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1. Introduction

In this paper we start in section 2 with an introduction to the basic facts of
interval arithmetic: We introduce the arithmetic operations, explain how the
range of a given function can be included and discuss the problem of overesti-
mation of the range. Finally we demonstrate how range inclusion (of the first
derivative of a given function) can be used to compute zeros by a so-called en-
closure method.

An enclosure method usually starts with an interval vector which contains a
solution and improves this inclusion iteratively. The question which has to be
discussed is under what conditions is the sequence of including interval vectors
convergent to the solution. This will be discussed in section 3 for so-called
Newton-like enclosure methods. An interesting feature of inclusion methods is
that they can also be used to prove that there exists no solution in an interval
vector. It will be shown that this proof needs only few steps if the test vector
has already a small enough diameter. In the last section we demonstrate how
for a given nonlinear system a test vector can be constructed which will very
likely contain a solution.

A very important point is, of course, the fact that all these ideas can be per-
formed in a safe way (especially with respect to rounding errors) on a computer.
We can not go into any details in this paper and refer instead to the survey paper
[14] by U. Kulisch and W. Miranker.
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2. On Computing the Range of Real Functions by Interval Arithmetic
Tools

Let [a] = [a1,a3], b = [b1,d2] be real intervals and * one of the basic opera-
tions ’addition‘, ’subtraction‘, ’multiplication® and ’division‘, respectively, that
is * € {+,—, X, /}. Then we define the corresponding operations for intervals
[a] and [b] by

[e]«[b] ={axb | a€la],be ]}, (1)

where we assume 0 ¢ [b] in case of division.

It is easy to prove that the set I(IR) of real intervals is closed with respect to
these operations. What is even more important is the fact that [a] * [8] can be
represented by using only the bounds of [a] and [b].

The following rules hold:

[a]+ (6] = [a1+b1, az+b2],

[a] -[6] = [a1—b2, a2 —by],

[al x [8] = [mil’l{ﬂlbl,albg,agbl,agbg},maX{alb;?0152,0261,0252}].
If we define

l={%|bem} im¢M 
then |

/)= ) x 5.

From (1) it follows immediately that the introduced operations for intervals are
inclusion monotone in the following sense:

[a] €[], [8] € [d] = [a] + 8] C [c] * [d] - (2)

If we have given a rational function (that is a polynomial or a quotient of two
polynomials), and a fixed interval [z], and if we take an z € [z] then, applying
inclusion monotonicity repeatedly, we obtain

z € [z] = f(z) € f([z])- ©)

Here f([z]) denotes the interval which one obtains by replacing the real variable
z by the interval [z] and evaluating this expression following the rules of interval
arithmetic. From (3) it follows that

E(f;[=]) € f([=]) (4)

where R(f;[z]) denotes the range of f over [z]. f([z]) is usually called (an)
interval arithmetic evaluation of f over [z]. | '

(4) is the fundamental property on which nearly all applications of interval arith-
metic are based. It is important to stress what (4) really is delivering: Without
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any further assumptions is it possible to compute lower and upper bounds for
the range over an interval by using only the bounds of the given interval.

The concept of interval arithmetic evaluation can by generalized to more general
functions without principal difficulties.

EXAMPLE 1.

Consider the rational function

f(z) =

xr

. -

l1-=z
and the interval [z] = [2, 3]. It is easy to see that

Rl = |23,

(=) = [-3,-1],

which confirms (4).
For z # 0 we can rewrite f(z) as

1

&)= 1.

z#£0,z£1

B[

and replacing z by the interval [2, 3] we get

12_13:_ .= [2-3] = ruitaD.
| O

From this example it is clear that the quality of the interval arithmetic evaluation
as an enclosure of the range of f over an interval [z] is strongly dependent on
how the expression for f(z) is written. In order to measure this quality we
introduce the so-called Hausdorff distance between intervals:

Let [a] = [a1, a2], [8] = [b1,b2)], then

¢((a], [6]) = max {|a, — b1, |az — ba|} .

Furthermore we use
dla] = az — a3

and call d[a] diameter of [a].

