti41) K ) K @5 1 (y° —y)
=0

=Aie,, + (exp(—tn*K+) - I)(96 —v)

implies
|70, | = A Te.| < Aven])+ 6
<@+ [F(un,) = Flag )] +0
<(1+7) (HAF;Z* ’ +6) +5
< Chi6
with

Ci=0+n1+7)+1
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by (11) and the discrepancy principle (8).
With the help of the moment inequality, we obtain

‘ 2v/(2v+1)

(C116)27/ 7D (O p) Y/ r+1),

T o /70

|73

IN

*

IN

Using (28), we obtain
len | < [T v || +20/1 + tn. 6. (36)

By (33) for n = n, — 1 we further have

p

yHr/2_ P
0= Co(lten) (1 + tn. )1/

so that
Mt +tn*51/(2'y+1) < Cé/(2v+1)(1 + Ch)1/2 pl/(27+1)_

Inserting this into (36) and defining
C - 01217/(27+1)0116(27+1) + 2081/(27+1)(1 + Ch)1/2

gives the desired result. O

5. Concluding Remarks

In this paper we proved that the exponential Euler regularization method converges
with optimal rates under suitable assumptions. If the step sizes are chosen according to
the discrepancy principle (13), then the method converges without requiring a source
condition. If the source condition (cf. Assumption 2) is satisfied, then Theorem 4.2
shows that the rate of convergence is optimal, if the step sizes chosen by (13) do not
grow faster than (21). Note that (21) is satisfied if hj11/h; < const, j = 0,1,..., so
that this result appears to be relevant for practical applications. However, if (21) fails
to be true, then the results of Theorems 4.2 and 4.9 guarantee that one can switch to
any step size sequence satisfying hmin < h; < cpt; and still gets optimal convergence
rates.

It is possible to generalize the results of this paper to other methods, for instance
to the closely related Levenberg—Marquardt scheme, where the function ¢ in (5) is
taken as

o(z) = (1-2)7,
As noted before, Hanke [3] proved that the convergence results of Section 3 hold
without any changes for this method as well. A proof of optimal convergence rates is
presented in [6]. The convergence of more general methods will be studied elsewhere.
Further, we would like to mention the recent paper by Jin and Tautenhahn [10],
where the authors analyze Newton type methods of the form

Unt1 = 20 + hnp(—hndn) AL (AFS + Ay (uy, — x0)).
In that paper, optimal convergence rates have been proved for a whole class of
¢ functions, among those the function (7) of the exponential Euler scheme. The

techniques used in that paper, however, are quite different from ours and cannot be
used to analyze our method (5).
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During the revision of the present paper, the new preprint [9] by Jin appeared
where optimal convergence rates for the Levenberg—Marquardt scheme for an a priori
given step size sequence h; = hoo’, j > 0 are shown.
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