How large is the overestimation of R(f;[z]) by f([z]) ?
This question is answered by the following
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THEOREM 1. (MOORE [17])

Let there be given a continuous function f : D C IR and assume that the interval
arithmetic evaluation ezists for all [z] C [z]° C D. Then

o(R(f;[=]), ([=])

v-dfz], 20,
d f([=]) 6-

<
< dlz], 6>0.

&
We do not discuss here which functions are allowed in order that the inter-
val arithmetic evaluation exists. The theorem states that if it exists then the
Hausdorff distance between R(f;[z]) and f([z]) goes linearly to zero with the
diameter d[z]. Similarly the diameter of the interval arithmetic evaluation goes
linearly to zero if d[z] is approaching zero.
On the other hand we have seen in the second part of Example 1 that f([z]) may

be dependent on the expression which is used for computing f([z]). Therefore
the following question is natural:

Is it possible to rearrange the variables of the given function expression in such
a manner that the interval arithmetic evaluation gives higher than linear order
of convergence to the range of values?

We consider first the simple example

EXAMPLE 2.

Let f(z)=z-22, ze€l0,1]=[z]"
It is easy to see that for 0 < r < 3 and [z] = [%-r,%-}-r] we have

Rl = [} -]

and

From this it follows

o(R(f; [z]), (f([z])) < 7 -d[z] with y =1,

and

df([z]) < 6-d[z] with § = 2

in agreement with Theorem 1.
If we rewrite f(z) as
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and plug in the interval [z] = [1 — 7,1 +r] on the right hand side then we get
the interval [3 — r?, 1 + r?] which, of course, includes R(f;[z]) again, and

(R, [§ - g +77]) = = e,

Hence the distance between R(f;[z]) and the enclosure interval [l —r? % 7,2]

goes quadratically to zero with the diameter of [z].

=N

The preceding example is an illustration for the following general result.
THEOREM 2 (The centered form)
Let the function f : IR — IR be represented in the ’centered form*
f(z) = f(2) + (z — z) - h(z) (5)
for some z € [z) C D. If we define
f([=]) = f(2) + ([z] - 2) - h([=])

then
a) R(f;[z]) € f([z])

b) ¢(R(f;[z]), f([z])) < k- (d[z])?, =20 0

and

b) is called 'quadratic approzimation property’ of the centered form. For rational
functions it is not difficult to find a centered form. See [21], for example.

After having introduced the centered form it is natural to ask if there are forms
which deliver higher than quadratic order of approximation of the range. Un-
fortunatly this is not the case as has been shown recently by P. Hertling [11].
See also [18].

Nevertheless in special cases one can use so-called generalized centered forms to
get higher order approximations of the range. See [8], e.g. . Another interesting
idea which uses a so-called 'remainder form of f° was introduced by Cornelius
and Lohner [10].

In passing we note that the principal results presented up to this point also hold
for functions of several variables.

As a simple example for the demonstration how the ideas of interval arithmetic
can be applied we consider the following problem:

Let there be given a differentiable function f : D C IR — IR and an interval
[z]° C D for which the interval arithmetic evaluation of the derivative exists
and does not contain zero: 0 # f/([z]°). We want to check whether there exists
a zero z* in [z]°, and if it exists we want to compute it by producing a sequence
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of intervals containing z* with the property that the lower and upper bounds
are converging to z*. (Of course, checking the existence is easy in this case by
evaluating the function at the endpoints of [z]°. However, the idea following
works also for systems of equations. This will be shown in the next section).

For [z] C [z]® we introduce the so-called Interval-Newton-Operator

N[z] = mlz] - ’}(—’E}% . misl€ 2], (6)

and consider the following iteration method
[z]**! = N[z]* n[z]*, k=0,1,2,..., (7)

which is called Interval-Newton-Method.
The properties of the method are described in the following result.

THEOREM 3.

Under the above assumptions the following hold for (7) :
t)2* € 2]°, flz*) = 0= {[:::]"}:0 is well defined, z* € [z]k,klirn [2]F ==*.
= — 00

Ifd f'([z]) < c-dfa], [¢] C [z]°, then d[z]*+! <y (d[a}*)”.
b) _N[x]k“ﬂ [z]¥o = 0 (= empty set) for some ko > 0 iff f(z) #0,z€[z]°>. O

Hence, In case a), the diameters are converging quadratically to zero. On the
other hand, if the method (7) breaks down because of empty intersection af-
ter a finite number of steps then it is proved that there exists no zero of f in
[z]°. From a practical point of view it would be interesting to have qualitiative
knowledge about the size of kg in this case. This will be discussed in the next
section in a more general setting.

3. Enclosing Solutions of Nonlinear Systems by Newton-like Methods

At the end of the last section we introduced the so-called Interval-Newton-
Method for a single equation. In order that we can introduce this and similar
methods for systems of simultaneous equations we have to discuss some basic
facts about interval matrices and linear equations with intervals as coefficients.
For a more general discussion of this subject we refer to [6], especially chapter
10.

An interval matrix is an array with intervals as elements. Operations between
interval matrices are defined in the usual manner.
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If [A] = ([ai;]) and [B] = ([b;;]) are interval matrices and if ¢ = (¢;) is a real
vector then

[A)([Ble) € ([A][B])e. (8)
This was proved in [22], p. 15. If, however, c is equal to one of the unit vectors
¢' then : _

[A)((B]e') = ([Al[B])e’- (9)
Assume now that we have given an n by n interval matrix [A] = ([ai;]) which
contains no singular matrix and an interval vector [b] = ([b;]). By applying
formally the formulas of the Gaussian algorithm we compute an interval vector
[z] = ([z;]) for which the relation

{z=A"" | A€[A],beb)}C[z]

holds. See [6], section 15, for example. Here we assumed that no division by an
interval which contains zero occurs in the elimination process. Some sufficient
conditions for this are contained in [6]. See also [15]. It is an open question
to find necessary and sufficient conditions for the feasibility of the Gaussian
elimination process in the case of an interval matrix.

Subsequently we denote by

IGA([A], b))

the result of the Gaussian algorithm applied to the interval matrix [A] and the
right hand side [b], whereas
IGA([A)])

is the interval matrix whose i-th column is obtained as IGA([A], ¢') where ¢’
denotes the i-th unit vector again. In other words: /G A([A]) is an enclosure for
the inverses of all matrices A € [4].

Now, let there be given a mapping
f:lglcDCR"—-R" (10)

and assume that the partial derivatives of f exist in D and are continuous. If
y € [z] is fixed then

flz)= fly)=J(z)-(z~y), z€D, (11)
where

J(x):/o flly+i(z—y)dt, ze€lz]. (12)

Note that J is a continuous mapping of z for fixed y. Since t € [0, 1] we have
v+ t(z — y) € [z] and therefore

J(z) € f'([=]) (13)

where f’([z]) denotes the interval arithmetic evaluation of the Jacobian of f.
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In analogy to (6) we introduce the Interval-Newton-Operator N[z]. Suppose
that m[z] € [z] is a real vector. Then

N[z] = m[z] - IGA(f'([z]), f(m[z])) (14)
The Interval-Newton-Method is defined by
[2]** = N[z]* n[z]¥, £=0,1,2,... . (15)

Analogously to Theorem 3 we have the following result.

THEOREM 4.

Let there be given an interval vector [z]° and a continuously differentiable map-
ping f : [z]° € D C R® — R" and assume that the interval arithmetic eval-
uation f'([z]°) of the Jacobian ezists. Assume that IGA(f'([z])) ezists (which
is identical to assuming that the Gaussian algorithm is feasible for f'([z]°)).
Assume that p(A) < 1 (p denotes the spectral radius of the mairiz A) where

A= I=IGA(f'([=]) - £([=1°)I. (16)

(I denotes the identity. The absolute value of an interval matriz, say [H]
([hi;]), is defined elemeniwise by |[H]| = (|hij|). For a single interval [h]
[h1, ha] we define |[h]| = maz{|hi], |h2|}).

a) If f has a (necessarily unique) zero z* in [z]° then the sequence {[z]F}$2,
defined by (15) is well defined, z* € [z]* and klim )t =",
—c0

Moreover, if
df'([z])i; <c-ldflll, ¢20, 1<4,j<n, (17)

for [z] C [z]° (where d[z] is a real vector which is obtained by forming
componentwise the diameter) then

lldf=]**H] < 7lld[=)*(1*, v >0. (18)

b) N[z]*o N [z]*> = @ (= empty set) for some ko > 0 iff f(z) #0, z € [z]°.
a

Note that in contrast to the onedimensional case we need the condition (16).
Because of continuity reasons this condition always holds if the diameter d[z]°
of the given interval vector (’starting interval) is componentwise small enough
(and if f'([z]°) contains no singular matrix) since because of Theorem 1 we
have A = 0 in the limit case d[z]° = 0. H. Schwandt [22] has discussed a simple
example in the case p(A) > 1 which shows that for a certain interval vector (15)
is feasible, z* € [z]¥, but klinc}o[:r:]" -2
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In case a) of the preceding theorem we have by (18) quadratic convergence of
the diameters of the enclosing intervals to the zero vector. This is the same
favorable behaviour as it is well known for the usual Newton-Method. If there
is no solution z* of f(z) = 0 in [z]° this can be detected by applying (18) until
the intersection becomes empty for some k. From a practical point of view it is
important that kg is not big in general. Under natural conditions it can really
be proved that k¢ is small if the diameter of [z]° is small:

Note that a given interval vector [z] = ([z;]) can be represented by two real
vectors z! and z? which have as its components the lower and upper bounds
of [z;], respectively. Similarly we also write [z] = ([z;]) = [z}, 2?] and N[z] =
[n1, n?] for the Interval-Newton-Operator (14). Now it is easy to prove that

Niz]n[z] =0

iff for at least one component i either

(n? - xl)iu <0 (19)
or
(2% - nl)‘.o o (20)
Furthermore it can be shown that
z? —n! <O (|ldz]||%) + 4% f(z*) (21)
and
n’ —z! <O ([ldl=]*) - A'f(=") (22)

provided (17) holds. Here A' and A? are two real matrices contained in
IGA(f'([z]%)) and O (||d[z]]|?) denotes a real vector whose components all have
the order O (||d[z]]|?). Furthermore if f(z) # 0, z € [z], then for sufficiently
small diameter d[z] there is at least one iy € {1,2,...,n} such that

(4% f(=h)); #0 (23)

and

sign (4' - f(z)),, = sign (4 - f(2*)) (24)

Assume now that sign(A® - f(z1)).
d[z] we have (n%— :nl):,o < 0 by (22) and by (19) the intersection becomes
empty. If sign(A® - f(z? ))io = —1 then by (21) we obtain z? — n! < 0 for suffi-

ciently small d[z] and by (20) the intersection becomes again empty.

‘.n )

= 1. Then for sufficiently small diameter

If N[z]**N[z]*® = @ for some ko then the Interval-Newton-Method breaks down
and we speak of divergence of this method. Because of the terms ¢ (||d[z]||?)
in (21) and (22) we can say that in the case f(z) # 0, z € [z]°, the Interval-
Newton-Method is quadratically divergent.
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We demonstrate this behaviour by a simple onedimensional example.
EXAMPLE 3.

Consider the polynomial
f(2) =2+ 2 —112° - 32% + 18z

which has only simple real zeros contained in the interval [z]° = [-5,6]. Hence
(7) can not be performed since 0 € f/([z]°). Using a modification of the Interval-
Newton-Method described already in [3] one can compute disjoint subintervals of
[z]° for which the interval arithmetic evaluation does not contain zero. Hence (7)
can be performed for each of these intervals. If such a subinterval contains a zero
then a) of Theorem 3 holds, otherwise b) is true. The following table contains
the intervals which were obtained by applying the generalized Interval-Newton-
Method until 0 ¢ f’([z]) for all computed subintervals of [z]° (for simplicity we
only give three digits in the mantissa).

= TABLE 1. |
—0.356 x 101; —0.293 x 101]
(—0.141 x 10T; —0.870]
—0.977; 0.499]
0.501; 0.633]

0.140 x 10T; 0.185 x 107]
0.188 x 10'; 0.212 x 107]
0.265 x 107 ; 0.269 x 10°]
[0.297 x 10%; 0.325 x 10°]
[0.327 x 10*;  0.600 x 10%]

W00 =1 S| O | o b3 || B

TABLE 2.
n|1}2|3|4|5|6]7]8]|09
516191 1121]6{1|5] 3

The subintervals which do not contain a zero of f are marked by a star in
Table 2. The number in the second line exhibits the number of steps until the
intersection becomes empty. For n = 9 we have a diameter of approx. 2.75,
which is not small, and after only 3 steps the intersection becomes empty. The
intervals n = 1,2, 3,6,8 each contain a zero of f. In the second line the num-
ber of steps are given which have to be performed until the lower and upper
bound can be no longer improved on the computer. These numbers confirm the
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quadratic convergence of the diameters of the enclosing intervals. (For n = 3
the enclosed zero is z* = 0 and we are in the underflow range). O

For more details concerning the speed of divergence see [4].

The Interval-Newton-Method has the big disadvantage that even if the interval
arithmetic evaluation f/([z]°) of the Jacobian contains no singular matrix its
feasibility is not guaranteed, IGA (f'([z]°), f(m[z]°)) can in general only be
computed if d[z]? is sufficiently small. For this reason Krawczyk {12] had the
idea to introduce a mapping which today is called the Krowczyk-Operator:
Assume again that a mapping (10) with the corresponding properties is given.
Then analogously to (14) we consider the so-called Krawczyk-Operator

Klz] = m[z] - C- f(mlz]) + (I = C- f'([z])) ([z] = m[z]) (25)

where C is a nonsingular real matrix. If we choose C = 1r1r2,(f’([;z:]))"l (= the
inverse of the center of the interval arithmetic evaluation of the Jacobian) and
m[z] as the center of [z] then for the so-called Krawczyk-Method

) = K[z}t n[z]F, k=0,1,2,... (26)
the same result as formulated for the Interval-Newton-Method in Theorem 4
holds.
PROOF.

a) By (11) we have
f(z*) = f(m[z]) = J(me])(z" — m[z])
and since f(z*) = 0 it follows
2t = mlg]=C f(m[z]) + (I - C- J(m[z]))(z* - m[z])
m[z] - C- f(m[z]) + (I = C- f'([z)([z] - m[z])
= Kla].

Hence if z* € [z]° then 2* € K[z]® and therefore z* € K[z]° N [z]° = [z]*.
Mathematical induction proves z* € [z])*, k > 0.
For the diameters of the sequence {[z]*}$2, we have

m

dz]**! < dK[z]F
< |-Gk f/([2))] dlz)*
< H-IGA(f([=]%) - f([=]")] d[=]*
< A-dz)f

where A is defined by (16). Because of p(A4) < 1 we have klim d[z)* = 0 and
— o0

since z* € [z]* it follows JClim [z]F = z*. The proof for the quadratic convergence
-—CC
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behaviour (18) follows from

< |I=Ci-f'([z]")ldz]*

< [Cl-IC5t = £([=) dlz)f

< IGAF ()] If ([)) — £/ ([2]*)l d[=]*
IGA(f'([=]°)] - d f'([z]%) - d[=]*

d[x]k+1

Il

by using (17).

b) Assume now that K[z]*® N [z]¥e = @ for some kg > 0. Then f(z) # 0
for z € [z]° since if f(z*) = 0 for some z* € [z]° then Krawczyk’s method is
well defined and z* € [z]¥, k > 0.

If on the other hand f(z) # 0 and N[z)* N [z]* # 0 then {[z]*} is well defined.
Because of p(A) < 1 we have d[z]* — 0 and since we have a nested sequence
it follows klirglo [z]¥ = 2 € R". Since the Krawczyk-Operator is continuous and

since the same holds for forming intersections we obtain by passing to infinity
in (26)
& =Ketie= Ky
= - B JEN H(E).
From this it follows that f(z) = 0 in contrast to the assumption that f(z) # 0

for z € [z]°
This completes the proof of Theorem 4 for the Krawczyk-Method. O

In case b) of the Theorem 4, that is if K[z]*° N [z]*° = @ for some kg, we speak
again of divergence (of the Krawczyk-Method). Similar as for the Interval-
Newton-Method kg is small if the diameter of [z]° is small. This will be demon-
strated subsequently.

As for the Interval-Newton-Operator we can represent K [z] using two real vec-
tors k! and k? and we write K[z] = [k}, k?]. Now K[z]N[z] = 0 iff

(22 =Y <0 (27)

or

(% —z1);, <0 (28)

for at least one 7y € {1,2,...,n}. (Compare with (19) and (20)).
We first prove that for K[z] defined by (25) we have the vector inequalities

22— K <O (ld)?) + C - f(=?) (29)

and

k2 —z' <o (Jld[=)lI?) - C- f(=") (30)
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where [z] = [z}, 2%] and O (||d[z]||?) denotes a real vector with components all

of order O (||d[z]]|?).
We prove (29). Let f'([z]) = [f], fz] where f], f5 are real matrices. If 5 5(fi+12)

is nonsingular then we set
L 1 / 1y—1
C:= §(f1 + f3)

An easy computation shows that

NV oo
-0 ria= (A28 A4 A=)

and therefore

e
I
1

mlz] — C - f(m[z]) + (@)“1 [f{ ;fé} fa ‘2— f{] _ d[;] |

fi+f§)_1_f5—f{_f_f_[_f_]
9

K-z = m[z]—zth‘f(m[r])+( 5

132 1

- g . ) f(mlz]) + O (|ld[=]]]?)

where we have used (17).
Choosing y := z! in (11) we have

f(z) = f(z') = J(z) - (z — =)
where now :
J(z) :fu Flet ile—aNdi, weld. (31)
For z = m[z] we therefore have
f(mlz]) - f(z') = J(ml[z]) - (m[z] - =*)
where J(m]z]) is defined by (31). It follows that

Y. [N - %[]—C‘f( Y- C - J(m[z]) - []+0(||d[ 111%)

s -(1 C-J(mlz])) - C- f(z*) + O (Jld[z]|]*) -
Since

I-C-J(mlz)) = C(C*=J(m[z])
€ IGA(f([=) - (f([z]) - f'([=]))



the assertion follows by applying (17).
The second inequality can be shown in the same manner, hence (29) and (30)
are proved. ’

If f(z) # 0,z € [z] and d[z] is sufficiently small, then there exists an ig €
{1,2,...,n} such that
(C- f(="))is # 0 (32)

and

sign(C - f(z*)):, = sign(C - f(z"))so - (33)

This can be seen as follows: Since z! € [z] we have f(z') # 0 and since C 1s
nonsingular it follows that C - f(z!) # 0 and therefore (C - f(z'))i, # 0 for at

least one ig € {1,2,...,n} which proves (32). Using again (11) with y = z' we
have
flz) - fz))=J(z) - (z—2'), z€l[qz]
where .
J(z) = / fl(z! +t(z — zt))dt, =z €[z]. (34)
0

2 we have

f*) = f(z') = J(2%) (" - &)
where J(z?) is defined by (34). It follows

By choosing z =z

C:f(z®))=C f(z')+C-J(z*) - (2® = ').

Since the second term on the right hand side approaches zero if d[z] — 0 we
have (33) for sufficiently small diameter d[z].

Using (29), (30) together with (32) and (33) we can now show that for suffi-
ciently small diameters of [z] the intersection K[z]N[z] becomes empty. See the
analogous conclusions for the Interval-Newton-Method using (23), (24) together
with (21) and (22). By the same motivation as for the Interval-Newton-Method
we denote this behaviour as ’quadratic divergence® of the Krawczyk-Method.

It is important that either using the Interval-Newton-Operator or the Krawczyk-
Operator one can also prove the ezistence of a solution of f(z) = 0 in a given
interval vector. We formulate this fact as a theorem.

THEOREM 5.

Let f : D CIR® — R" be a continvously differentiable mapping and assume
that the interval arithmetic evaluation f'([z]) of the Jacobian ezists for some
interval vector [z] C D.

a) Suppose that the Gaussian algorithm is feastble for f'([z]) and assume

y—IGA(f'([=]), f(v)) € [2]
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where y € [z] is fized. Then f has a unique zero z* in [z].
b) Suppose that C is a nonsingular matriz and assume

v=C-f+(-C-f([z]) (=] - v) €[]
for some fized y € [z]. Then f has a zero z* in [z].

PROOF.

a) Since the Gaussian algorithm is feasible it follows that f'([z]) contains no

singular matrices.
For fixed y € [z] we consider the equation (11) and J(z) defined by (12). J(z)

is nonsingular because of (13).
Now consider the mapping

where

and y € [z] is fixed.

It follows, using the assumption,

p(z) = z-J(=) )+ (=) (fw) - f(=))
y—J(z)™ f(y)

€ y—IGA(f'([=]), f(¥))

C [z, =zeld].

Al

Hence the continuous mapping p maps the nonempty convex and compact set
[z] into itself. Therefore, by the Brouwer fixed point theorem it has a fixed point
z* in [z] from which it follows that f has a solution in [z]. The uniqueness fol-
lows from the fact that f/([z]) contains no singular matrices.

b) Consider for the nonsingular matrix C' the continuous mapping
¢:[zZ]CDCR" - R"

defined by

gz)=z-C-f(z), z€R.
It follows, using the assumption,

¢(z) = z-C-f(z)

z-C-(f(z) - f(¥)) - C- f(v)
y+(z-y)-C-J(z) (z-y) - C f(v)
y=C-f)+(I-C- f(l=]) ([z] - v)
[z], ze€ls].

Il

N m
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By the same reasoning as before it follows f(z*) = 0 for some z* € [z]. O

REMARK

It is easy to show that in case a) of the preceding theorem the unique zero
of z* is even in y — IGA(f'([z]), f(y)) and in case b) all zeros z* of f in [z] are
eveniny—C- f(y) +(I - C-f'([z])) - ([z] - v).

4. Verification of Solutions of Nonlinear Systems

The result of the last theorem in the preceding section can be used in a system-
atic manner for verifying the existence of a solution of a nonlinear system in an
interval vector. Besides of the existence of a solution also componentwise error-
bounds are delivered by such an interval vector. We are now going to discuss
how such an interval vector can be constructed.

For a nonlinear mapping f : D C R® — IR"” we consider Newton’s method

= 2F _ P f(2Y), k=0,1,... . (35)

The Newton-Kantorowich theorem gives sufficient conditions for the conver-
gence of Newton’s method starting at z°. Furthermore it contains an error esti-
mation. A simple discussion of this estimation in conjunction with the quadratic
convergence property (18) which we have also proved for the Krawczyk-Method
will lead us to a test interval which can be computed using only iterates of
Newton’s method.

THEOREM 6. (See [19], Theorem 12.6.2)

Assume that f : D CIR" — R" is differentiable in the ball {z |||z — z°]| < r}
and that
1f'(z) = £/ W)ll < Lil=z — wll

for all z,y from this ball. Suppose that f'(z°)~1 ezists and that ||f'(z%)"Y|| <
Bgy. Let
liz' = 2%l = 17" (=°)~" - £(=°)l) < 7m0

and assume that

™y =

1—+/1=2hg

ho = BonoL <
ho

o < 7.

[ SR

Then the Newton iterates are well defined, remain in the ball {z |||z —z°|| < ro}
and converge to a solution z* of f(z) = 0 which is unigue in DN{z |||]z —z°|| <

ri} where
14+ +1-2hg
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provided r > r1. Moreover the error estimate

l=” —2*)| < 5= (2ho)” "m0, k 2 0 (36)

21:—1
holds. ; =)

Since ho < 1, the error estimate (36) (for £ = 0,1 and the co-norm) leads
to

200 = 2||z" — 2%lo
2hone < 1o = |zt — 2o -

2 — 2%l <
lz* —z'llo <

This suggests a simple construction of an interval vector containing the solution
z*. The situation is illustrated in Figure 1.

_____ s e e
| | |
| | |
| | |
| ) | |
| Py | l
Fim o= = = = e = o
| | 1
. ! |
201 | 1 ¢ T
| I i
i | 3 |
mmmmmm e eem e s mm s =) L4
70
2no

Figure 1: Error estimates (36) for k = 1 and the co-norm
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If 20 is close enough to the solution z* then z! is much closer to z* than
29 since Newton’s method is quadratically convergent. The same holds if we
choose any vector (# z*) from the ball {z |||z — z'||c < M0} as starting vector
for Newton’s method. Because of (18) and since z* € K[z] it is reasonable to
assume that

Klz]=2' = f(z°)7" - f@) + (I = F)7" f([2]) - (2] - =) € 2]

for

2] = {z|llz = z'llo <m0} (37)
The important point is that this test interval [z] can be computed without
knowing By and L. Of course all the preceding arguments are based on the as-
sumption that the hypothesis of the Newton-Kantorowich theorem is satisfied,
which may not be the case if 20 is far away from z*.
We try to overcome this difficulty by performing first a certain number of New-
ton steps until we are close enough to a solution z* of f(z) = 0. Then we
compute the interval (37) and using the Krawczyk-Operator we test whether
this interval contains a solution. The question of when to terminate the New-
ton iteration is answered by the following considerations.
Our general assumption is that the Newton iterates are convergent to z*. For
ease of notation we set

(] 1= 25+ — F(eR) L fah ) + (1= £(2*) 7 S (D)) - 2.
where

[z] = {zeR|||"" - zllo < m}, (38)
Tl

for some fixed k. Our goal is to terminate Newton’s method as soon as

[EES
oA S eps (39)

holds where eps is the machine precision of the floating point system. If z* € [z]
then z* € [y] so that for any y € [y] we have

l* — vl _. 1ol
E S E o

Since ||z*||o differs only slightly from ||z**!||o if 2*F! is near z*, condition
(39) guarantees that the relative error with which any y € [y] approximates z*
is close to machine precision. Using (17) it can be shown that

lldf'([=])lleo < Llld[z]lleo
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and i
ld[g)lleo < 11F/(z) Hloo - Lld[2]l]5%
where L = max{L, L}, and since _||d[$]|.|m = 2m; the inequality (39) holds if

1 ky=—1741
Al N

1s true.
From Newton’s method we have

:L‘k'H _ .’L‘k oo fr(rk)—l {f(l'k) L f(.’ck_l) o ff(zk)—lizk _ zk-l)}

and by 3.2.12 in [19] it follows that

1. . _ -
e < —Q“Hf (=*)  Pes Lty s

Replacing the inequality sign by equality in this relation and eliminating
i (=5 oo L in (40) we get the following stoping criterion for Newton’s method:

83
z*¥+|oon? _,

Of course this is not a mathematical proof that if (41) is satisfied then the in-
terval [y] constructed as above will contain z* and that the vectors in [y] will
approximate z* with a relative error close to eps. However as has been shown in
[5] the test based on the stopping criterion (41) works extremely well in practice.

<eps. (41)

The idea of this section has been generalized to nonsmooth mappings by X.
Chen [9].

A very important point is also the fact that for the verification of solutions
of nonlinear systems one can often replace the interval arithmetic evaluation of
the Jacobian by an interval arithmetic enclosure of the slope-matrix of f. In
this connection slopes have first been considered in [1]. See also [20].

Verification techniques have been applied to a series of fundamental problems
by rewriting them as nonlinear systems. We mention the eigenvalue problem for
matrices, the singular value problem, the generalized eigenvalue problem and
the generalized singular value problem, e.g. . See [16] where one can find many
references.

Interval arithmetic can also be applied in a systematic manner to bound the
solution set of a given problem if the data are already contained in intervals.
An interesting question in this context is how the solution set looks like. A
couple of recent papers are concerned with the discussion of this question in the
case of a linear system with interval entries. See [7], for example.
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